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Abstract: In this paper, we consider the following predator-prey system with defense switching
mechanism and density-suppressed dispersal strategy

u, = Adi(wW)u) + 222 qqu,  x2Q, >0,

u+v

vt:A(dg(w)v)+Bzu”% ay, x2Q, t>0,
w, = Aw M+0'w(1 ﬁ), x2Q, t>0,

u+v K

a—u—@:a—wzo’ x23Q, t>0,

dv ~— Ov ov

(l/l, v, W)()C, O) = (MO’ Vo, WO)(X)’ x2 Q,

where Q R? is a bounded domain with smooth boundary. Based on the method of energy
estimates and Moser iteration, we establish the existence of global classical solutions with uniform-
in-time boundedness. We further prove the global stability of co-existence equilibrium by using the
Lyapunov functionals and LaSalle’s invariant principle. Finally we conduct linear stability analysis
and perform numerical simulations to illustrate that the density-suppressed dispersal may trigger the
pattern formation.

Keywords: prey-predator system; defense switching; density-suppressed diffusion; global stability;
pattern formation

1. Introduction

Defense switching means that prey species pay more attention on guarding against the relatively
more abundant population predator [1], certain fish species in Lake Tanganyika against two


http://http://www.aimspress.com/journal/mbe
http://dx.doi.org/10.3934/mbe.2022582

12473

phenotypes (dextral and sinistral) of cichlid Perissodus microlepis [2] is a typical example. The
dextral and sinistral phenotypes attack the prey fishes from the left-side and right-side, respectively.
Pretend that the population of dextral individuals is more abundant, then prey fishes tend to be more
defensive against the attacks from left-side, which leads to greater hunting success for sinistral
individuals (relatively rare population). Based on a simple Lotka-\Volterra equations of a two-predator
one-prey system, Saleem et al. proposed a defensive switching model [1]

u=u( ay+ fiw),
v =v( az+ fow), (1.1)

wi=w(o  fiu fov),

with the predatory rates functions

— B
{fl(u’v) T+ (12)

flwv) =B(1 1),
where u := u(x,t) and v := v(x, t) denote the density of two predators while w := w(x, r) is the prey
density. The parameters «; (j = 1,2) account the death rate, 8, > 0 (j = 1,2) are the predation
coefficients and o~ > 0 accounts for the growth rate of the prey species. Moreover, the predatory rates
f1and f5, also called “defensive switching functions”, possess a characteristic property that the rate of
the prey attacked by a predator will decrease if this predator population becomes much more abundant
than the population of another predator. Specifically, when a predator population becomes large, the
prey species guards against it more vigilantly and switches to another predator, which is in relatively
small population, to keep its individual from being hunted too much. Such prey behaviors result in less
successful hunting for abundant population predator species and more successful hunting for relatively
rare one [1].

In light of the defensive switching model Egs (1.1) and (1.2) in [1], Pang and Wang [3] considered
the following reaction-diffusion system by introducing the random movements of species and the intra-
specific interaction between the prey in Eq (1.1)

u, = diAu + % ail,
v, = doAv + ﬁi"% sV, (1.3)

W[:d3AW Wﬁ-()’W(l %),

where constants d; > 0 (j = 1,2, 3) account for diffusion coefficients and the positive parameter K
represents the environmental carrying capacity to the prey species. We note that the interaction
mechanism between the predators and prey in the defensive switching model is substantially different
from that in the ratio-dependent predator-prey system [4] though they seem to have some similar
structures.

In [1], Saleem et al. proved that the co-existence steady state is globally asymptotically stable
except the case where the two predators have the same mortality rates; Otherwise, the system has a
periodic solution. Pang and Wang [3] proved the co-existence steady states is globally asymptotically
stable no matter ; and a, are equal or not and hence no pattern formation will arise from the
system (1.3). If the term d;Au is replaced by a cross diffusion term A(dyu + ’“;2) (k, e > 0), however,

€+

they showed that the cross diffusion between predators can drive stationary patterns by using
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Leray-Schauder degree theory. Recently, the system (1.3) with prey-taxis (the cross diffusion between
the predators and prey) was considered by Wang and Guo [5]. They established the existence of
globally bounded solutions and global stability of constant steady states for small prey-tactic
coefficient and numerically demonstrated that strong prey-taxis can induce the pattern formation if the
two predators have different mortality rates. Subsequently, the existence of nonconstant steady states
was obtained for some range of repulsive prey-taxis coefficient with more general functional response
functions in [6]. From the above results, we find that the dispersal strategies (like cross-diffusion or
prey-taxis) play important roles in determining the population distribution profiles.

In this paper, we shall consider a different dispersal strategy - density-suppressed diffusion, which
was first used in [7] to describe the directed movement of predators in the predator-prey systems to fit
the experimental observations. This type of diffusion assumes that the predator’s diffusion decreasingly
depends on the density distribution of the prey. As shown in [8], the density-suppressed diffusion can
explain the heterogenous population distribution observed in the field experiment of [7] while random
diffusion can not. Hence density-suppressed diffusion is a dispersal strategy employed in the predator-
prey system. By taking into account the density-suppressed diffusion, the defensive switching model
reads

u, = Adi(W)u) + 222y,

u+v

v = Adr(w)v) + Bavw oy, (1.4)

u+v
w; = d3Aw W +0'w(l %),
where d;(w) > 0 and ds.(w) < 0(j=1,2). Note that the property dg(w) < 0 means that predators will
decrease their random diffusion rates at higher density of the prey species in order for predation. If we
expand the density-suppressed diffusion

Adj(w)p) = T (di(w)re + ¢di(w)rw), ¢ =u,v,

we find that the density-suppressed diffusion indeed intrinsically includes both random diffusion and
advection (prey-taxis) components. The differences from the spatial models considered in [3,5,6] is that
here both diffusion and advection coefficient are not constant but functions of the prey density. It was
shown that the density-suppressed diffusion in the predator-prey systems may generate spatially non-
homogeneous patterns that the random diffusion can not do [8] and may bring substantially different
dynamics [9].

Beyond the predator-prey systems, the density-suppressed diffusion has already been commonly
used in the modeling of other biological processes such as the chemotaxis [10, 11], bacterial
movement [12, 13] and so on. Since the possible degeneracy caused by the density-suppressed
diffusion brings considerable challenges for analysis, the studies of these biological models with
density-suppressed diffusion have been increasingly attracting attentions and produced many
interesting analytical results [14-28] alongside rich numerical simulations demonstrating complex
dynamics and patterns [29-31].

The purpose of this paper is to study the global dynamics of the defensive switching model with
density-suppressed diffusion including global existence and asymptotic behavior of solutions as well
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as pattern formations. Specifically we consider the following problem

u, = AMdi(wW)u) + 2% qu,  x2Q, t>0,

u+v

v, = AMda(w)v) + ﬁi“% ay, x2Q, t>0,

we=Aw B2y aw(l %), x2Q, 1>0, (1.5)
%:%:g—t:o’ x28Q, t>0,

(l/t, v, W)(x’ 0) = (MO’ Vo, WO)(X)’ x2 Q,

where Q  R? is a bounded domain with smooth boundary. The parameters «; (j = 1,2), B; (j =
1,2,3), o and K are all positive constants. Note that we have assumed d3 = 1 without loss of generality
and consider more general constant 8; compared to Eq (1.4). We suppose the density-suppressed
diffusion coefficients d;(w) satisfy the following conditions:

(Ho) d;(w) 2 C*([0, 1)) with d;(w) > 0 and dg.(w) Oforallw 0, j=1,2.
We further suppose the initial data satisfy
(ug, vo, wo) 2 [WEL(Q)]® with ug, vo > 0,wo 0. (1.6)

Then our first result on the global existence of solutions is stated in the following theorem.

Theorem 1.1 (Global boundedness). Let Q  R? be a bounded domain with smooth boundary. Assume
the assumption (Hy) holds and the initial data (ug, vo, wo) satisfy Eq (1.6). Then there exists a uniquely
determined triple (u, v, w) of nonnegative functions which solves Eq (1.5) classically in Q (0, 1) and
satisfies

ku(, )k + kv(,)kzz + kw(, )kyrr My forall r > 0,

where My > 0 is a constant independent of t. Particularly, one has

0 <w(x,r) K :=maxfkwoky1, Kg forall (x,£)2Q (0,1).

Remark 1.2. Note that in works [5, 6] considering the defensive switching model with prey-taxis, the
smallness of prey-taxis coefficient was required to ensure the global boundedness of solutions. Here
we obtain the existence of global classical solutions with uniform-in-time boundedness without any
smallness assumptions on the parameters.

Next, we shall show the global stability of constant steady states. In fact it is straightforward to find
that a positive constant steady state (u ,v ,w ) exists if and only if K > ;’;—i + Z—;, where u ,v ,w >0,
satisfying

a1 = ,31\/ id , 2 = ,3214 id s 0'(1 W—) = ,3314 4 > (17)
u +v u +v K u +v
which can be solved to obtain
u =£(1 W_)(1+a2,31),v :g(l W—)(1+—a1ﬁ2),w -, 22 (1.8)
B3 K 021c7) B3 K @31 B P2

Then we can show that (u ,v ,w ) is globally asymptotically stable under certain conditions, as
stated in the following theorem.
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Theorem 1.3 (Global stabilization). Suppose the conditions in Theorem 1.1 hold and let (u,v,w) be

the solution obtained in Theorem 1.1. If K > Z—i + Z—j and

1 (J'di(W)jzwz N jdg(W)jzwz) K w
B1di(w) Bado(w) | 4Kw
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Proof. From the third equation of (1.5), we have

. 0
w,=Aw w4+ g(u,v,w) inQ, a—V::O,

with g(u,v,w) = w B2 4 gw(1 %) SinceO<w K (see Eq(2.1)) and u,v > 0, we have

. i O'K2
jgw,v,w)i K +pBsKu+ock e

K
=K (1+,83u+0'+0-7)
K
K (1+,83+0'+0-7)(u+1),

which, together with Eq (2.3), gives
kg(u, v, W)k c3. (2.6)

With Eq (2.6), we use the results in [39, Lemma 1] to obtain Eq (2.4) with Eq (2.5) directly. O

Now we will show some basic boundedness properties of the solution («,v,w) obtained in
Lemma 2.1.

Lemma 2.4. Let (u,v,w) be the classical solution of (1.5) obtained in Lemma 2.1. Then it holds that

fu+fv Ky forall ¢ 2 (0, Trmax), (2.7)
Q Q

I+T I+T
f fu2+f fvz K, forall 12 (0, Tmax 7). (2.8)
t Q t Q

where the constants Ky, K, > 0 are independent of t and T := minfl, Tpax/20.

and

Proof. Multiplying the first and second equations of (1.5) by B;, and multiplying the third equation
of (1.5) by (81 + 32), then adding the resulting equations, one obtains

[Bs(u +v) + (B1 + B2)w]: =AlBs(di(w)u + do(w)v) + (B1 + B2)w] -
ﬂ3(a’1u + CL’ZV) + O'(ﬂl +,82)W (1 %) . ( . )

Thus, integrating Eq (2.9) with respect to x over Q, we have

f [Bs(u + v) + (B1 + B)W] + Ba f (aut + apv) + (ﬂlKJrﬁZ) fg w2 = o(By + B2) fg w.  (2.10)

Using Young’s inequality, one has

(o + 1By + B2) f w

which, substituted into Eq (2.10), gives

o(B1 + B2) fwz N (o + 1)%(B1 + B2)KiQj
K Q 40' ’

% fg[ﬂSu +ﬁ3V + (ﬁl +ﬁ2)W] + Y0 L[ﬁgu +,B3V + (ﬁl +ﬁ2)W] C1, (211)
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where yo := minfai, as, 19 and ¢; = CEHBIKIA - Then anplying the Gronwall’s inequality to

4o
Eq (2.11) gives

L(u +v) fQ(uo + V) + (51’;,32) fgwo + %,
which yields Eq (2.7).

Next, we shall show Eq (2.8) holds based on some ideas in [8]. Under the homogeneous Neumann
boundary conditions, we define a shifted Laplacian operator B = A+vy; with y; := min {ﬁio) #?0)} >
0. Then B is a sectorial operator in LP(Q) for all p 2 (1, 1) [32], and one can easily show that its inverse

B 1 satisfies

kB 1¢k;2  cokek,. forall ¢ 2 L2(Q), (2.12)

and
KB 2¢k?,  cokgk?, for all ¢ 2 L3(Q) (2.13)

for some constant ¢, > 0. Using the assumptions in (Hp) and Eq (2.1), we can derive that there exist
two positive constants §; and &, independent of 7 such for all j = 1,2 one has

0<6r jdiw) &2 (2.14)

and
0<di(K) d;w) d0). (2.15)

Using the definition of B, we can rewrite Eq (2.9) as

(
W
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which combined with Eq (2.15) enables us to find a positive constant y, := minfd,(K ), d»(K ), 1g such

that
G | [ s )+ Bl + 232 [ Dssts ) + (6 + ol
2¢3 jg; B [Bs(u + v) + (B1 + Ba)w].
On one hand, using Eq (2.12), the Holder inequality and Young’s inequality, one has
2 [ B B+ v)+ (o] 260t B Dsat ) + 5+ vl
2056310 kBa(u + v) + (By + B2)wk 2

2c2c%jQj
% f[ﬁs(u +v) + (B + B)W]* + %) J-
Q

On the other hand, using Eq (2.13), we get

2 [ 8 et )+ Gue gl % [ [t + e sl

(2.17)

(2.18)

(2.19)

Defining z(z) := fQjB 2[Bs(u + v) + (B1 + B2)w]j%, and substituting Eqgs (2.18) and (2.19) into Eq (2.17),

we obtain 0202y
c5C

20+ 22x0+ 72 [ [l )+ Buepl =

€2 Q V2

Then applying the Gronwall’s inequality to Eq (2.20) alongside Eq (2.13), one has
4c‘;’c§ij

7’2
4c§c§ ij

z(?)

f 'B 2 [,83(”0 + Vo) + (ﬁl +ﬁ2)WO]

flﬁs(uo + Vo) + (Bl +,82)w0] Cy.

Integrating Eq (2.20) over (¢, ¢ + r) for T = minfl, Ty /29 and applying Eq (2.21), we get

vt [ GRS [t + r oy

22500t
2 3J J +Z([)
Y2

2¢3c3Q]

- T (4,
Y2

which gives Eq (2.8). Then we complete the proof of Lemma 2.4.

(2.20)

(2.21)

O

Lemma 2.5. Let (u,v,w) be the classical solution of (1.5) and T = minfl, Tax/20. Then it holds that

1+T
f fjrwj2 Kz forall 12 (0, Tax 7).
t Q

(2.22)
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and

krwk;z K4 forall £ 2 (0, Thmax), (2.23)
as well as o
f f jAwi?  Ks forallz2 (0,, Tmax  7), (2.24)
t Q
where the positive constants K3, K4 and Ks are independent of t.

Proof. Multiplying the third equation of (1.5) by w, integrating the resulting equation by parts and
using0 <w K inEq(2.1), we obtain

2
ifw2+2fjrwj2+2ﬁ3fuvw +2—Ufw3:20'fw2 20K?jQj. (2.25)
dt O Q QuUu+v K Q Q

Integrating Eq (2.25) over (¢,7 + 7) and using the facts 0 < =1 and Eq (2.1), one has Eq (2.22)
directly.

Next, we multiply the third equation of (1.5) by Aw, use the integration by parts to the resulting
equation, and apply Young’s inequality as well as Eq (2.1) to get

d . 2 . 2 fuvw 20- 2 f
— r 2 Awj® =2 A — A 2 A
dt‘fg;J wl® + fgj Y B3 LuTy W+K Qw w 20 wa

2 302
-A-232f(uvw) f432f2
fgjw]+,83gu+v+K2 Qw+0'Qw
S 302 K49 .
fjAWJ2+3,B§K2fu2+O-TJJ+30'2KZJQJ,
Q Q

ifjr‘wj2+fjij2 3ﬁ§K2fu2+c1, (2.26)
dt Jo Q Q

where ¢; = % + 302K?jQj. Applying a Gagliardo-Nirenberg type inequality derived in [16,
Lemma 2.5] and noting the fact kwk,. K ij%, we have

which entails

Ljr‘wjz co(KAWK; 2kwk 2 + kwkiz)

coK jQj? (KAwkyz + K jQj?)

2 J, 2

which substituted into Eq (2.26) gives

i‘[jl’wj2+fvjl‘wj2+1ijij2 C3(fu2+l), (2.27)
dt Jo Q 2 Jo Q

- . 2 .
with ¢ 1= 382K% + ¢; + &2l

(¢ 7)s,1)suchthatz, 0Oand

. Forany ¢t 2 (0, Tmax), by Eq (2.22) there exists a 7y := #o(r) 2

f jrw(x, to)iPdx ¢y, (2.28)
o
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Moreover, from Eq (2.8), we know that

fo+7T
f fuz(x, s)dxds Kpforalltg 2 (0, Tmax 7). (2.29)
1o Q

Multiplying Eq (2.27) by ¢' and integrating the results with respect to ¢ over (z, ¢), and using the facts
Egs (2.28) and (2.29)and 1o <t to+ 71 o+ 1, One has

t
krw(, 0k, e krw(, 1)k, +e 'ca f e (ku( . )k, + 1)

4]

!
cs+ C3 f, (ku( . 5)K2, + 1)
cs+ C3 f o (ku( . 5K, + 1)

fo

cq + 3K + cs.

Hence Eq (2.23) holds. On the other hand, integrating Eq (2.27) along with Egs (2.8) and (2.23), it

holds that
1+T +T
f j‘jij2 2c3f f u? +2c3T + 2 fjrw( D
t Q t Q Q
2c3(K> + 1) + 2K2,
which gives Eq (2.24). Then we complete the proof of Lemma 2.5. m|

3. Global existence: Proof of Theorem 1.1

In this section, we shall show the existence of global classical solution based on some ideas in [8].
To this end, we first establish the a priori L>-estimates of x and v.

Lemma 3.1 (L?-Boundedness). Suppose that the assumptions in Lemma 2.1 hold and let (u, v, w) be
the classical solution of (1.5) which is defined on its maximal existence time interval [0, Tmax). Then
the solution of (1.5) satisfies

ku(, kg2 + kv(, k2 Ke forall 2 (0, Toa), (3.1)

where the constant Kg > 0 is independent of t.

Proof. Multiplying the first equation of (1.5) by u, integrating the results with respect to x over Q by
parts and using the fact u, v > 0 for all £ 2 (0, Trax), We have

1d .
EELMZ+Q/1LM2+Ldl(w)Jl"ujzz,&L;iwvu Ldi(w)urw ru

B1K f uw’ + f ujdg(w)jjr'wjjruj,
Q Q

which along with Egs (2.14) and (2.15) indicates

Eifu2+a1fu2+dl(l()fjruj2 B1K fu2+62fujrwjjruj. (3.2)
2dt Q Q Q Q Q
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Applying Young’s inequality and the Holder inequality, one gets

§2fujrwjjl’uj 1(K)fj ruj’ + fujl’wj2
Q 2d1(K)
5
dl(K) f jruj? + kuk krwi?,

2d,(K)
which updates Eq (3.2) as

d 2
Ekukiz + ZQlkukiz + di(K )kl”'uki2 23K kuki2 a (K )
Using the Gagliardo-Nirenberg inequality, the following inequality [16, Lemma 2.5]

ik KirwiZ, (3.3)

kr‘wki4 c1(KAwk2Krwk;2 + krwkiz),

and Eq (2.23), we obtain
2

kuk2 kl"wk2 co(Kruk2kuk; > + kukiz)(kAkazIQ + Kf)
dl(K )
co Kakruk 2kuk; 2 kAwk; 2 + czK4kuki2 KAwK; 2 (3.4)
+ cszkrukszukLz + cszkuk2

dy (K Kk, + cakukZ KAWKZ, + cakukZ,,

2
where ¢3 = 52 (1?) +4%) 4 K2,

Then substltutlng Eq (3 4) into Eq (3 3), we obtain

%kukiz (268.K + 64)kuki2 + c;;kukiz kAwki2
C5kukiz(1 + kAwkiz),

where ¢5 ;= 281K + ¢4 + c3. Forany t 2 (0, Thax), by Eq (2.8) there exists afy = 1(t) 2 ((tr  7)s,1)
such thatz, 0and

(3.5)

fuz(x, to)dx . (3.6)
Q
On the other hand, from Eq (2.24), we know that
0+T
f fjAw(x, s)iPdxds Ks, forallt2 (0, Tpx 7). (3.7)
to Q

Then integrating Eq (3.5) with respect to r over (z, ¢), and using the Egs (3.6) and (3.7) and ¢t o+ 7
to + 1, one has

- [ 2
Ku( , f)kiz Ku(, fo)kiz e Jo (kw9 )ds

ku( s to)kiz ecs fr(’J0+T(1+kAw( ’S)kiz)ds (38)
cee 1K)
Similarly, we can show that
kv(, 02, 7. (3.9)

Then the combination of Egs (3.8) and (3.9) gives Eq (3.1). The proof of Lemma 3.1 is completed. O
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Lemma 3.2 (L1-Boundedness). Suppose that the assumptions in Lemma 2.1 hold and let (u, v, w) be
the classical solution of (1.5) defined on its maximal existence time interval [0, Trax). Then it holds
that

ku(, )k + kv(, 0k K7 forall £ 2 (0, Thax), (3.10)
where the constant K7 > 0 is independent of t.

Proof. Multiplying the first equation of (1.5) by u”  with p > 2 and integrating the resulting equation
over Q by parts, one has

1d fu”+(p 1)f u? 2dy(w)jruj? +a/1fu”
pd Q

= (p 1)];214” td(w)ru I"w+ﬁ1f W_p

QM+V

(3.11)

Using Egs (2.14) and (2.15) and 0 < == w K which is satisfied by the fact u,v > 0 for all
t 2 (0, Trmax), from Eq (3.11) we get

1d

up+(p 1)d1(K)fu” %jruf +a1fu”
pdt

v 15, f W Yrujirw] + BiK f W
Q Q

(p Ddi(K) f b o 05(p 1) f _ f
—— | u’ Gruft + Y——— | Wjrw"+ K | u”,
5 5 ruy 24,(K) Jo Jrw)” + B 5

which together with the fact

2(p 1)d1(K) fjrué’JZ — p(p 1)d1(K) fup erujz’
p Q 2 Q

gives

ifup+wfjrugj2+a/lpfup
dt Jg p Q Q

plp 1S . ,
—Zdl(K) Qujr'wj + pB1K fgu

(3.12)

Noting the fact kuk;>  Kg in Eq (3.1), and using Lemma 2.3, we can find a constant ¢; > 0 such that
krwkpe —c;. (3.13)

Then we can use the Holder inequality, Gagliardo-Nirenberg inequality and Young’s inequality as well
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as Eq (3.13) to obtain
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where the constant ¢ > 0 is independent of  and p. Then using the Moser iteration process [33], there
exists a constant ¢; > 0 independent of 7 such that

ku(,0kix  c7. (3.19)
Similarly, we can find a constant cg > 0 such that
kv(,0)kpr  cg. (3.20)

Then the combination of Egs (3.19) and (3.20) gives Eq (3.10). The proof of Lemma 3.2 is completed.
i

Proof of Theorem 1.1. From Lemma 3.2, we know there exists a constant ¢; > 0 independent of 7 such
that

k(.00 /A ) /
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and J,(t) = 0 iff u = u . Using the similar way, one has J,(r), 3,,(tf) 0 and “=" holds iff v =
v, w=w . Hence according to the definition of E(¢) in Eq (4.1), we obtain that E(u«, v, w) > 0 for all
(u,v,w) # (u ,v ,w ) and moreover E(u ,v ,w ) =0.

Next, we shall show that %E(r) 0 under the conditions Eq (4.2) and K > ;—i + g—j. In fact, using
the equations in Eq (1.5), one has

O [ s [ A [ (22
= Pvu fg%ﬁru}z Bov u LW+W+BZV ‘fg(u M)('Blvw @
Bru v LM Bu v LM"‘&M L(V V)('BZMW &2)

<
+
<
~——

V2 u+v
PiBo(u +v)w [ Jrwi®  BiBalu +v) f(w w )(0_ ow ﬁsuv)
B3 o w? B3 Q K u+v/

which can be rewritten as

%ﬁ’): fxTBX+ﬁzv f(“ ”)(/jl:v: al)
Q Q
+ Biu L(V V)(izzv: “2)

, BB +v) f(w w )(G ow Bsuv) (4.4)
ﬁg Q K u-+v
= fXTBX+ Ji+ o+ Ja,
Q
where 0
fu v u di(w)Bs 0 fav 1 GL gl(w)w
X=|Z]and B= 0 Bru v dy(w) w
rw Bav u dol(w)w Biu v doz(w)w BiBa(u +v )w
v 2 2 B3
After some calculations, we can check that the matrix B is positive definite provided
Au +v)w  jdi(w)Pw? N jdy(w)jFw?
Bau v Brdi(w) Bada(w)
H : Psu v w :
which, together with the fact =— = o(1 ) (see Eq (1.7)), gives
1 K w
- > K F(w), (4.5)

where the function _ _ _ _
F(w) = Iy ()" + Jdg(W)JZWZ.
Bidi(w) Bado(w)
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If kwok;2 K, one can easily check that Eq (4.5) holds provided Eq (4.2) is true. Now, we consider
the cases kwgk;2 K. In fact if Eq (4.2) holds, then there exists a small & > 0 such that

1

= > T [Mmax F(w) + &o. (4.6)

From the assumptions (H,), we know that F(w) belongs to C*([0, 1)), which combined with the fact
Eq (2.2), implies that

limsup = Fw) = &Y limsup Fow) Y
t!]_p 4Kw W)= 4Kw ,!j_p W 4Kw

and thus for the chosen gy in Eq (4.6), there existsa 7 > 0 such that

max F ,
O<w K (W)

K w K w -
1K F(w) K Mmax F(w)+¢g forall (x,r)2Q [T ,1). (4.7)

Then the combination of Eqs (4.6) and (4.7) gives
1 K w

>
o 4Kw

F(w), forall (x,)2Q [T,1).

Hence the matrix B is positive and there is a constant ¢; > 0 such that

o
f X'BX @ f (Jr“‘ FRLAY BOAPLAL/ ) foralls T . (4.8)
Q Q

u? V2 w2

On the other hand, using the fact 2 = ;== (see Eq (1.7)), one gets

u +v

J1 1= L(u u)(fl_tv: al)
3 W@
-pe [ ”)(u+v ﬁl)

vw vw
:ﬁlﬂzv fg;(u u)(u+v u +V)

_ BBy f(” u)ku +VvwWy  uwvw  ww
Q

)

u +v u+v
which together with the fact
wu +vwv uwvw vww =w(w w)+vwu  uvw

=ww w)+tvulw w)+vwu uw

=vu +v)w w)+vwu vwu+tvwu uw

viu +v)w w) wu u)+uw (v v),

gives
1 =B1Bov fv(u u )(w W)+,31,32VW fu(u u)v v)
Q u+v u +v o u+v 4.9)
BBy w fv(u u)? (4.
u+v Jo u+v

Mathematical Biosciences and Engineering Volume 19, Issue 12, 12472-12499.



XK,

12488

Similarly, we can use the fact % = = (see Eq (1.7)) to obtain

Jy i =piu L(v Y )(Bguw afz)

u-+v
3 ulv v)w w) BiBuw viu u)lv v)
= Pifau L u+v " u +v L u+v (4.10)
Bifou w f ulv v)? f Vikbjd100532 Thesd T 14_2dlgb o via T{ P PrdIrzd 220f +1
182u u +v o u+wv Jo

At last, using the fact o = 24 1 2= (see Eq (1.7)), we have

+

._Pibu +v) ow  Pauv
J3 = 5 L(w W)(O’ o u+v) B +v)

_ Bifa(u +v) Bsuv  Pauv\ Pifo(u +v )o 2 woow )
B Bs fg(w W)(u +v u+v) B3K fg(wgl(w) L( )

=ﬂ1ﬂ2(u+v)=f/(m¢w)7”f/+”/” o™ oo/ j o | + | |

(w+v)(u +v )k
(4.11)
ﬁlﬁZ(ZSI:v )O- f( w )2
3 ulv v)(w w) viu u)w w)
B ’BI’BZML u+v Blﬂzvj; u+v

w2

BiBa(u +v)o f(w
Q

Combining Egs (4.9) and (4.10) with Eq (4.11), we have

3
Z Bau
j=3 .

L(“ﬁﬁzm ) v )
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Then we can update Eq (4.12) as

3
_ BBew (vu uv)? BiBou +v)o 9
WE fg f(w w2, (4.13)

u +v u+v B3K 1)

=1
Substituting Eqs (4.8) and (4.13) into Eq (4.4) gives forallt T

dE(?) B1Bow u uv? BiBo(u +v)o f(
w
Q

dt u+v Jo u+v BsK
il i
lelul_'_lvl_l_lwl’
o\ u? V2 w
dE(r)

which indicates = 0 for all u, v, w. Moreover, one can check that if %’) =0,thenru=rv=_0
and w = w , which implies that

w)?

<

u=u, v=

with z and v are some positive constants. Since (u,v,w) = (u ,v ,w ) is a solution of (1.5), then one
has

Pivw —
in au=0,
Boit w _

i +v @ =0,
Bsii ¥

ow
i o+ % =0,

which gives

e [ RN (3 (PR B
B3 K @15 B3 K @251

Thus %’) = 0 if and only if (u,v,w) = (u,v ,w ). By using the LaSalle’s invariant principle (cf.
[41, Theorem 5.24]), we get that the co-existence steady state (u ,v ,w ) is globally asymptotically
stable. ]

Proof of Theorem 1.3. Theorem 1.3 is a consequence of Lemma 4.1. O
5. Spatio-temporal patterns

In this section, we assume K > ;—i + Z—; and will study the effect of density-suppressed dispersals on
the dynamics of the system (1.5).

5.1. Linear instability analysis

Denote d; := d:(w ),d, :=d.(w) (j = 1,2) and linearize (1.5) at (u ,v , w ) to obtain
7 J J J

®, = AAD + BO, x2Q, t>0,
(v r)® =0, x24Q, t>0, (5.1)

O(x,0)=(uo u,vo v,wy w)', x2Q,
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where T denotes the transpose and

U u d 0 d%u
O=|v v |,LA=|0 d, d2V , B= (Bij)s 3
wow 0 O 1
with
By = L 0, By = o >0, Biz= Pru v 0,
u +v Bo(u +v) u +v
By = @12y 0, By = Rl 0, By = Pau v 0,
Bi(u +v) u +v u +v
a1B3v @ fB3u ow
B O, B3, = 0, By = —— O
ST B +v) ) 27 B +v) ) . )

Then by the standard linear stability principle, the linear stability of (u ,v ,w ) is determined by the
eigenvalues of the matrix ( A + B) where the sequence fu g, With 0 = o < iy w2 p3
denotes the eigenvalues of A under the Neumann boundary condition. The characteristic equation of
( A+ B)is

P+ Da(u)? + Doy jd%)p + Doy %) = O, 5.2)
where A
D1(u) = (dy + do + 1) + iliaits v 0.
K u +v

Vv

.. ow
Dz(/lk,jdgj) ::,ui(dldz + dl + dz) + Ui {(dl + dz)T + (d]_ + l)

(B (o
i\ +v B1 B

Bauv (v +au) ow (@u +azv)

+ (dy + 1) it }

u +v u +v

>0,

(u +v)? K(u +v)

- ad'dy,  aydid
Dsujd')) i=dndy + 12 sty T2 4y 22 gy Oy Po : :
s(u, Jd3j) ‘=pidady '“k{lzK Yoy U v u v B B2
+,Uk{d1 a7 (GW + Bot” )+d2 e (O-W + Bo” )}

u +v \ K u +v u+v \ K u +v

. a1ayB3u v ( d_[{ d_g)
A B B2

[04K0% uvy

L aafauy
u +v

Hence, by direct calculations, one has

H(u, jd5)) : = Dy(ui) Do jd) — Dauas jd3j)
= Vil + Yoy + Yok + ArAz  As + Ao, jd))) + Aa(uk, jdY)),

where 1, y,,v3 are positive constants and A;A, Az > 0 are independent of dg. (j = 1,2) and w; (see
details in the Appendix for the precise definitions of y; and A;, i = 1, 2, 3), and

{ (d1 + 1)a1dg (dg + 1)Q2dg} 0
B B2 ’

(5.3)

L0 L ﬁgu 1%
Aol jdj) = Miu .
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as well as

Ag(ui jd%) == Pau v {( dy)as (O'W DY )

k(u +v) B K u +v
(d%)az(aw (@2 a1)v )}
+ + )

ﬁz K u +v

Then using the Routh-Hurwitz criterion, we have the results stated as below.
Proposition 5.1. The (u ,v ,w ) is linearly stable if one of the following conditions holds:
1) di(w), dy(w) are constants with o > 0; -
2) dg.(w) <Owitho>0ifa; = ayor o % if a1 # ay, where

@1, if ar < a,

(5.4)
a1f2, if a > ay,

and j=1,2.
Proof. In the case that d;(w) (j = 1, 2) are constants, one has
Aok Jd%) = Aa(u. jd%j) = 0.
On the other hand, considering the case dg.(w) < 0. If a; = ay, we get
Ao, Jd3), Aalus idj) > 0.

As for aq # a, with

KB1Bof(B)iar  ayj
(182 + azB1)?

we can calculate to get
Ao jd%) > 0, Ag(uejd%j) 0.

All cases discussed above indicate Di(u)Da(us,jd’j) — Da(ujd%) > 0 for all k 2 N. Then by the
Routh-Hurwitz criterion [34], we know (u ,v ,w ) is linearly stable. |

Hence, we are left to study the possible patterns bifurcating from the co-existence steady state
(u ,v ,w ) in the following range of parameters:
Kp1Baf(Blis arj

(H1) a1 # a2, 0 <o < (@1B2+a2p1)?

is defined in (5.4).

and d’(w) < 0, where i = 1if a; < ap ori =2 if ey > @, and f(B)

Proposition 5.2. Let o, K, a1, a,B1,B2 and Bz be fixed positive parameters, and suppose the
assumption (Hy) holds. Then (u ,v ,w ) is linearly unstable provided that jdol(w )j is large enough if
a1 < @y (or jds(w )j is large enough if @, < @) and there is some ko 1 such that

1 |ow (a1 ap)u .
T |k T e |0 fa<a,
0 <y < (5.5)
1 |ow | (@2 aa)v :
1+dr, | K u +v ’ lfal > @z.
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Proof. Noting that H(pk,jd(}j) can be rewritten as

H(,Ukajdgj) = yiuy + YVotly + Vs + Ar1Az  As
a1 Bsu v
N ( dy)aifs {(dl 1)l + (O'W . (n  ao)u ),uk}

Bi(u +v) K u +v
( dg)agﬁgu v s, [ow (a2 ar)v
+—ﬂ2(u ) {(d2+1)yk+(K + p— ),Uk}.

Since (H1) holds, then for some fixed , > 0 satisfying Eq (5.5), we have
H (. jd}j) := Da(u) Do i) Dl jdif) < 0

when jd?(w )j is large enough if @y < a, (or jd5(w )j is large enough if @, < a1) and (u ,v ,w) is
linearly unstable by the Routh-Hurwitz criterion [40]. m|

Remark 5.3. The above results imply that the density-suppressed diffusion can induce the instability
of (u ,v ,w ) and trigger the pattern formation.

5.2. Numerical simulations

In this subsection, we aim to give some numerical simulations to complement the previous analysis
in Section 5.1. Without loss of generality, we assume a; < a,, and define the set

H = f(jdli,n) 2R : H(dyj,n) = 0g

as the bifurcation curve [35], where the linearized system (5.1) admits an eigenvalue with zero real part
and the curve H is the graph of the function

1
dwi () :M( di+1ny 22 (a1 ap)u ) {(77271 +W2+y3+A1A2 A3)
(5.6)

1B3u v K u +v n
( d%)azﬂau v ow (az ay)v
+—,82(u ) ((d2+l)n+ x Ty )}

where the constants y;,A; > 0 (j = 1, 2, 3) are given in the Appendix. Then the characteristic Eq (5.2)
has a pair of purely imaginary eigenvalues if j@l(w )j = dn (u,) for some ko 2 N and , satisfying Eq
(5.5) and the Hopf bifurcation may emerge.

We first fix parameter values as follows:

ﬁl = 0.3,,32 = 1,,33 = 1.3,0,’1 = O.l,a’z = 1,K =2. (57)
Then by the assumption (Hy), one has
O<o< 81
a -—.
80

Hence, we fix o = % in what follows without loss of generality. By Eq (1.8) we have

4 4 4
M—E,V—E,W—é. (58)
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In addition, we choose the motility function dy(w) as
di(w) = e PV %),

where the constant D > 0 and d)(w) = De P® 3. Then Eq (5.5) is equivalent to

0< < E
Hio = 520"

0.05
1.25
0.04
12
0.03
o 100 200 300 400 500 600 700 800 o 100 200 300 400 500 600 700 800 o 100 200 300 400 500 600 700 800
Time t Time t

Figure 1. Numerical simulation of spatio-temporal patterns (first panel) and time
evolutionary profiles (second panel) generated by the model (1.5), where di(w) = e PO 3
with D = 180 and d,(w) = 1, other parameter values are given in Eq (5.7) with o- = 0.1, and
the initial value (i, vo, wo) IS chosen as a small random perturbation of (« ,v ,w ) given in
Eq (5.8).

Using Theorem 1.3 and Proposition 5.2, the co-existence steady state (%,%,%) may lose its
stability when the parameter D > 0 satisfies

10D? Dy 4 jdS (w)jPw?
(w 3)y,,2 N7 7
3 Ogla>1<( e w +0Tva)1(< &) 160, (5.9
and
4
d§(§)| _D du() (5.10)
With0 <n < L.

In our numerical simulation, we set the initial value (o, vo, wo) as a small random perturbation of

(35 155- 3) and hence K = 2. Moreover, we perform numerical simulations in one dimension and set

Q = (0,16n). Choosing D > 0 satisfies (5.9) and (5.10) with n = (k/16)?> < % which indicates
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‘ il
' 1? e e
= e
. = S
o 600
E e
50 50 w0 S
Space x Time t Space x Timet . -

0. 1.
1.3

sssss

0.108

0.106
1.334

0,098 133

X X 1.
600 650 700 750 800 600 650 700 750 800 600 650 700 750 800
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Figure 2. Numerical simulation of spatio-temporal patterns (first panel) and oscillatory time-
evolutionary profiles (second panel) generated by the model (1.5), where dy(w) = e P 3
with D = 268 and do(w) = e ¢ 2 other parameter values are given in Eq (5.7) with
o = 0.1, and the initial value is chosen as a small random perturbation of (u ,v ,w ) given in
Eq (5.8).

allowable unstable modes are k = 1,2,3,4,5,6,7,8. Next, we will consider the following two cases
for dp(w).

Case 1: dp(w) = 1. In this case, d5 = d5(w) = 0 and according to the definition of dy (i) in
Eq (5.6), we can calculate to obtain that

73 )1 ( 47 2893 733)
2n

8 —
120 T+ 15" 7200 * 480007 )’

dn (1) = 90(

and Eq (5.9) can be updated as
e3P 1267
with D > 4. Then after some calculations, one gets dH(256) 647.963, dH( 5) 223.026,
dH(256) 159.956, dH(256 162.600, dH(256 204.933, dH(256 305.214, dH(256 548.498
and dy (256 1450.71. Hence, dH(zse) 159.956 is the critical value for possible pattern formation.
In our numerical simulations shown in Figure 1, we choose D = 180 and find the spatio-temporal
pattern. In particular the time evolutionary profiles of solutions are oscillatory, which implies the
bifurcation might be Hopf bifurcation.
Case 2: dy(w) = e 5" 3), For this case, dJ = d(w ) = 50 and hence

73 ! 97 2131 733
dr () = 90(@ 2”) (8'7 157" 2300 " 4800017)’

and Eq (5.9) can be simplified as

200 10 4
e + —e3P 406
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One also can calculate to get that di(555)  722.767, dn(s)  306.961, dy(5)  260.876,
dH(% 291.910, dH(% 381.793, dH(% 567.953, dH(% 997.112 and
dny (% 2546.860. Therefore, dH(z_ge) 260.876 is the critical value for possible pattern formation.
In our numerical simulations, we choose D = 268 and find the spatio-temporal pattern shown in
Figure 2. Again oscillatory time evolutionary profiles indicate the solution bifurcating from the

co-existence steady state may undergo a Hopf bifurcation.
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Appendix
Below we show the details for the parameters y1,y2,ys > 0and A;A, Az > 0 present in Eq (5.3).

By direct calculations, we obtain

Y1 =(d1 +dy +1)(chdr + dy + dy)  didy
= (dv + do)(drdy + di + dp) + (d1 + d)
= (didy + dy + dy + 1)(dy + d5) > 0.

As for
yo = (di +dyp + 1) {(d1+d2)—‘m Fd+ )2y (dp+ 1) }
K u +v u +v
+(d1d2+d1+d2)(o-w + i +CYzV) (dleO'W +d1 a2y +d2 i )
K u +v K u +v u +v
:urub+n{urumfﬁwwm+1)“” +(dy + 1)1 }
K u +v u +v

ow diau + drayv
+ (dy + dp) % + 2 1u +v2 2 ,

+ d]_dz(a]_u + ayv )
u +v

which implies y, > 0 and is independent of ds. (j = 1,2) and u;. Now, we calculate the other
parameters:

[02:2%

oW  @iU + v
Y3 = +

au
dy+1
K u +v 2+ 1) }

ow
di+d))— +(d1 +1
){(1+ 2)K (it )u +v u +v
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> 0,
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and
au +ayy  ow
A= ! 2 >0,
u +v K
Bauv (v +au) ow (@u +av)
Ay = >0,
(w +v)? Ku +v)
a1aB3u v
A= BT g
u +v
Hence, a direct calculation gives
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