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1. Introduction

This paperis concernedvith theinitial-boundaryvalue problemof the following attraction—
repulsionchemotaxisystem

u=usS - (u v+ (u w), X ,t> 0,
i= v o+ u S, X ,t> 0,
W= W o+ uS w, x ,t> 0, (L1
L= VY= W, X ,t> 0,

ux, 0)= uo(x), 1v(x,0)= 1vo(x), 2w(x,0)= 2wp(x), x

where is aboundeddomainin R? with smoothboundary and denoteghe outwardnor-
malvectorof . Themodel(1.1)wasproposedn [28] to describeheaggregatiorf Microglia
in the centralnervoussystemin Alzheimer’s diseaséueto the interactionof chemoattractant
( -amyloid)andchemorepellenfTNF- ), whereu(x, t), v(x, t) andw(x, t) in themodel(1.1)
denoteheconcentrationsf Microglia, chemoattractarandchemorepellenivhich areproduced
by Microglia, respectively.The positive parameters and are called the chemotacticcoef-
cients,and , , , > 0 arechemicalproductionanddegradatiorrates. 1, 2 areconstants
equalto 0 or 1 justifyingwhetherthe changeof chemicalds stationaryor dynamicaliin time. The
model(1.1) wasalsoa particularizedsystemintroducedin the paper[33] to modelthe quorum
sensingeffectin the chemotactianovement.

Well-knownastheKeller—Segemodel(see[23]), the prototypeof classicahttractivechemo-
taxismodelreadsas

u=u S -(u v,

< 1.2
Vi= V + US V. (1.2)

One prominentpropertyof the Keller—Segelmodel(1.2) is the existenceof a Lyapunovfunc-
tional which continuouslystimulatesa vastamountof mathematicaktudieson variousaspects
of mathematicsuchasblowup,boundednesstavelingwaves patternformations critical mass
phenomeno@andcritical sensitivityexponentge.g.see4,5,15,16,19,29,31,32,37,40,4dridthe
references thereimndreviewarticles[13,18,39).

Ontheotherhand,for the classicakepulsive chemotaxisnodelwhich readsasfollows:

u=u + -(u w,
W= W o+ uS w,

a Lyapunov functionadlifferentfrom thatof the attractiveKeller—Segemodelwasfoundin [6],
which led to the global existenceof classicalsolutionsin two dimensionsandweaksolutionsin
threeandfour dimensionsTheresultson therepulsiveKeller-Segemodelarevery limited and
afurtherstudyon suchmodelwas recentlygivenin [36].

Mathematicallythe three-componerdttraction—repulsioehemotaxisystem(1.1) modeling
theaggr@ationof Microglia is acoupledattractiveandrepulsiveKeller—-Segemodel,andhence
is referredto asthe attraction—repulsiofeller—Segelabbreviatechs ARKS) model.It is hard
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to analyzein generaldueto the complicatednteractionsbetweernthreespecieal, v andw, and
the dif culty of constructinga Lyapunovfunctional.A few known resultsarethe following. In
onedimension the stationarysolutionsandtime-asymptotidoehaviorof solutionswere estab-
lishedin [21,26], andthe time-periodicorbits were found recentlyin [27] by emplogying the
localandglobalHopf bifurcationtheory.Thetravelingwavesolutionsof anattraction—repulsion
chemotaxisystenwith avolume- lling effectwereinvestigatedn [34]. Themulti-dimensional
analysiswasrecentlygiven by TaoandWang[38] wherethe competingeffectsof blowup from
the attractionand smoothingfrom the repulsionwere untangledlt mainly dealtwith a special
scenario = (i.e.,two competingchemicalsignalshavethe samedeathrates)for which the
system(1.1) canbe formally transformednto the classicalKeller—-Segelmodeland hencethe
methodshasedon the Lyapunovfunctionalcanbe employed.It was foundin [38] thatthe so-
lution behaviorof the ARKS modelwasessentiallydeterminedy the competitionof attraction
andrepulsionwhichis characterizedy thesignof S . Forthe conveniencef statement,
we call thenumber

= S
thecompetitionindexin this paperandthebiologicalinterpretatiorof thesignof is asfollows:

€ < 0 repulsiondominates;
€ =0 repulsionbalances/cancebdtraction;
€ > 0 attractiondominates.

Forthecase = ,themainresultsof [38] assertedhat: (1) if 0, thenthe ARKS model(1.1)
hasa uniqueclassicalglobal solutionwhich convergesto a uniqueconstansteadystateasymp-
totically in timefor both 1= 2,=0and 1= 2= 1;(2)if > 0,thesolutionmayblow upin
nite time in two dimensiondf the cell massis largerthana thresholdnumberfor 1= 5= 0.
Forthecase = , it wasprovedin [38] thatthe classicalsolutionsof (1.1) with 0 exist
with largedataif ;= 5= 0 orwith smalldataif ;= 5= 1, wherethe solutionboundis
independentf time in theformercaseanddependentntime in thelattercase.

Clearly the resultsfor thecases = or 1+ 2=1(.e. 1=1, 2=00r 1=0, 2=
1) or both were left openin [38]. Recentlysomeof theseopenquestionsare solved. When
= and > 0, theblowup of solutionswasprovedin [9] for 1= 2= 0.When = and

< 0, the global classicalsolutionswith uniform-in-time boundwere establisheéh [25] for
1= 2= 1.Sofar, all theresultsareobtainedeitherfor 1+ 2= 0orfor 1+ 2= 2,where
the dual gradientin the rst equationof the ARKS modelcanbe reducedto a single gradient
with a transformation(seethe detailsin [38]). Up to date,theresult 1 + 2= 1 completely
remainsopen.Themaindif culty Upto a
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Theorem 1.1. Assumehat0  (ug,vo) [WY () ]?and , , , , , > 0. Thenif 0
(repulsiondominater balancesattraction),thereexistsa uniquetriple (u, v, w) of nonnegative
functionsin C( x[0,)) C21( x (0,)) whichsolves(1.1)with 1= 1and =10
classicallysuchthat

uHt) . C
whereC is a constantindependenoft.

Remark 1.1. For thecase 1 = 1, 2> = 0, the ARKS model (1.1) is irreducibleto a two-

componenthemotaxianodel.Herewe succeedn nding a Lyapunovfunctionalto provethe
uniform-in-time boundednessf solutions,which wasnot foundin [38]. As we know, it is the

rst resultthat presentsa Lyapunovfunctional for an irreduciblethree componentattraction—
repulsionchemotaxisnodel.Howeverit still remainsunknownif thereis a Lyapunovfunctional
forthecase 1= 2=1o0r 1=0and ,=1if = .

Theorem 1.2. Lettheassumptionsn Theoem 1.1holdandletM = up(x)dx. If > O (at-
traction dominates)thenthefollowing two conclusionshold:

() If M < 2 thenthe 4
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frameworkto modelthe aggregatesf Microglia resultingfrom the interactionof attractionand
repulsion.Henceto understandhe completedynamicsand the validity of the model, further
mathematicastudyis demandedndnewmodelingideasmightbeneededn orderto fully inter-
pretthe aggregatiorphaseoccurringin Alzheimer’s diseasélVe are currentlyworking on such
issuein aseparatgaper22].

2. Basicinequalities

Forreader'sconveniencewe present few knowninequalitieswhich will be frequentlyused
in the paper.

Lemma2.1.(Seg24].) Let beaboundeddomainin R" with smoothboundary Assumehere
is a constantC > 0 suchthat

u,s C, forallt (0,T).

lfvo WL () , thenthereexistssomeconstaniCq suchthatforeveryt (0, T)andl s<n,
the solutionof the problem

. . \Y;
vi= Vv +uSvin, —=0o0n
satis es

vV wia  Cq (2.1)

forall g < Z&.1f s= n, then(2.1)istruefor all g < , andif s >n, then(2.1)is true with
q =

Lemma 2.2 (Trudinger—Moseiinequality).(See[30].) Let be a boundeddomainin R2 with
smoothboundary.Thenfor any > 0 thereexista constantC dependingn and suchthat

1 1
expluldx C exp g * uZ,+ 0 ups . (2.2)

Lemma 2.3.(Se€[10].) Let bea boundeddomainin R™ with smoothboundary . Assume
1 p<nandu W3() .Thenu LP () withtheestimate

U Cuwp, (2.3)

wherep = n—”s% andthe constantC depend®nlyonp, nand

Lemma 2.4.(Se€[30].) Let beaboundediomainin R? with smoothboundary.Thenfor any
> 0, thereexistsa positiveconstantC suchthat

2 1 1
u 3 up’, ulnu P+ C(ulnu i+ U’y (2.4)
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Lemma 2.5 (Gagliardo—Nirenbergnequality).(See[11].) Let  be a boundeddomainin R"
with smoothboundary.Let| andk be anyintegerssatisfyingd 1<k, andletl q,r ,
andp R*,{ a 1suchthat

1é'—za ESE +(1§a)}. (2.5)
p n g n r
Thenforanyu WkA() L7() ,thereexists aconstantc dependingnlyon g, k,r and

n suchthat:
D'up c(DXu2q u ¥+ u ), (2.6)

with the following exception:if 1<q < andkS 1S g is a nonnegativanteger,then (2.6)
holdsonlyfor a satisfying'E a<l1.

3. Preliminaries on boundedness

With 1= 1and 7= 0, thesystem(1.1) becomeghefollowing one:

u=uS - (u v+ - (u w), x ,t> 0

vi= v + uS v, X ,t> 0,

0=w + uS w, X ,t> 0, (3.1)
U= v-w_gq X ,t> 0,

u(x, 0) = ug(x), v(x, 0) = vo(x), X

The local existencetheoremof (3.1) canbe provedby the xed point theoremand maximum
principlealongthe sameline shownin [38].

Lemma 3.1. Assumehat 0 (ug,vo) [ WY () ]2 ThenthereexistTmax (0,] anda
uniquetriple (u, v, w) of nonnegativefunctionsfrom C( x [0, Tmay) C2%X( % (0, Tma)
solving(3.1)classicallyin % (0, Tmay. Moreoveru> 0in % (0, Tmay and

if Tnax< , then u(.,t) ast  Tmax 3.2)

By the blowup criterion givenin Lemma 3.1,it suf ces to derive u(:,t) | < for all

t > 0 to obtaintheglobal-in-timesolutions.In this sectionwe will presenthe basicframework

usedin this paperto derive the boundednessef solutionsof system(3.1). We rst notice that
L 1-normof the solutionsof (3.1)is boundedby integratingequationsof (3.1) over

Lemma 3.2.Thesolution(u, v, w) of (3.1) satis esthefollowing properties
u(,t) L1= U L1 M, (3.3)

V(,t) 1= — Up 12S — ug (1S wvo 1 €%, (3.4)

w(-,t) (1= — Ug 1. (3.5)
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Nextwe give alemmaconcerningheuniform-in-timeboundof u | 2 irrespectiveof thesign
of = S . Thisresultwill be essentiallyusedto provethe boundednessf solutionsfor
both 0O and > 0.InthesequelweuseC; orgj,i = 1,2,3, -, todenotegenericconstants
which mayvary in the context.

Lemma 3.3.1f wecan nd aconstantC; > 0 suchthatthe solutionof (3.1) satis es

t
ulnu 1+ w() Zd  Ci (3.6)
0

thenthereexistsa constantC, > 0 suchthatthe solutionof (3.1) satis es
u,2 Co. (3.7)

Proof. Multiplying the rst equationof (3.1) by u, integratingthe resultwith respecto x, and
usingthe secondandthird equationof (3.1), we have

%% u?dx+ | ul’dx
=5 u? - vdxéi u?- wdx
:§§ w(vi S u + v)dx + > u’(w S u)dx
= % uldx + - uzdeQE uzvtdxé7 ulvdx
> uddx + - uzwdxéE ulvidx,
whichyields

u?dx+2 | ul?dx u?wdx 8§ vdvidx+| | uddx. (3.8)

Next, we estimatethe rst termontheright-handsidein (3.8).By the Young'sinequality:
q Srlq S1pr 1 1
ab a+(q) r>*b" foranya,b 0, > 0,q,r>0, a+ o= 1, (3.9

we have
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1 16
2 L 3 3 3
u“wdx > ucdx + 27( ) wodx. (3.10)

Thecombinationof (3.8)and(3.10)yieldsthat

d 2 2
— dx+ 2 d
T u“dx | ul“dx
1+ 2 1 .
% uddx + 2—3( )3 widxS  udwdx. (3.11)

To estimatetheterm  w3dx, we apply the Agmon—Douglis—Nirenbert; P-estimateg1,2] to
thefollowing linearelliptic equationsvith zeroNeumanrboundaryconditions:

(08

w W= u, in
=0, on

|=

where > 0,and nd aconstant; suchthat

W(', t) W2a.p C]_ U(', t) LP - (312)
Specially,we choosep = 2 in (3.12)to obtain
w(-,t) wez €1 u(,t) 2. (3.13)

The by the Sobolev embeddinginequality, Holder inequality and interpolation inequality
1 3 3

1 E 1 S
Uz uful3=M3 u‘; wehave

3 3 3 :

W/ls CQWye, CU, CM[4ufy

which, combinedwith the Young'sinequality,yieldsa constant, > 0 suchthat

16 1
> )3 widx 5 u 3.+ ca (3.14)

Inserting(3.14)into (3.11) we obtainthat

udx+2 | ulPdx (1+] |) u%dx$ u?vedx + cs. (3.15)

Furthermoreby HélderandGagliardo—Nirenbergnequalitieswe have
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S u?vidx Vi L2 U E4
3 3
Cs Vit |2 u L2 u L2+ u 2

205 Vt L2 ULZ UL2+ UEZ

2 2 2
Upiz+ € Vi (ot 205 Vi |2

Collecting(3.15)and(3.16)with (2.4),we obtain

d
2 2
— Ui+ up,

dt
I+ Pu ES+ C3 vt 2,+2C5 v |

2
U | n9o()Tjm131 T163-dk26 350.184 528
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By the Gronwall'sinequality,it follows that

t

2 2 S o2Sc1z w() 2,)d &S Jw28cir w()

2 )d
L2 Uo |_2e 127 ds.

u + C11

With (3.6), a simple calculationyields a constantc;3 suchthat u 2

L2 Ci3 The proof of this
lemmais completed. O

Lemma 3.4.1f (3.7) holds,thenthere existsa constantC independentft suchthatthe solution
(u, v,w) of (3.1) satis es

(v, wc 7 1 6
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4 3 3 4 3 3
3 uz uz- vdx+ 3 uz uz-. wdx
1 32 2 3 2 2 312 23 w2
9 | uz|dx+ 4 u’l v dx+§ | uz|dx+ 2 u’l wil“dx
1 32 2 32 2 2 .32 2
3 uz fo+t4 2u2 {y Via+t2°U27, Wi,
1 3 3
=5 u Z,+ 4 2+ 284 % uz 2,
1 3 5 3 4 32 3 5
Z uz + C uz 35, uz 3,+ u?z
3 ete AT R
1 3 3 4 2
3 uz F,+CsCq U2 ', + CaCq
5 3
5 U2 2, + ¢, (3.26)
3
wherewe haveusedtheinequality us T u? I‘_‘Z Cs, andthefollowing estimate
2 3 4 2 3
3 2 32
CsCg  u? fz+ C2C 3 uz 5+ cr.
Substituting(3.26)into (3.25), we havethat
d 3 32
— widx+ uz 7, 3cr. (3.27)

dt

Furthermordghe Gagliardo—Nirenbergnequalitygives

3
uz 2 Cg u

NI
NI

33 3
4 Cg U2 P,c8+ G

~ wek
N
c

—  wnN
(RIS

-

wi

by whichwe nd two constantcg, ¢10> 0 by using(3.7) suchthat

3 1 3
uddx= uz b, g U 2, + cao. (3.28)
Inserting(3.28)into (3.27), we have
9 %4 ud, 3o+ cocio= C
gt st Uy C7+ CoC10= C11,

which, alongwith Gronwall’'sinequality,implies

C11
uld, ey 3+ o oz (3.29)
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ThenusingLemma?2.1and(3.29) we can nd aconstant;3z> 0 suchthat
VoL C13. (3.30)

Furthermorefrom (3.12)and(3.29), onehas w(-,t) 23 C14 Which, alongwith the Sobolev
embeddingtheorem,assertghat w C14. This, combinedwith (3.30), completesthe
proofof thelemma. O

Next we shall showv that (3.6) is a suf cient conditionto ensurethe global boundednessf
solutionsof (3.1).To thisendwe cite thefollowing knownresult(see/14], Lemmal) whichwas
provedbasedn theiterationmethod(e.g.,see[3]).

Lemma 3.5.Letthecomponentsfthevectoreld : x (0, ) R" beuniformlybounded,
andletug L () L) withug O0.1fu C( x[0,T)) C2( x (0,T))isasolution
of thefollowing initial-boundaryvalueproblem:

u= - ( uSu), x ,t> 0,
(uSu) - =0, x ,t> 0,
u(x, 0) = uo(x), X

thenthereexistsa constant > 0, onlydependingn | () , Uo 1) and up L () ,such
that

ut) L o ¢ forallt (0,T).

Thenthefollowing lemmaconcerninghe globalexistencenf classicakolutionsof (3.1)with
uniform-in-timeboundcanbe proved.

Lemma 3.6.Assuméhat0  (ug,vo) [ WY () ]2 If (3.6) holds,thenthereexistsa unique
triple (u, v, w) of nonnegativéunctionsbelongingtoC( x[0,)) C2( x (0,)) which
solves(3.1)classicallysuchthat u(-,t) | C, whereC is a constantindependentft.

Proof. If (3.6)holds,thenfrom Lemma3.3,wecan nd aconstant; > O suchthat u |2 cj.
ThenusingLemma 3.4we can nd aconstant, > 0 suchthat

(v, WL c (3.31)
Now we write the rst equatiorof (3.1)asuy = - ( uSu) with = vS  w. Notethat

the zeroNeumanrboundaryconditionimpliesthe zero- ux boundarycondition in Lemma 3.5
Thentheapplicationof Lemma 3.5with (3.31)producesa constants > 0 suchthat

u(-,t) cz forallt (0,T). (3.32)
Thustheassertiorof Lemma 3.6s animmediateconsequencef (3.32)andLemma 3.1. O
FromLemma 3.6we seethatit suf cesto prove(3.6)to obtainthe global existenceof clas-

sical solutionsof (3.1). In the subsequengectionswe shall showthat (3.6) indeedholdseither
for Oorfor > 0OandM 2.
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4. Boundednesdor § <0

In this section,we aredevotedto proving Theorem 1.1Althoughthe ARKS model(3.1)is
irreducibleto the classicaltwo-componenthemotaxisnodel,we arefortunatelyableto nd a
Lyapunovfunctional:

F(uv,w) = ulnudx+ — (v2+] v|?dx
t o (w2+| w?)dx$ uvdx. (4.1)

Lemmad4.1l.LetF(u, v,w) bede nedin (4.1). Thenthe solutionsof (3.1) satisfy

%F(U,V,W) + G(U,V,W) = O, (42)

where

G(U,V,W) - _ VtZdX+ U| (|HUS v + W) |28ﬂx'l_'c 9.9626009.9-](%[%} Tf 0 180.102

Proof. Multiplying the rst equationof (3.1)byInuS v + w andintegratingthe resultwith
respecto x over ,we have
( v+ w|

IS t 0
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= d 2 1d 2
uwdx = > gt wedx + BT, | wi“dx. (4.7

The combinationof (4.5),(4.6)and(4.7) leadsto
ur(lnuS v + w)dx

2 2

+ o v[?+ —w?+ > w2 dx+ —  vidx,

d §
= — nud uw + —v
at uinu uv 5 5

which togethemwith (4.4)leadsto (4.1). The proof of Lemma 4.1is completed. O
Next,we will prove Theorem 1.Dy usingthe Lyapunovfunctional(4.1)for thecase 0.

Proof of Theorem 1.1. From Lemma 3.6,Theorem 1.Icanbe proveddirectly if (3.6) holds.
Next, we will showif 0, (3.6) actuallyholds.Firstwe rewrite the third equationof (3.1)as

-1

u= —wS —w. (4.8)

Thenusing(4.8) andthe Cauchy—Schwarimequality,onecanderivethat

uvdx= — vwdx+ — w - vdx
— > w2dx + > vadx + — 5 | w|?dx + 5 | v[?dx
2 2
=5 w2dx + > vadx + > | w|?dx + > | v|2dx. (4.9)

Substituting(4.9)into (4.1),we have

F(u,v,w) ulnudx + | v|?dx

2

C s )

= ulnudx+ ————" v2dx + | v|?dx. (4.10)

Integrating(4.2) with respecto t andusing(4.10), we have
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- t
(275) | v[Pdx+ — vZdxd
0

ulnudx +

+ ul (InuS v + w)|?dxd  F(ug,vo) +
0

vadx. (4.11)

To completethe proof of this lemma,it remainsto estimatethe last term of (4.11) Using
Lemma 2.1andu L%() , we can nd a constantc; > 0O suchthat v \y1p ¢ for all
1 p< 2.HenceusingLemma 2.3andchoosingp = 1, we obtain

Vi 2 CVyi1 CiCo. (4.12)
Substituting(4.12)into (4.11)andusingthecondition S 0, we have
t t
ulnudx + — vZdxd + ul (Inu$ v + w)|%dxd
0 0
S c?c?
Fluovg + 9% g
whichimplies
t
ulnudx+ — vidxd  ca. (4.13)

0

Noticingthatulnu > S% forallu 0, it follows from (4.13)that

vidxd — c3+ % (4.14)

and

[ulnu|dx

2| |

1.1 1 1
= ulnu+ =S - dx ulnu+ - dx+ -dx cz3+ —. (4.15)
e e e e e

Thenthe combinationof (4.14)and(4.15)implies (3.6) holds,andhencethe assertiorof Theo-
rem 1.1follows from Lemma 3.6. O
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5. Critical massphenomenonfor > 0

In this sectionwe will showthatif > 0, thereexistsa critical valuem = - suchthatthe
solutionis boundeduniformly in timeif  ug(x)dx <m (subcriticalmass)and may blow up
if  up(xX)dx >m (supercriticaimass).

5.1. Boundednes®r subcriticalmass

Lemma5.1.If > Oand up(x)dx < %-, thenthereexistsa constantC > 0 independenof t
suchthat (3.6) holds.

Proof. Forconveniencewe denoteF [t] = F(u, v, w). Thenfrom (4.1), we have

F[t]= ulnudx$ — uvdx + (v 2+ v[?dx
t o (w2+| w®)dxS — uvdx. (5.1)
Usingthethird equationof (3.1) andthe Cauchy—Schwarinequalityonecanderivethat
—  uvdx= — vwdx+ — w - vdx

w2dx + > vadx + > | w|?dx + 57 | v]?dx. (5.2)

™|

Substituting(5.2) into (5.1),thenfor any > 0 wehave

o S
F[t] ulnudx$ - uvdx+ o |v|2dx+? v2dx

= ulnudxS —+ uvdx + uvdx

S

2 2
+ — v[fdx+ —————  v4dx
2 | v 22

dx+ o= | v|%dx

+—— Vdx+ uvdx. (5.3)
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SinceS Inzisaconvexfunctionforallz 0 and %dx = 1,thenusingtheJensen’inequality,
we obtain

Sin L e " Ydx =S 1n e vudx
M u M
—+ v u
Sin —dx
u M
1 B
=S = uln dx. 5.4
v y (5.4)
Collecting(5.3)and(5.4),we have
FIp § Min = e Vdx + | v|?dx
M 22
S 2 d
+? vedx + uvdx. (5.5)

Using the Trudinger—Moseinequality (2.2) andthefact v |1 ¢; (See(3.4)), we canobtain
two constantg, > 0 andcz > 0 dependingpn suchthat

+ v 1. + v2 .+t oy
e dx coe ¥ L2 L

1
g+ —+ Vi

cze L2, (5.6)
Substituting(5.6)into (5.5),we can nd aconstants= M In % suchthat

2

Ft] ﬁé 8i+ —+ M | v[qdx
+ 2782 vdx+  uvdxS cs. (5.7)
SinceM = updx < -, wecanchoose > Oand > 0 smallenoughsuchthat
.1 2
ﬁs 8—+ —+ M> 0. (5.8)

Substituting(5.8) into (5.7) andusingthefact (4.12) we can nd aconstants > 0 suchthat
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S .
F[t] uvdx + 7 v2dx S cs
- S g
uvdx S s | v2dx S ¢y
2 2
uvdx S cs, (5.9)
whichimplies
Flt] S cs. (5.10)

SinceF[t] F][0], thenfrom (5.9)we seefor any > O that

uvdx M (5.11)
Using(4.1)and(5.11)andthefactF[t] F[0], onehas
ulnudx F[t]+ uvdx
FIt]+  wdx 1+ — F[0]+ =2 s (5.12)

Noticing againthat ulnu S % which along with (5.12) indicatesthat (seealso the proof
of (4.15)

2
lulnuldx cg+ %. (5.13)

Integrating(4.2) with respect, we have

t t
— vZdxd + ul (InuS v + w)|?dxd F[0]S F[t] F [0]+ cs. (5.14)
0 0

Thecombinationof (5.13)and(5.14)yields (3.6). Thenthe proofis completed. O
Thefollowing lemmagivesthe rst partof Theorem 1.2

Lemmab5.2.AssumehatO (ug,vo) [ WY () ]12and > 0.1f  up(x)dx < %, thenthere
existsa uniquetriple (u, v, w) of nonnegativdboundedunctionsin C( %[0, )) c2( «x
(0,)) whichsolves(3.1) classically.Furthermore thereexistsa constantC independenbf t
suchthat u(-,t) C.
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Proof. If > Oand up(x)dx < 4, from Lemma 5.1ponehas(3.6). ThenLemma 5.2s an
immediateconsequencef Lemma 3.6. O

5.2. Blowupfor supercriticalmass
In this subsectionye aredevoted to proving the second partidieorem 1.Zoncerninghe

blowupof solutionsfor supercriticamassForthe conveniencef constructingheinitial dateof
blowupsolutions,we introducethefollowing changeof variables:

v=vSYV, w=wSw, (5.15)
wheref = L. fdx . Fromthesecondandthird equationof (3.1), wehavev;= oS vand

u= w, respectivelySubstitutingheseresultsand(5.15)into (3.1) anddroppingthetildesfor
convenienceywe obtain

u=uS -(u v+ - (u w), x ,t> 0

vi= v + (uSu)S v, x ,t> 0,

0O=w + (USUS w, X ,t> 0, (5.16)
4= V=W, X ,t> 0,

u(x, 0) = up(x), v(x, 0)= vo(x), X

Thenthe stationaryproblemof (5.16)reads

0O=u S (u VvV+ -(u w), x ,t> 0,
O=v + (UuSusS v, X ,t> 0,
0O=w + (uUSuS w, X ,t> 0, (5.17)
d=Y=W<), X ,t> 0,

udx= M, vdx=  wdx=0.
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Thensubstituting(5.18)into the secondequationof (5.17) andusingthe secondandthird equa-
tionsof (5.17) we canreducethe stationaryproblem(5.17)to thefollowing one:

Sv + v= e e"SlM—l, X
& _ (S)v
S o+ = ! X (5.20)
l:_:o, X ,
vdx = dx =0

whereu is determinedy (5.18)undertheconstraint5.19) Theexistenceof nontrivial solutions
of the problem(5.20) still remainsopen.This is, however,not neededo achieveour goal. We
only needthefollowing result.

Lemma5.3.Let(v, ) satisfy(5.20) Thenthereexistsa constantC > 0 suchthat
wl C. (5.21)

Proof. Notethat e eV S |M—| 1= uSu 1= luS ujdx 2 M . Thenby the

L1-regularity theory (see[35]), it follows thatv  W9() with q < -Z; with spacedimen-
sionn. With theSoboIevembeddinng'g() L3() withn=2,onehas v s c;. Now

applying the Agmon-Douglis—Nirenberd.P-estimateto  satisfying the secondequationof
(5.20), we have

w23 ©C2 V 3 Ci1Cp,
whichimplies(5.21)by the Sobolevembeddingheoremwith spacedimensionn = 2. O

Noting that F (u, v, w) de ned by (4.1) is also a Lyapunov functional of the transformed
system(5.16), we obtainthe following result.

Lemma 5.4. Supposehat (u, v, w) is a global and boundedsolutionof (5.16) Thenthere ex-
ist a sequencef timesty andnonnegativdunction(u ,v ,w ) | C2() 1° suchthat
(uC, t), v(- ), w(-, t))  (u ,v ,w )in[C?() ]2 Furthermore,(u ,v ,w ) isaso-
lution of (5.17) suchthat

F(u ,v ,w ) F(ug,Vo,Wp). (5.22)

Proof. From the boundednessf (u, v, w) and Schauderegularity theory (e.g. see[12]), it
follows that (u(-, t), v(-, t), w(-, t))¢>1 is relatively compactin [C?() ]2. Hencewe can nd

a suitablesequencef times (tx)k 1 suchthat (u(-, tk), v(-, t), w(-, %)) (U ,v ,w ) in

[C2() 13 astk . NotethatF (u, v, w) is boundedrom below(see(5.10). ThenLemma 4.1
impliesthat

— vZdxd + ul (InuS v + w)|%dxd < . (5.23)
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Thenby the Arzela—Ascolitheorem,a sequencef times, still denotedoy (tk)k1 , canbe ex-
tractedsuchthat

vi(t) 0 inL?() (5.24)
and
u(,t)] (nu(,t) S vt + w(-t)?> 0 ae.in (5.25)
asty . Evaluatingthe seconcequationof (5.16)att = tx andlettingk , we have
Sv +v = (u Su. (5.26)
Using(5.25)andtakingk , we obtain

ul (nu Sv +w )?=0 in.

By thesameargumentsin [40] (detailsareomittedherefor brevity),onecanshowthatu > 0
for all x . Hence

(nu Sv +w )=0 in.

whichindicates

S M
- S -
u =eV Sw - — v v gy (5.27)
Furthermorefrom thethird equationof (5.16), we have
Sw +w = (u Su. (5.28)

Thusthe combinationof (5.26), (5.27)and(5.28) showsthat(u ,v ,w ) satisfy(5.17) by
noting (5.18) Since(u(:, tk), v(-, t\), w(-, %)) (u ,v ,w )in[C?() ]® andthus

Fu(-te),v(-,tk),w(,tk)) F@u ,v ,w ), astk
then(5.22)follows from thepropertyF [t] F[0]. Theproofof Lemma 5.4is completed. O
5.2.1. Lowerboundfor steady-statenegy
Next, we useanideain [16,17,42]to showthatif  up(x)dx =2™ foranym N*,then
thereexistsa constantk > 0 suchthatF (u, v,w) S K for all solutionsof system(5.17) In
summarywe canobtainthefollowing results.
Lemma5.5.SupposéM =2™ forallm N*.Thenthereexistsa constant< > 0 suchthat

F(uv,w) S K (5.29)

holdsfor anysolutionv of system(5.17)
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Proof.
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M
pk= —— 0 ask . (5.35)
e ke Vkdx

Now we claim that (5.30)—(5.32)imply thatthereexistsa subsequencef (vk)x n (denotedby
(vk)k n againfor simplicity) suchthatfor somem N*

4m
Hk e ke'kdx ——, ask , (5.36)

which contradictsheassumptiotM =410 = 4M ginceyy, e ke %kdx= M from (5.35)
Thenthe proof of thelemmais completedundertheclaim (5.36) O

Notethattheproofof Lemma 5.5epliesontheclaim (5.36). Therestof thissubsectionvill be
devotedo proving(5.36) Undertheassumptionhat(5.29)doesnotholdfor anyconstanK > 0,
by the proof of Lemma 5.5a sequencévy)k n of solutionsof (5.34)satisfying(5.30)—(5.32)s
obtained First, we establisithe following Pohozaev’sdentity for the system(5.34)—(5.35)

Lemma 5.6.Let vy bea solutionof (5.34) Thenthefollowing Pohozaev’sdentityholds:

2 pke KF(v)dx+ (X  WHKke *F(v)dx$S vZdx
.1 2 Vk
=S > x-)| vldS+ (x- vx)—dS
+ (X-)dke *F(v)dS$S 5 & ) vadS (5.37)

whereF(vi)= % e S1 .

Proof. We multiply the rst equationof system(5.34)by x - vg = Xj = andintegratethe

. Xj
j=1
resultingequationby partsin  to obtain

S V(X - Vk)dx

=S (o vigx e w)
2,
V| V| - Vk V|
= ] wlP+ o ——X dx3 kK Ky dS
Xi Xi Xj Xi X
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2 2

i=1 ij=1

2

ij =1

1 .
> &)1 wdsS (x- vi)—Kds.

Ontheotherhand,we canlet F (vi) = a’kesds: 1 ew$§1 suchthat

uke ke'*kS v (x- vg)dx

=S  2uke KF(w)dxS

. 1 .
| wi?dxS | villdx+ 5 ()l vi|2dSS (x -

1 o
| wilZdx+ > X —(1 wdAdx S X v)—Xds
J

vi)—Xds

185

(5.38)
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We alsodenoteby () thesetof pointswhich arenot -regularpointsin . Then usingthe
sameargumentsin [16,42], we statethe following propositionwithout proof.

Proposition 5.7. (i) If xg isa -regular point, thenthe sequencgvy)x n is uniformly bounded
inL ( BRr,(X0)) for someRp> 0. (i) S= () forany > 0.

Furthermoreve have the following result.
Proposition5.8.1 cardS< , wherecardS standsfor the cardinality of setS.

Proof. Sincemaxvi(x) ask (see(5.32), we know thatcardS 1. Clearly xg
X

() iff ({xo}) ﬁ.smce is a boundedmeasurewith d = M form (5.41) it

follows that () is nite and

(1+3)M _

card () )

(5.43)

Hencefrom (5.43)andProposition 5.7ii), wehavel cardS=card () < .Theproofis
completed. o progbroof 014Tj/T1_4 1 Tf0.7210 Td ()Tj/T1_1 1 Tf 080005 Tc 0.97 O Td [(car).
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Proof. Theproofof thislemmacloselyfollows anargumentn [16], Lemma3.4.Thedifferences
lie in themodi ed Pohozaev'dypeinequalityandanextraterm y whoseregularityneedto be
proved.We rst considerthe casewhenp; Sp. Without loss of generality,we assumethe
blowuppointp; = 0.LetU; = B, (0) . Assumethefunction  is asolutionof thefollowing

problem

é = 01 X Ur!

Thenclearly x= O(1)in C%(U;) since|-%| Con U,.If welethy= (wS k)/ jk(r) ,then
hg G(-,0)in C%C(Br(O) _\{ 0}) ask (seetheproofin [43], Lemma2.6 or seg[16]),
whereG(-, 0) satis es

N

G + G = 0 X Ur,
) X Ur;

o

with o denotingtheDiracmeasuren U, giving unitmasgo thepoint0. By thepotentialtheory,
as|x| = r is small,G(-, 0) hasthefollowing form (e.g.,se€[7])

.1 —
G(:,0)=S —In|x|+ H(r) in U,
whereH (r) is of classC! in U,. Hence
.1
vk= () S =In|x|+ H(r) inC(Uy). (5.49)

Fromthesecondequationof (5.20) we have

S . M

S k+ k= vic S T inUy\ U, —X=0oni
wherel/ = Uy, . Thenby theelliptic regularitytheorem(e.g. Agmon—Douglis—Nirenberg
theorem)we have
k C%(Up). (5.50)

Now usingLemma 5.6n U, we have

2 e * e%S1 dx+ — (x- Wuke K e S1 dxS  vidx
Ur Ur Ur
= (x- vk)ﬂdsé% ()| wldSS 5 (x-)vids
Uy U, U,
+2 (X-)uke « e"™S1 ds. (5.51)

Uy
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Next,wewill estimatehetermsonbothsidesof (5.51) Firstwith thefactthatyy e ke Ykdx

= M from (5.35) onecanderivethat wvi \2,\/1'4,3 C for someconstantC > 0 by the Ag-
mon-Douglis—Nirenbergstimatg 2] andGagliardo—Nirenbergequality. Thenit follows that

vedx= O(r vk 24)= O(f Vk q1as) = O(). (5.52)
Uy

Furthermorewe havethefollowing estimates

2 - N
— pke Kk e S1 dx+ — (X- Kuke X e S1 dx

Uy Uy

2 s 2 "
= - Huke ke'kdxS - pke Kdx+ — (X- Wuke Kk e'kS1 dx
Uy Uy Ur
_ 2k 2
= = () + O(ukro) + O(n), (5.53)

wherewe haveused(5.21)which leadsto

.2 y
S§Z pke kdx+ — (xX-  WHke K e« S 1 dx= O(ukr?) + Ofr).
Ur Ur
Usingtheequalities(5.49)and % = . vy, we have
. ko ?
x- vi)—Kds= Xr—z j +0(1) ds
Uy Uy
kn ?
= + O(r), (5.54)
and
k 2
1 ()
5 )l v?ds= - 5+ 00). (5.55)
Ur
Using(5.49)and(5.50), we have
(x - )v2dS= O(r), (5.56)

Ur

and
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(x- ke ke%dS= O ru max(e ke ) = O(kr). (5.57)
X r
Uy

Furthermorewe canderivethat
X- )L ke *dS= O(urn). (5.58)
Uy

Substituting(5.52)—(5.58)into (5.51), andletting k rst andthenr 0, we canobtain
that

2 1 2
Zlim lim X)) = == lim lim X
r 0k J() 2 2 v ok J() ’

whichimplies
lim lim k() = 4 (5.59)
r 0k J - ' '

Whentheblowuppoint0  S», we consider  satisfying

S = 01 X UI’1

5.60
= Vg, X Uy ( )

Lethy= (v S )/ jk(r).Thenhk G(-,0)in C2 (B,(0)  \{0}), whereG(-, 0) satis es

loc

éG + G = 0, X Ur,
G=0, X U,

In this case the Green’sfunction hasthefollowing expansiomear0
-1 N
G(-,0)=S 2—In|x|+ H(r) in U,

with H(r) C%(U,), whichimplies

.1 K
vi= () S o Inlx|+ H()
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2

| vil? oo F0)

x-) > + O(r). (5.63)

Ur
Thenusingthe Pohozaev'sdentity in Lemma 5.6again,we have
Eranknm fn = 4i lim_lim ) 2,
whichyields
lim lim  (r) = 8 (5.64)
rook

Hencethe proof of Lemma 5.9s completed. O
Finally, we remarkthattheclaim (5.36)is provedby (5.46), (5.59)and(5.64)
5.2.2. Initial datawith large negativeenergy

In this subsectionye asserthatthereexst initial datawith supercriticaimasshavingenergy
belowanyprescribedound.Usingthethird the equationof (5.16), we have

5 uwdx= (w2+] wl?)dx, (5.65)

2

whichimpliesthe LyapunovfunctionF (u, v, w) canbewritten asfollows

F(uv,w) = ulnudx$ uvdx + uwdx
to (v 2+ v[®dx$ > (w2+] wl?dx. (5.66)
Next, we look for a sequence(u ,v ,w ) o satisfying v (x)dx = wdx= 0 and

u dx= M suchthat IimOF(u ,V,w)=S . From[44], p. 615,we know that the func-
tions

8 2
= 1In . , >0, R?
R SR o
aresolutionsof S (x) =e®  x R?satisfying p.e® dx< .Wenotethatas 0,
x) S forall x =xgand (Xp) . Usingthe samenotation = - = S asin

Section5.2.1, we choosehesequencéu ,v ,w ) o with
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V(0 = —w ()
-1 (X)Sﬁ (x)dx
1 2 21 2
== | _ — _ .67
" T )EP? CTT " (7 Sz o GO0
and
MeV(X)
uix)= —, 5.68
R (5.69)

asour candidateo obtainthepropertylimOF(u ,v,w)=S  with supercriticamass.

Lemma5.10.AssuméM > 2 |f (u,v,w) o arede nedby(5.67)—(5.68andxg ,then
as 0, wehave

Fu,v,w) S and | v|%dx=— | w |%dx . (5.69)

Proof. Withoutlossof generalitywe assumexg = 0 for convenienceUsing (5.66)andthefact
w (X) = -V (X), we obtainthat

F(u,v,w)

. S
= U lnudxS uvdx+2— |v|2dx+T vadx.  (5.70)

From (5.68), we canderive

u Inu dx
M \" S \%
=—— &€ INnM+ v Sin eV dx dx
eV dx
M \% - \%
=MInM+ ——— ve’dxSMin e’ dx , (5.71)

eV dx

and
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uvdxs= M eV v dx. (5.72)
eV dx

Substituting(5.71)and(5.72)into (5.70), onehas

S
F(u ,v,w):2— |v|2dx+T v2dx

SMIn eVdx +MInM. (5.73)

From(5.67) we have

8 2 x2

2 = —_— —_—
| v [“dx= (77 x 2)zdx. (5.74)
Substitutingy = %, we obtainthat
2 2
2 _ lyl
— = 7
2 @ e 579)
where ={y|y }. Applying the polar coordinatesaroundorigin O to (5.75) and

denoting themaximumdistancebetweerthe poleandboundaryof by R, we obtain

oy 2= 8? lyI? dy

2 L2 1+ |y»)?
R

3

o]
N

r

i+ 122 r2)Zdrd
00

1 2 2\ & i
In—2+|n( + R )81+TF{2

4

8 1

—In=+ 01(1), (5.76)
where|O41(1)] C as 0. Moreover,we candeducethat

1 L1
v2:—2 In( 2+ [x|5%2S — In( 2+ |x|?)%dx
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1 2. 2
=5 In( 2+ |x|?)? s|—||n(2+ 1X|)?  In( %2+ |x]?)?%dx
2
2 2)2
W In( <+ |x|9)°dx , (5.77)
which givesthat
S S
— vzdx=T (In( 2+ |x[%?)2dx
5 2
. S
322—|| In( 2+ [x]?)%dx = 0,(1), (5.78)
where|Oz(1)] C as 0. Using(5.67) we havethe estimates
S dx 2
eV dx=| |eTT (2 K2 s dX
. 7+ PP
and
2 1 2
In eV dx =lIn —— ——dx S— In ———— dx.
e ST M e
Thenwe havethefollowing estimate
SMiIn eV dx
. 2 1 2
=SM In | | —————=dx S— In ———= dx
(2+ X192 (I (2+ [x1»)?
Mgk M In( 2+ |x|2)2dxSMIn | | —zdx
(I (I (2+ x19)2
By thepolarcoordinatespnecanreadily estimatethat
5 2 2 5 2
1S d 1S ——
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wherer; andr; denotethe maximumandminimumdistancebetweerthe poleandtheboundary
of .Hencewehave

SMin e¥Ydx =2MIn + 0O3(1), (5.79)

where|O3(1)] Cas 0. Thenthecombinationof (5.76), (5.78)and(5.79)implies
4 . 1
Flu,v,w) 2 —SM In-+ 0O(1), (5.80)

whereO(1) = O1(1) + O2(1) + O3(1) and|O(1)] C as 0. Then (5.80) leadsto the
assertiorof thelemma. O

Remark 5.1.In thislemma,we only considethecasexg f Xo , thenwe havethesame
estimatessaboveexcepichangingheestimaten (5.76)to ~ v EZ 1 i+ 04(2). This
leadsto
8 . 1
Fu,v,w) 2 —SM In=+ 0(1), (5.81)

whichimpliesthatF(u ,v ,w ) $ as 0ifM> &,

Lemma5.11.Assume M >4 and M /{ 4™ :m N*}. Thenthereexistsinitial data (Uo, Vo)
suchthatthe correspondingsolutionof (3.1) blowsup.

Proof. SinceM /{ 4™ :m N*}, thenby Lemma 5.5wecan nd aconstanK > 0 suchthat

(5.29) holds. Furthermorefor this constant > 0, if M > %, thenby Lemma 5.10we can
chooseasmall ¢> 0 suchthat

2 2
.1
V,(X)= —w (X)= — | 0 §— In 0 ,
° ° (3+ IxSx®? || (5+ IxSx0l?)?
and
Me Y o®)
U,o(x) = R
eV o®dx
suchthat

F(U g,V oW 4) < SK.

It canbereadilyveri ed that(u ,,v,) [ WY () ]?and u ,(x)dx = M.Hencejf wede ne
(uo,vg) = (u ,, v ,) astheinitial data,thenthe correspondingolution of chemotaxismodel
(5.16) mustblow up. Otherwise|f the correspondingolution (u, v, w) of (5.16)is globaland
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boundedin x (0, ) , thenfrom Lemma 5.4we haveF(u ,v ,w ) F(ug, Vo, Wp) <
SK . But Lemma 5.5saysthatF(u ,v ,w ) S K since(u ,v ,w ) is a solution of
(5.17)by Lemma 5.4whichis a contradictionThelemmais proved. O

5.2.3. Proofof Theorem 1.2
Theorem 1.4s adirectconsequencef Lemma5.2andLemma 5.11.
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