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Abstract. The paper is concerned with the following chemotaxis system with
nonlinear motility functions

=ut =V - (y@)Vu —ux@)Vo) + pu(l —w), z€ ,t>0,
>0= v+u—ov, ze ,t>0, (%)
" u(z,0) = uo(x), re
subject to homogeneous Neumann boundary conditions in a bounded domain
C R? with smooth boundary, where the motility functions v(v) and x(v)
satisfy the following conditions
e (7,%) € [C2[0, 50)]? with ~(v) > 0 and ij(iv);z is bounded for all v > 0.
By employing the method of energy estimates, we establish the existence of
globally bounded solutions of () with x> 0 for any ug € W3 ( ) with
uo > (£)0. Then based on a Lyapunov function, we show that all solutions
(u,v) of (x) will exponentially converge to the unique constant steady state

i Ko i = ix(@i?
(1,1) provided p > 3¢ with Ko = Orrlax OB

1. Introduction and main results. In this paper, we consider the following
chemotaxis model with density-dependent motilities

uU=V-( \)Vu—u (M)Vv)+ u(l—-u); xe ; t=>0;

Vi = V+u-—yv; Xxe ; t=>0; o)
u=g =y XeE@ ;t>0;
u(x; 0) = ug(x); v(X; 0) = vp(x) Xe
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where  C R"(n > 2) is a bounded domain with smooth boundary, u(x;t) denotes
the cell density and v(x; t) is the chemical concentration, >0and = {0;1}. The
prominent feature of (1) compared to the classical chemotaxis model is that both the
undirected motility (di usion) and directed motility (chemotaxis) of cells depend
on the chemical concentration. The system (1) has several important applications.
When =0, the system (1) has been rstly derived by Keller and Segel in [11] to
describe the aggregation phase of amoeba cells in response to the chemical signal
cAMP emitted by themselves, where the motility functions (v) >0 and (v) are
correlated by the following proportionality relation

M =( -1 "(v) (2)
with denoting the ratio of e ective body length to step size, and °(v) < 0 (resp. >
0) if the di usive motility decreases (resp. increases) with respect to the chemical
concentration. As mentioned in [11], although the motility coe cient (V) is posi-
tive, the chemotactic motility coe cient (v) may be positive or negative depending
on the signs of ( — 1) and ’(v).

When both (v) and (v) are constant, (1) is called the minimal chemotaxis
system which has been extensively studied in the literature from various aspects
including boundedness, blow-up, large-time behavior and pattern formation of so-
lutions (cf. [35, 20, 31, 29, 14, 33, 4, 21, 16, 29, 12, 13] and reference therein).
When (V) is constant and (v) = 1=v, the system (1) with = 0 has been studied
recently in a number of interesting works (see [8, 32] and references therein). How-
ever, if (V) is non-constant, the results of (1) are very limited. The few existing
results are mainly focused on the special case (v) = — (v), (i.e. = 0), which
reduces the system (1) to

u= ( Vu)+ u(ld—u); XE 1t>0;
Ve= V+u-—v; Xxe ;t>0; 3)
%”=8*"=0; Xe@ ;t>0;

u(x;0) = up(X);v(x;0) =vp(x) x€

Essentially (3) with > 0 has been used in [5] to justify that the bacterial motion
with density-suppressed motility (i.e., ‘(v) < 0) can produce the stripe pattern
formation observed in the experiment of [15]. Several results on the reduced system
(3) are then available as will be recalled below.

When = 0 (no cell growth), it was proved in [36] that the system (3) with =1
and (v) = co=v¥(k > 0) admits global classical solutions in any dimensions for
small constant ¢y > 0. Recently, the smallness assumptions of ¢, was removed in [3]
for the parabolic-elliptic case of (3) (i.e., =0)for0<k < % Moreover, based
on the phase plane analysis and bifurcation analysis, the existence and analytical
approximation of non-constant stationary were established in one dimension [34].
By assuming that (v) has positive lower and upper bounds (i.,e. 1 < (v) < o
for some positive constants 1; 5), the global classical solution in two dimensions
and global weak solution in three dimensions of (3) with = 0 were obtained in
[28]. Recently, it is proved in [10, 6] that if (v) =e VY there exists a critical mass
m = % such that the solution of (3) with = 0 exists globally with uniform-in-
time bound if [, updx < m and blows up if [, uodx > m . Turning to the case

> 0, there are several results below. When (V) is a decreasing step-wise constant
function, the dynamics of discontinuity interface of solutions was studied in [24] in
one dimension. In two dimensional spaces, the global boundedness of solutions of
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(3) with =1 was established in [9] under the following hypotheses on the motility
function (v):

(HO) (v) € C3([0;0)); (v) > 0 and ’(v) < 0 on [0;00), VIi!m1 v) =0,
Jim 0(\‘,’)) exists.

It was further shown in [9] that the constant steady state (1;1) is globally asymp-

totically stable provided > % with Ky = 0maxljo((i‘\’,))jz: Similar results have
Vv

been extended to higher dimensions (n > 3) in [30] for large > 0. The exis-
tence/nonexistence of nonconstant steady states of (3) was recently studied in [17].
Moveover, the global existence of solutions of (3) with = 0 was obtained in [7]

without the condition \ lim — exists™ in (HO).
via (V)

In summary, for the chemotaxis system (1)-(2) with density-dependent motility,
the results are available only for the special case = 0 with various hypotheses
on the motility function (v) as recalled above for (3). Therefore there are var-
ious interesting questions remaining open. The following questions comprise the
motivation of this paper.

(Q1) So far no results of (1)-(2) are available for # 0 in the prescribed propor-
tionality relation (2). Furthermore as remarked in [11], the prescribed pro-
portionality (2) between the motility functions (v) and (V) is derived based
on assumption that the cell step size is constant and the total step frequency
is solely determined by the mean concentration of the chemical. However,

(v) would no longer be simply proportional to ’(v) if both step size and
total step frequency were permitted to vary with the chemical concentration.
Hence, it would be meaningful and interesting to study the system (1) with
more general (v) and (v) beyond the proportionality (2).

(Q2) The existing results recalled above are mostly restricted to the case ’(v) <0
or some special form of (v) (cf. [3, 9, 30, 10]). However, as discussed in
[11, Section 3], the cell motion may be more vigorous at high concentrations
than at low concentrations, which motives us to study the case °(v) > 0 or
even non-monotone (V) so that the analytical results can cover more possible
applications.

Inspired by the above mentioned questions, in this paper we shall develop some

rst-hand results on the global boundedness and large time behavior of solutions

to the system (1) with general motility functions (v) and (v). Speci cally we
consider (1) with =20

u=V-( WVu—u (VMVW+ u(l—-u);, xe ; t=>0;

= v+u-—v; Xxe ; t>0; @)
u(x; 0) = up(x); v(x; 0) = vo(X) Xe

under the following assumptions on (v) and (v):

(H1) ( ; ) €[C2[0;00)]? with (v) >0 and “(70; is bounded for all v > 0.

The main results of this paper are the following.

Theorem 1.1. Let be a bounded domain in R? with smooth boundary and the
hypotheses (H1) hold. Suppose that ug € WLH3( ) with ug > 0(Z 0). Then the prob-
lem (/) has a unique global classical solution (U;V) € [C([0;00) x )NCZL((0; c0) x
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)] x C%1((0;00) x ) satisfying u;v >0 for all t >0 and
Hu(xt)HLl(Q) + ||V(,t)H\N1,1(Q) <C; forallt=0;
where C1 > 0 is a constant independent of t. Furthermore, if > % with Ko =

: 2
max_ (v))J , then there exist two positive constants Co and  such that

ov a1 (v

UG8 = LLa @) + VG D) = LLa ) < Cee

The results in Theorem 1.1 not only address the questions raised in (Q1) and
(Q2), but also improve the existing results on the specialized system (3) where
(v) = — %v). Indeed with = 0 in (2) with °(v) < 0, one can check that

\lim —Y exists™ in (HO) is a stronger condition than \L Wi s hounded for all
via (V) v)

v > 0" in (H1). For example, if (v) =e ', then lim —& = —oo but 10 =
= ) ’ ’ vii (V) (v)

jo((i‘\’,))jQ =e@v ) <202 1) for any v > 0. We remark the same results of (3) with

=0asin[9] for =1 are obtained in [7] without the condition \Vlilm1 0((\‘,’)) exists"

in (HO), where the methods developed therein essentially rely on the monotonicity
of (v) and the proportionality relation (v) = — ’(v) and hence are inapplicable
to our present problem where we consider more general (v) and (v) without such
restrictions.

2. Local existence and preliminaries. In what follows, without confusion, we
shall abbreviate [, fdx as [, f and ||f|_2(q) as ||f||_> for simplicity. Moreover,
we shall use cj(i = 1;2;3;---) to denote a generic constant which may vary in the
context. The existence of local solutions of (4) can be proved by Schauder xed
point theorem as illustrated in [9, Lemma 2.1] for the system (3) with =1, we
omit the details for brevity.

Lemma 2.1 (Local existence). Let be a bounded domain in R? with smooth
boundary and the hypothesis (H) hold. Assume Uy € WHL( ) with ug > 0(% 0).
Then there exists Tmax € (0;00] such that the problem (4) has a unique classical
solution (U;V) € [C([0;00) x )N CZL((0;00) x )] x CZL((0;00) x ) satisfying
u;v >0 for all t > 0. Moreover, we have

Either Tmax =oo; or limsup([u(;t)[lLa + [[v(;t)[lwra) = o

li
t%

Lemma 2.2. Let (u;V) be the solution of system (4). Then it holds that
/ u<m :=max{||upllLs;| |}; forall te (0; Tmax): 5)
Q
Proof. We integrate the rst equation of (4) over to have

E/U+ /u2: /u; for all t € (0; Tmax);
dt Q Q Q

which, together with [, u? > ,ﬁ, (fo u)Q, gives

2
E/ug /u—(/u) ; forall te (0; Tmax)
dt /o Q | | \Ja

and hence (5) follows. O
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3. Proof of Theorem 1.1. In this section, we shall prove Theorem 1.1. First, we
show the global existence of uniformly-in-time bounded solutions.

3.1. Boundedness of solutions.

Lemma 3.1. Suppose the conditions in Theorem 1.1 hold. Then there exists a
constant C > 0 independent of t such that

Julnuf_: < C for all te (0; Tmax) (6)

and

[[Vv||L2 < C forall te (0; Tmax): @)

Proof. Multiplying the rst equation of (4) by Inu, and integrating the result by
part, one has

(i(/ﬂulnu—/ﬂu>+/g (V)|Vl:1|2:/9 (Vv Vu+ /QU"‘U

8
— / u?lnu:
JQ
From the assumptions in (H1), we can nd a constant K > 0 such that
| ()
<K forall v>O0: 9
= . ©)
Using the Cauchy-Schwarz inequality and (9), we have
1 VuP 1 ] WP oy
(V)Vv-Vug—/ (v) +f/ Vv|“u
/Q 2 Jo u 2Jo (V) Vvl
1 [Vul? K 9
< = - 4 2;
<3 [ OSFE+ ZIvvIR i
which, substituted into (8), gives
2
;t</ulnu—/u>+; (v)|vl:JI
Q Q Q (10)

K
< —|IVV|Ealulle + /ulnu— /u2lnu:
2 Q Q

Applying the Agmon-Douglis-Nirenberg LP estimates (cf. [1, 2]) to the second
equation of (4) with homogeneous Neumann boundary conditions, we know that
for all p > 1, there exists a constant ¢; > 0 such that

IVC Dllwer < crfuC ] (11)
The Sobolev embedding theorem vyields ||Vv| 1+ <,, .
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We substitute (12) and (13) into (10) to obtain

c?t(/gumu_/gu)_'_;/g (v)lvl:”Q+(/Qulnu—/Qu>

Kcsm 9 / / 9 /
< ulli=+( +1) [ ulnu-— u‘lnu— | u
Kcsm
< =B s+ ( +1)/u|nuf /u2lnu
2 Q Q
< Cy;

where we have used the facts (see [25, Lemma 3.1]): Let > 0and A > 0, then
there exists a constant L := L( ;A) > 0 such that

1+ )zlnz+Az? - Z%Inz<L; forall z>0:
Hence from (14), we obtain

d(/ulnu—/u)+/ulnu—/u§cs;
dt \ Jg Q Q Q

which gives [,ulnu— [, u < cg and then

/ulnu§c6+/u§c7: (15)
Q Q

Since ulnu > —2, from (15) we derive

2
/\ulnu|§/ulnu+ﬂgcg;
Q Q e

which yields (6). Finally (7) is a consequence of [25, Lemma A.4]) applied to the
second equation of (4). O

Next, we will show that there exists some p > 1 close to 1 such that [, uP is
uniformly bounded in time.

Lemma 3.2. Suppose the conditions in Theorem 1.1 hold. Then there exists p > 1
close to 1 such that

luG; )|l < C; forall te (0; Tmax); (16)
where C > 0 is a constant independent of t.

Proof. We multiply the rst equation of (4) by uP ' to obtain

Sq [Pre-D [ e 2wr

n
= (pfl)/ (VuUP 'Vu- Vv + /up - /up“:
Ja Q Q
The Cauchy-Schwarz inequality and (9) allow us to have
(p—l)/ (VuP 'vu- vy
_ 2
< —p / (V)UP 2 vul? + 1/ | ((VV)) uP|Vv|? (18)

p—/ (VUP 3 vul? + ) /up\Vv|2
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Using Gagliardo-Nirenberg inequality, (7) and (11), one has

/ WPV < Ul s 9V 200y < CLlIUID i [V wziss [ 9V 2
Q

(19)
< CollUll} i [V llwzer < cal|ullT 5
Then we can substitute (18) and (19) into (17) to obtain
1%/ uP + M/ (V)uP 2|vul?
P (20)

(p_l)KCB/ p+1 4 /up /up+1
- 2

Using the Holder inequality and Cauchy-Schwarz inequality, one can show that

. =
a1+ )/up§(1+ )| |7 (/ u"*l) gf/up+1+c4: (21)
Q Q 2 Q

Moreover, we can choose p =1+ > 1 satisfying K2°3 < 5 to derive that

7@_?'«3 /Qup+1 < E/Qup“: (22)

Then the combination of (21), (22) and (20) gives

pdt/up+/u”<c4 (23)

Applying Gronwall’s inequality to (23), we have (16) for some p > 1 close to 1. [

Next, we will show ||v(-; t)||_a is uniformly bounded in time, which rules out the
possibility of degeneracy.

Lemma 3.3. Suppose the conditions in Theorem 1.1 hold. Then there exists a
constant K; > 0 such that

IV(;B)]jLr < Ky; forall t e (0; Tmax) (24)
and
0< 1< VL 2 (25)

Proof. From Lemma 3.2, we can nd a constant ¢; > 0 such that |ju(-; t)||» < ¢, for
some p > 1. Then applying the elliptic regularity estimate to the second equation
of (4), one has ||V(-;t)|lwzr < Caf|u(:;t)|lLr < C1Co, Which along with the Sobolev
inequality give (24). Then since 0 < (v) € C2([0;0)), we can nd two positive
constants | and 5 such that (25) holds. O

Lemma 3.4. Suppose the conditions in Theorem 1.1 hold. Then there exists a
constant C > 0 such that

[luG; )|z < C; for all te (0; Tmax): (26)
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Proof. Multiplying the rst equation of (4) by u and integrating the result by parts,
using Cauchy-Schwarz inequality and (9), we end up with

1d 2 2 3
2dt/QU+/Q V)|Vul” + /Qu

= (V)uVu - Vv + /u2
Q

= / (V)| Vu* + /‘ WI* u?|Vv|? + /Qu2
SE/Q (v)\Vu|2+?/Qu2\Vv|2+ /QUQ;

which, combined with (25), gives

d
/u + 1/\Vu\2+2 /UBgK/u2|vV\2+2 /u2: 27
dt Q Q Q

We di erentiate the second equation of system (4) and multiply the result by 2Vv
to obtain

0=2Vv-V Vv+2Vv.Vu-2|Vv|?
= |Vv|? = 2|D%v|* +2VV - Vu - 2|VVv|?;

where we have used the identity |Vv|? =2Vv-V v+2|D2v|2. Then multiplying
(28) by |Vv|? and integrating the results, we have

/|V|Vv\2|2+2/ |VV|2|D2V|2+2/ Vvt
Q Q Q

2
=/ |Vv\2MdS+2/ |VV[2VV - Vu
00 Q

(28)

@
29

_ 2@|VV‘2 2 2 (29)
= [Vv| ds —2 u vIVV| =2 [ uV(|Vv|?) - Vv

0 @ Q

2

g/ |VV\2@|@v | dS+2/ (I VI[VV> +|V|VV]?||WV])

@Q

With the inequality @’@ﬂ <2 |Vv[?on@ (see[18, Lemma 4.2]) and the following
trace inequality [23, Remark 52.9] for any " > 0:

17 lLz@e) < "IV lILz@) + C 7 Lz (o)
we have

V2@|V‘2ds<2 \v4 1 \vikv; 22+ v22. 30
@Q\ v V122 gy < Q| [VVIE[" + e [[[VV[7lIE=: (30)

By the Gagllardo-Nlrenberg inequality and the fact |||Vv|?||_: = ||VVv[]i, < co(see
Lemma 3.1), we have

cul[VVIPIEs < csl|VIVVI Lz [Vl + esll[VVPIE
1
< —/ |V|VV[2|? + ¢y
4 Ja
Then the combination of (31) and (30) gives

2
/ oW 1 /|V|Vv| 24 ¢y (32)
@ @

(31
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Next, we will estimate the last term on the right of (29). To this end, we use the
Young’s inequality and the facts | v| < v/2|D?v| and V|Vv|? = 2D?v- Vv to derive

2/Qu<| VI[P + V9P [ov))

gzﬁ/ u|Vv|2|D2v|+4/ u|VV[2|D2|
Q Q

(33)
< 2(ﬁ+2)/ u|VV[2 D]
Q
2
gz/ IVv[2 D[ + M/ uZ| vy
Q 2 Q
Substituting (32) and (33) into (29), one has
/ |V|Vv|?|? +4/ Vvt < 2+ ﬁ)Q/ u?|Vv|? + 2¢4: (34)
Q Q Q

Combining (27) and (34) and using the Young’s inequality, we can nd some >0
such that

E/u2+ 1/ |Vul? + 2 /u3+/ |V|VV|2|2+4/ |Vv|*

dt Q o) Q Q Q

g[K+(2+\/§)2]/u2|Vv|2+2 /u2+2c4 (35)
Q Q

<K+ @+ V22 ulEs ] VVIfEe +2 | [3]ullfs +2c4

< cslullis + [IVVILs + lullis + ce:

With the boundedness of |lu||.: and |julnu|_: and the inequality in [19, Lemma
3.5], we can choose " small enough to obtain

Iullis <~

1
Vul[Zz[lulnuffLs + Co(Juinulffs + [juflr) < C*W“Hiz +erm (36)
5

On the other hand, using the Gagliardo-Nirenberg inequality, we can derive that

IVVIEs = 1IWVPIIEs < cs(IVIVVIE: Vvl + [9v]E)

37
< cgCo||V|VV|? |72 + csCl: (37)
Substituting (36) and (37) into (35), and choosing = -, we end up with
% Jou?+ [, u? < ciy which along with the Young inequality: [,u? < [, u+cis
yields
d
E/QLF"'/QUQ < Cy11 + Ci2:
This gives (26) with the help of Gronwall’s inequality. O

Next, we shall show the boundedness of |ju(:; t)||_x. To thisend, we rst improve
the regularity of v. More precisely, we have the following results.

Lemma 3.5. Suppose the conditions in Theorem 1.1 hold. Then we have
[IVv(;t)|La < C; for all te (0; Tmax); (38)

where C > 0 is a constant independent of t.
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Proof. Using (11) and the fact |ju(:;t)||2 < c¢1, we can derive that |v(;; t)|lwz2 <
Co|lu(:; B)||L2 < c1Co; which by the Sobolev embedding theorem (n = 2) gives

[VV[[Ls < c3: (39)
Then multiplying the rst equation of (4) by u? and integrating it over by parts,

one obtains
1d 2, 4
3dt/u +2/ Vu|Vu|* + /Qu
=2/u (V)Vu - Vv + /u3
Q Q

| WP .
S/Q (v)u|Vu|2+/Q ) u‘*IVV|2+§/Qu4+C4,

which subject to the facts (9) and (39) gives rise to

ld 3,40 212 4 3 2
- — u’+ — uz |+ — u* <K u’|Vv|“ +c
sa Lur T [ vt [utek [ wieve e

< K|ulie Vi +e, (9
< K Jullfs + cu:
< 3
Using the Gagliardo-Nirenberg inequality with the fact ||u%\|L = |Jul[z. < c5, We
can show that
3 3,4 3,2 3
3K ulife = AR Iu 2. < o ([T I Jud )P, + u ) )
3 4
< 7| VuB ||}, + ¢ (41)

4 ,
< —1/ IVuz|? + cg:
9 Jo

On the other hand, using the Holder inequality and Young inequality, one has

/u3§| i(/u4> S—/u4+09: (42)
Q Q 2 Q

Substituting (41) and (42) into (40) gives

U+ U<C y
3dt/ /Q 10;

which along with the Gronwall’s inequality gives
u(; s < cin: (43)
Using the elliptic regularity (11) and Sobolev embedding theorem again, from (43)
we derive
[Vv[[La < ciz[Vllwzs < cisllullLs < ciiCia:

This nishes the proof. O
Lemma 3.6. Suppose the conditions in Theorem 1.1 hold. Then the solution of
(4) satisfies

[uG:t)llLa < C; for all te (0; Tmax); (44)
where the constant C > 0 independent of t.
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Proof. Multiplying the rst equation of (4) by uP !(p > 2) and integrating it by

parts over , and using (38) and Young’s inequality, we can nd a constant ¢; >0
independent of p such that

Sq [Pre-n [ v zweps [
:(Pfl)/Q (WP 'Vu- Vv + /Qup
<0 [ | 0 vu (-0 [ w
Sp%l/s; (V)up 2|VUI2+<C%;<+ >(p_1) Slup

which, together with the fact (v) > | > 0 in (25), gives a positive constant
c K

(45)

Cy = + + 1 such that
(;jt/up+p(p 1)/Ulpﬂhz(lo 1) 1/|v Wi
< czp(p—1) / uP (46)
Q

2(p—1) 1 22 _ 2 < 5)2.
<20 /Q\Vu|+c3p(p (L +p%) /Qu ,

where the last inequality is obtained based on the following inequality (see [26])

IF22 <"IVF[E: +ca@+" DIF|E.: forany " >0:

The inequality (46) can be rewritten as

(T
G [ pe-n [ <epe-nare) ([ uf)

which, combined with the fact (1 + p2?) < (1 + p)?, gives

2
@ (@0  [ ) et vpeonasp?([ut) @
Q Q

We integrate (47) over [0;1] for 0 <t < Tmax to obtain

2
/ uP < / ub +c3(1+p)?  sup (/ u5> : (48)
Q Q 0t Toaz Q

N(p) := max{||u0||._1;0 sup (/Q up>; }; (49)

Tmax

De ne

Then, we can derive from (48) and (49) that

N(P) < sl +PTPN(3) for p>2:
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Taking p=2J;j =1;2;---; one obtains
N@)<ci '@+2)? INE Y

o dt1

Sci j+ +2 1(1+2j)2 g+l (1+2)N(1)

<c2?2 7@ i+ M2 T+ DINQ)

<222 THG 2 O Ve g2 1) 22 T2 O D 42 YN (q)
< ¢42°N(D):

If Ju(;t)||lLx < |Jug|lLx, the proof is then nished. Otherwise sending j — oo and
using the boundedness of ||u]|_:, we have

JuG;B)llLe < cs2°N(1) < 2% max{|[uglla; [[Uollr} < cs;
which gives (44). O
Lemma 3.7. Let be a bounded domain in R? with smooth boundary and the
hypothesis (H1) hold. Suppose that Uy € WEL( ) with ug > 0(Z 0). Then the

problem (4) has a unique solution (U;v) € [C([0;00) x )N CZL((0;00) x )] x
CZ((0; 00) x ), which satisfies

UGBl + v Dllwea < C
Proof. From Lemma 3.6, we can nd a constant ¢; > 0 such that ||u(;;t)||Lx < c;.
Then using the elliptic regularity, from the second equation of (4) one obtains

[IV(;t)|lwrx <co. By Lemma 2.1, the existence of global classical solutions follows
immediately. O

3.2. Large time behavior. In this section, we will study the large time behavior
of solution for the system (4). Let

2
and
E() :=/ (u-1-Inu): (51)
Q

Then based on some ideas in [9, 27], we shall show that the constant steady state
(1;1) is globally asymptotically stable by showing £(t) is a Lyapunov functional
under the conditions > % More precisely, we have the following result.

Lemma 3.8. Suppose (U;V) is the solution of (4) obtained in Lemma 3.7. Let
Ko and E(t) be defined by (50) and (51), respectively. Then we have the following
results:

(1) E(t) >0 for any t > 0;
(2) If = T—g, then there ezists a positive constant  such that for all t >0

) < —F@); (52)

F() = ~{/Q(u—1)2+/ﬂ(v—1)2}:

where
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Proof. First, we will show the non-negativity of £(t). In fact, letting (u) :=
u—1—Inu;u > 0 and noting that (1) = %1) = 0, and applying the Taylor’s
formula to (u) at u =1 gives

()= "1 = %(u ~)P >0 (53)

where d is between 1 and u, which implies £(t) > 0.
Next, we show (52) hold. In fact, using the rst equation of (4), we have

So(t):;t/g(u—l—lnu)

:—/v(“‘1)~[(v)Vu— ouv - [@-1 e
Q Q

u

_ |Vul? Vu-Vv e
= /Q O +/Q WY /Q(u 1)2:

On the other hand, we multiply the second equation of system (4) by v — 1 and
integrate it by parts to obtain

OI—/|Vv|2—/(v—1)2+/(u—1)(v—1): (55)
Q Q Q
Multiplying (55) by a constant > 0 and adding the result to (54), we obtain

E 1 — |VU‘2 _ 2 Yu- Vv
it /Q(u 1—1Inu) /Q v) 0 /Q|Vv| +/Q (v) y
5t

~ /Q(ufl)t /{;(V—1)2+ /Q(u—l)(vfl):

12

(56)

For 1, we can rewrite it as

Yu (v) _ﬂ
h=- TA 1 1=<VV>2A1=< u2(v) !
T 2u

where | denotes the transpose of ;. One can check that A; is non-negative
de nite if and only if

| I* _ Ko
> = — 7
“ o 4 (v) 4 7)
Similarly, we can also rewrite I, as
u-—1 5
lb=— JA; o 2:< >;A2:< 2>3
v—1 5
A is positive de nite if and only if
> (58)

4
Hence, we can always nd a positive constant such that (57) and(58) hold provided
> Ko Sjnce A, is non-negative de nite and A, is positive de nite, then from

16
(56), we can nd a constant > 0 such that (52) holds. O

Next, we will use (52) to show the convergence of solution (u;v;w) in L1-norm.
Before that, we rst improve the regularity of solutions (u;v).
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Lemma 3.9. There exist € (0;1) and C = 0 such that

||uHCUv%(Q [tit+1]) < C, for all t > 0: (59)

Proof. From Lemma 3.7, we can nd three positive constants c;;co; 3 such that
0<u(x;t) <c;0<v(xt)<cgand |[Vv(x;t)| <csforallx e and te (0; Tmax):
The rst equation of (4) can be rewritten as

u=V-AXtVu) +B(xt) forall x e  and t e (0; Tmax); (60)
where

At )= (v)- — (VuVv
and
B(x;t) .= u(
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Then using the elliptic maximum principle, we obtain from (66) that
VG —lea =1 GYllea < fuCt) — s (67)
which together with (63) gives (64). O

3.3. Exponential decay. Next, we shall show the convergence rate is exponential.

Lemma 3.11. Assume that > 'f—g, and suppose (U;V) is the global classical

solution of the system (4). Then there exists two positive constants C;  such that
forallt>=0

lu(;t) — 1> <Ce T (68)

Proof. From (63), we can get a ty > 0 such that for all t > t,

1
Ju(;t) —1fjLa < 5
which immediately gives

1
u(x;t) e (2; 2) forall xe and t=>tg: (69)
Then using (53) and (69), we can get two positive constants ¢; and ¢, such that

1
ctu—1)?<u—-1-Inu<cy(u—1)* forall uc (2; 2) ; (70)

Hence, using (51) and (70), and choosing = o we have for all t > t, that

1
W< [ (-1 < FFO);
Q

which yields

F@®) > &) for all t > t,: (71)
Then the combination of (52) and (71) gives for all t > t;

M <-F) < £
and hence
E(M) <E(ty)e ) forall t=>to;

which together with the fact £(t) > ¢; [,(u — 1)* gives (68). Then we nish the
proof of Lemma 3.11. O

Next, we shall show the boundedness of ||Vu||_s to obtain the convergence rate
with L1 -norm. More precisely, we have the following results.

Lemma 3.12. There exists a constant C > 0 independent of t such that the solution
(u;v) of (4) satisfies

[Vu(;t)]jLe < C forall te (0; Tmax): (72)
Proof. Using the rst equation of (4), we obtain

1d 4 9
Za/@\Vu\ —/Q|Vu| Vu - Vug

/ |Vul?Vu - V(V - ( (v)Vu))
Q

(73)
7/ |Vu?’Vu - V(V - ( (V)uvv)) + /(1 —2u)|Vul*
Q Q

Jq +J2+J3:
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We can estimate the term J; as follows:
J, = —/ |Vul? uVv - ( (v)Vu)—/V|Vu|2-VuV~( (V)Vu)
Q Q
=/ (V)|Vu]*’V u-Vu —/ "W)V|Vul? - VuVu - Vv
Q Q

1
=5 [ @IvuP [vuP - [ @)vupip?
Q ¢ (74)
f/ ‘W)V|Vul? - VuVu - Vv
Q

2
<3 /[, wm a8 s - 2 [ @iwivupr - [ wvapion?
+§/| "WV [Vul?||Vul*[wv]:
Q

Using the boundedness of ||u||_x and ||v|lw:x obtained in Lemma 3.7 and the
assumptions in (H1) as well as the fact v =v —u, we have

V-( VMHuvv) = 'Vu|Vv)>+ (V)Vu-Vv+ (V)u v
= YWu|Vv)?+ (VMVuvv+ (Vuv — (v)u?
< ci(1+[Vul);

which substituted into Js gives

J2=/V|Vu|2-VuV-( (v)qu)+/ |Vul? uVv-( (V)uvv)
Q Q

: (75)
<cr [ [Vul[VIVuPl@+ [vu) +er [ (TuP| i+ (Tu):
Q Q
Moreover, the boundedness of ||u||_x directly gives
Jz < 02/ |Vul?: (76)
Q

Substituting (74)-(76) into (73), and noting the facts (v) > ; >0and | u| <
v/2|D?ul, we have

4, 1 2|2 2,12
da LIV [ vuee e [ wupiot
2
<3 [ wwurtEas+ 2 [ | @livupvuevy
eQ

+c1/ V[V |y |<1+\Vu\>+c1/ vup| u|(1+|Vu|>+c2/ vl
Q Q Q
g—l/ \V|Vu\2|2+—1/ |Vu|2|D2u|2+cg/ VUl + c4;

4 Q 2 Q Q

which leads to

d
g [l o [ OIupE ez [ VuPDNE < des [ [Vult+ac: @)
tJo Q Q %
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On the other hand, using the boundedness of ||u||_x and the fact | u| < v/2|D?u|
again, we have

(3+4c3> / |Vul* = (3+4c3> / |Vu*Vu - Vu
2 Q 2 Q
3 2 3 2
= | = +4c3 uvV|Vul®-Vu — | = +4c3 u|Vul* u
2 Q 2 Q

1/ |V|Vul?|> + 2 1/ |Vu|2|D2u\2+c5/ |Vul?
Q Q Q
1
1/ |V|Vul?|> + 2 1/ |Vu|2|D2u\2+—/ |Vul* + cg;
Q Q 2 Jo

which substituted into (77) gives

IN

IN

& vt [ v <cn 78)
Then applying the Gronwall’s inequality to (78) yields (72) and the proof is com-
pleted. O

Lemma 3.13. Suppose = 'f—g, and let (U;V) be the global classical solution of the
system (4). Then there exists a constants C > 0 such that for allt >0

lu¢;t) —1x <Ce T (79)
and s
IV(;t) — 1|2 < Ce &% (80)

Proof. Using the Gagliardo-Nirenberg inequality, (68) and (72), we have
2 1
[u—1fLa <cif|Vullfalu=1[¢: +cifu =12

< C98
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