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for x € R and ¢ > 0, with the initial data

(u—,v-) + (¢o-. ¥0-), x—> —00,

(1.2)
(U4, v4) + (do+, Yo+), x —> +00,

(u, v)(x,0) = (uo, vo) (x) —> {
where u+ > 0, (o, Yo_) € R? and (¢o4, Vo) € R? are periodic functions with periods
m_, w4+ > 0 satisfying

T+

T T Ty
/ do_dx — / Wo_dx = / do.dx = /
0 0 0

0d = X
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are constants (i.e., ¢o+ = Yo+ = 0). As far as we know, there are no results available for the
Cauchy problem (1.1)-(1.2) with periodic perturbations (i.e., ¢o+ # 0 and o+ # 0). However,
in both mathematics and physics, the stability of Riemann solutions under periodic perturbations
is an important topic for both inviscid and viscous conservation laws. Lax has contributed a series
of important results to this direction (cf. [7,12]). More precisely, they showed that for both scalar
equations and 2 x 2 hyperbolic conservation laws, the periodic solutions time-asymptotically
decay to their constant averages. Recently, the stability of shocks and rarefaction waves under
periodic perturbations were established for the scalar conservation laws in both inviscid and
viscous cases [31-33], and further developed in [10] for the isentropic Naiver-Stokes equations,
which have essentially inspired our current work.

In this paper, we shall focus on the case that the constant states (x4, v4) and (u—, v_) are
connected by a single 2-shock wave and hence satisfy the Rankine-Hugoniot condition

—s(uy —u_)— (ugvy —u_v_) =0, (1.6)
—s(vy —v-) —(ug —u_)=0, '
and the Lax’s entropy condition
O<utp<u_, v_ <vyg, 1.7)

where s is the wave speed given by

vy ,/vi+4u,
—7+f>0.

S =

In fact, it has been proved in [29] that if ¢9+ = Yo+ = 0 and the constant states (u+, v+)
satisfy (1.6) and (1.7), then the system (1.1)-(1.2) has a special solution in the form of
(u,v)(x,t) = (U, V)() with € = x — st, which is called traveling wave solution satisfying
(U, V)(E) e C®R) and

—sU' —(UV) = DU,
—sV' —U' =0, (1.8)
U, V)(E) = (ut,vs) as § — £oo,

where ' = %. Then integrating (1.8) with respect to &, we have:

sU+UV+DU =su_+u_v_=suy +uqvg, (1.9)

sVA4+U=sv_~4u_=svy+uy. '
The existence and properties of traveling waves have been established in [29] as follows.
Lemma 1.1 (/29]). The system (1.8) with condition (1.6) and (1.7) has a unique smooth solution
(U, V)(x — st) up to a shift with U' <0, V' > 0. Moreover U, V and all their derivatives are
bounded.
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In this paper, we shall study the nonlinear stability of traveling waves with large amplitude
under the periodic perturbations. More precisely, under the assumptions that the constant states
(u4+,v4) and (u_, v_) are connected by a single traveling waves with wave speed s > 0, we shall
show that if the initial perturbation around the traveling waves is suitably small, the solution
of (1.1) with (1.2) and (1.3) will converge to the traveling waves with a shift which partially
depends on the periodic oscillations. We will give our main results in Theorem 2.7 in Section 2.
To prove our main results, we first employ the ideas in [10] to construct a suitable ansatz i/, V)
with two appropriate shift curves X'(+) and Y(¢) and then use the energy estimates to prove
our main results. The key point is the ansatz has the same oscillations of the solution (u, v) at
the far fields such that (« — U, v — V) € H2(R), and hence the anti-derivative method can be
used. Compared to the results and analysis of [10], there are two essential differences. First,
the nonlinear advection term of the isentropic Navier-Stokes equations considered in [10] has
no interactive nonlinearity as in the system (1.1). Second, we can not use the volume and the
effective velocity as in [10] to obtain basic energy estimates for the large-amplitude shock. Due
to these distinctions, the analysis and estimates in our paper are much more complicated than
those in [10]. Moreover, we should point out that due to the ansatz (¢4, )) depends both on x
and r, we can not directly use the idea of “constructing total differential” to obtain the higher-
order energy estimate as in [11,20], which motivates us to develop new ideas to achieve our goal.
At last, we should mention that the method developed in this paper may be used to study wave
pattern solution for other types of parabolic-hyperbolic chemotaxis model [1,22,23].

The rest of paper is organized as follows. In Section 2, we first state some lemmas and con-
struct the ansatz (U, V) carefully, and the main results (Theorem 2.7) are stated at the end of
Section 2. In Section 3, based on the anti-derivation method and energy estimates, we show the
nonlinear stability of traveling waves under periodic perturbations and prove our main results. In
Section 4, we give an Appendix such that some complicated and tedious calculations are stated
here for convenience.

2. Preliminaries and main results
In this section, we first give some basic results and then carefully construct the ansatz. At the
end of this section, we shall state our main results. Before embarking on this, we first introduce
some notations used throughout this paper.
2.1. Notations
In the following, C denotes a generic constant that may vary.
e We shall abbreviate [ fdx as [ fdx for simplicity.

e For any integer k > 0, we shall use H* to denote the usual Sobolev space H*(R) with the
norm

[N

k
I sy = | 3 [ 18 i

J=0R
Without confusion, we shall abbreviate || - || g« ) as || - [l -
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e For simplicity, we set

ICf M gx = L f 1w + gl -

e For convenience, we use f* =gy + h todenote that f~ =g_ +h_and f* =g, + hy.
e Inthe following we shall use T to denote the periodic interval (0, 7). Moreover, for simplify,
we denote T~ = (0,7_)and T* = (0, ).
2.2. Periodic solution and ansatz
To study the nonlinear stability of traveling waves, it is important to construct appropriate
ansatz such that the anti-derivative method is available. Due to appearance of the periodic per-
turbations in the far fields, we first give some properties of periodic solution of the system (1.1)
with periodic initial data.

Lemma 2.1. Assume that (ug, vg) € H3(O, 1) is periodic with period m > 0 and average (u, v)
in the sense that u = % fT ugdx and v = % f?l“ vodx. Suppose that there exists eg > 0 such that

€ :=|[(uo — u,vo — V)| g3(0,7) < €0s (2.1)
then the problem (1.1) with initial data (ug, vo) has a unique periodic solution

(u, v)(x, 1) € C([0, +00); H3(0, 1)),
which has the same period and average as (ug, vo). Moreover, we have

o >0,

[ —u,v—"20)g30,, <Cee”
where the constants C > 0 and a > 0 are independent of ¢ and t.

Remark 2.2. Lemma 2.1 can be proved by using the energy estimates and the Poincaré inequal-
ity, we shall give the details of proof in Section 4 for convenience.

Remark 2.3. Let (UT, V¥)(x, 1) be the unique periodic solution of (1.1) with the periodic initial
data

(UE, VE)(x,0) = (s, va) + (dos, Your)(x) (2.2)

where (o, Yo+ )(x) is given in (1.2) satisfying (1.3) and (2.1). Then from Lemma 2.1, we can
derive that

(U=, VHx, 1) = (g, v2) + (fx, ) (x, 1), (2.3)
where (¢, ¥+)(x, 1) satisfy [x ¢+ (x, 1)dx = [p+ Y+ (x,1)dx =0and

(@, Ye) (x, )| 3y < Cee™™. (2.4)
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Constructing Ansatz: Motivated by [10,32], we construct our ansatz as follows:

Ux,t)=U"(x,1) (1 - gst+X(t)(x)) + U™ (x, Dgsi+x ) (X),

2.5
Ve, 0) =V, 0 (1= guryin @) + VI, Dgaryn (), 29

where (U*, V*)(x, 1) are defined by (2.3), X(r) and Y(r) are two C1[0, +00) curves, which
will be determined later. Here g, (;)(x) := g(x — o (¢)) denotes a shifted function and

_ Ux)—u_ _ Vix)—v ———
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where F1 and F3 are defined in (2.8).
Next, we shall show that there exists some curves X' (¢) and Y (¢) such that (2.6) holds. In fact,
combining (1.1) and (2.7) and using (2.11), we have

% fR(” —U)(x,)dx = fR fo(x, t)dx,
4 [ = V), Ddx = [ falx, D)dx.

Hence, we can obtain (2.6) directly from (2.12) if the following two identities hold:

and

/fz(x, Hdx = / FaGr, H)dx =0,
R R

/ [(wo(x) —U(x,0)]dx = / [vo(x) — V(x,0)]dx =0.
R R

After some calculations, we can check that (2.13) holds if

and

JRIDWUF —UD) + (UHVT U~V )lgl,, xydx

X'(t)=—s
JrRUT — U_)g;t+X(t)dx

’

B JRWUT =UT)gy ypdx
fR(V+ - V_)g§z+y<t)dx

V) =-s

Moreover, the initial data X'(0) =: Xy and Y (0) =: ) can be determined by (2.14).
In fact, using the definition of U/ (x, t), (2.2) and the fact fR[uo(x) —U(x,0)]dx =0in(2.14),
we obtain

0=/[uo(x) —U(x,0)]dx
R

= [ uotordx — [ (U@ = g + U5 g, ) e

R R

= [[uotords — [ (u-2= g + b0 (1= ga) + 1283, + o, ) e
R R

= [ - vadx+ o= v)widx = [ (0 g0+ dor, ) i
R R R

=X —u)+ [ o= Vwdx = [ (- gxp) + o) i,
R R

29
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(2.13)

(2.14)

(2.15)

(2.16)
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which gives

1 1
Xo+ —— / (o — U)dx — —— f (#0-(1 = gap) + dos8,)dx =0 (217)
Uy —u— Uy —U—

R R

Next, we shall show that if ||¢o_ || .ooR) + [P0+l L ®) is small such that

1
ldo—ll Lo®) + o+l Lo®) < §|M+ —u—_|, (2.18)

then there exists a unique Xy such that (2.17) holds. To this end, we introduce a function as
follows:

[ (40-0= g+ dorc ).

Uy —u—

1
g(z)=z+—/(uo—U)dx—
Uy —u—
R
From (2.17), we have G(Xp) = 0. On the other hand, using the facts g’ > 0, (2.9), (2.17) and
(2.18), we can derive that

ldo—ll Lo®) + o+l Lo R)
luy —u—|

IG'(Xo) — 1] < 182 Ry

_Nido—llLoow) + llpo4 Il Lo (w)
lugy —u—_|

[g(4-00) — g(—00)]

_Npo-llLom®) + llpo+llLo(w) - 1

Uy —Uu_ 2’
v |

which implies G'(Xp) # 0. Then using implicit function theorem that there exists a unique Xy
satisfies (2.17).

Similarly, from fR[vo(x) —V(x,0)]dx =0, we can derive that £()) =0 and &' ()p) #0 if
Yol ®) + 10+l Loo(w) is small, where

1 1
EQ) =N+ /(vo —V)ydx — / (W—(l —8&y) +¢o+gyo>dx =0. (2.19)

V4 — V- V4 — V-
R
Then using implicit function theorem that there exists a unique ) satisfies (2.19). Hence, we can
solve the ODE system (2.15) and (2.16) with the initial data (Xp, )o). Moreover, we can obtain
the following properties on the curves X'(¢) and Y (z).

Lemma 2.4. If the periodic perturbations ¢o+, Yo+ satisfy (1.3), and there exists g9 > 0 such
that

& 1= [|(do—. Yo )l g20.5_) + (P01, Vo)l g2(0,7,) = €0

there exists a unique solution (X, Y)(t) € C1[0, +-00) for the system (2.15) and (2.16) with initial
data (Xo, Wo), satisfying
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|X' (1) + X (1) — X(00)| <Cee™ 120,
V(O + V(1) = Y(0)| < Cee™™,1>0,

where C, a are positive constants independent of € and t. Moreover; the shift X (00) := X and
Y(00) := Voo are given as follows

1 17 1 7
Xoo =X+ {—//¢o_(y)dydx - —//¢o+(y)dydx
i o0

Uy —u—
00

0 +0o0
+ / (Po— — Po+)8x, (X)dx — / (Po— — Po+)(1 — ga,) (x)dx
—00 0

v (2.20)
+j_[—//‘(U7V7(x,t)—u_v_)dxdt
000
+oomy
1
——ff(U+V+(x,t)—u+v+)dxdt},
T4
0 0
and
1 (1 ¢ 1 7 f
Vot ———(— [ [vo-arax = — [ [voravax
Vy —v_ tm— T4
00 00
(2.21)

0 +00
+ / (Yo— — Yo+) gy, (x)dx — / (Yo— — Yo+)(1 — gyo)(x)dx}.

Proof. Due to the smallness assumption of gq, then from Lemma 2.1, we know that the denom-
inators of (2.15) and (2.16) are away from zero. Then the right-hand of (2.15) and (2.16) are
continuous for any ¢ > 0. The existence and uniqueness of (X (¢), Y (¢)) for the system (2.15)
and (2.16) with the initial data (Xp, )o) can be proved from the Cauchy-Lipschitz theorem.

On the other hand, using (1.6), (2.15), (2.16) and Lemma 2.1, we can obtain

X' ()| + 1Y ()] < Cee ™, forallt > 0. (2.22)

In fact, from (1.6), we have s = —*==—="=, which substituted into (2.15) gives
+—U—_

JRDWUF-UH)+UTVT - U~V)lg,
JRUT =UDg, 3 )dx
Cugvp—u_v_ JRIDWUF U+ UV —UTV)g) |y ydx
Uy —u_ JrRUT — U_)gs/“t-i-/\f'(t)dx

dx
X(t) = —s — t+X (1)
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=&+ &, (2.23)
where
£ SR DW= UDgg  xdx
JRUT =UD)g, xdx
and
50 i Jrl@ vy —u_v YU =U7) = (g —u)(UTV — U_V_)]g;,JrX(,)dx'

(uy — “*)f]R(U—i_ - U_)g;H_X(t)dx
Using the fact 0 < uy < u_, we can choose &g in the Lemma 2.1 small enough to get that

Suy+u_  uytu_
<
4 2

3 -
0<u7+<U+(x,t)< <U—(x,t)<%forallxe]&t>0,

(2.24)
which implies that

_— 3u_—2
0< % <U (x,0)—U%(x,1) < %forall xeR, r>0. (2.25)

Then using the facts g;H_X(I) >0, (2.25)and |U || + || Uy ||p < Cee " (see Lemma 2.1), we
can derive that

D [rUS - U;)g;HX(t)dx B 4D [p IUF — U;|g;t+X(t)dx

JU™ =UNE xpde (e —up) o &

4D _
= /'Uj_Ux |g;t+Xu
R

&

U_ —uy4
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vy —u—v YU =UT) = (uy —u)UTVT UV
<fusvg —u—v- |(JUT —upllzoe + U —u_||zx)
+ - —u)(UTVFT —uqvy e + UV —u_v_|p=)

< Cege™™.

Substituting (2.26) and (2.27) into (2.23), we can get |X'(¢)| < |€1| + |E2] < Cee*' and then
using same arguments we can also get |’ (¢)| < Cee~*" which gives (2.22).
Moreover, we can use the similar arguments [10, Lemma 2.2] to obtain

lim X(t) = X(00) =X, lim V() =V (0) =V
t—+00 t—+00
and
|X(t) - Xool + |y(t) - yoo| < Cee ™,
Then the proof of Lemma 2.4 is completed. O

Remark 2.5. From Lemma 2.1, we know all the integrals in (2.20) and (2.21) are bounded, and
hence X and ), are bounded.

Remark 2.6. Noting that (U (x — st — X)), V(x — st — Vso)) is a pair of traveling wave solu-
tion to (1.1) if and only if

Koo = Voo, (2.28)

which can be satisfied if

s/(vo— V)dx—i—/(uo—U)dx
R R

0 400
= / (po— +svo-)dx + / (¢o+ + svo+)dx
—00 0

mT— X T4+ X

1 1
+ 77,’__ f /(¢0— + s¥o-)(y)dydx — Z / /(¢O+ + Sl//0+)(y)dydx
00 00

1 +00 T~ 1 o0 T4
+—/[(U—v——u_u_)dxdz——//(U+v+—u+u+)dxdz. (2.29)
T— T4+
0 0 00

Here (2.29) is called the zero-mass type condition. In fact, if ¢o+ = Yo+ =0, one has U V* =
u+v+, and then (2.29) becomes
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s/(vo —V)dx +f(uo —U)dx =0.
R R

Noting the fact that —s V' = U’, the above condition is equivalent to that there exists a (unique)
x0 € R such that

/ [vo(x) = V(x — x0)]dx = / [o(x) — U(x — x0)]dx =0,

R R
which have been used before (cf. [11,20,21]) as zero-mass condition to study the asymptotical
stability of traveling wave solution.
2.3. Main results

In this subsection, we shall state our main results. First, we introduce two functions
X X
Po(x) = / (uo(y) —U(y,0))dy and Wo(x) = / (vo(y) = V(y,0))dy, (2.30)
— 0 —00

which together with the fact (2.14) gives
Do (£00) = Wy(£oo) = 0.
Then we state our main results as follows.

Theorem 2.7. Let u > 0 and the periodic perturbations in (1.2) satisfy (1.3) and (2.29). Then
there exists a constant g > 0 such that if

(o, Vo)l 530,y + (@04 Vo)l #30,7,) T 1(Po. Y0l p2(R) =< 0.

where ®g and Wy are defined in (2.30), then the system (1.1)-(1.3) has a unique global solution
(u, v) satisfying

u—UeC ([o, +00); Hl(R)) NL2((0, +00); HA(R)).
v—VeC ([o, +00); Hl(R)> nL? ((o, +00); Hl(]R)> :
and
1@, V), 1) = (U, V(- — 51— Xog) o) — O as 1 — +00, (2:31)

with the constant shift Xeo(= Voo) given by (2.20), where (U, V)(x — st) is the traveling wave
solution obtained in Lemma 1.1.

Remark 2.8. The above nonlinear stability results hold true regardless of the size of the wave
strength.
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3. Proof of Theorem 2.7

In this section, we shall use the energy estimates to prove the main results in Theorem 2.7.

3.1. Reformulation of the problem

For convenience, we change the coordinates (x,t) — (§ = x — st,t) and then rewrite the

system (1.1) as follows:

u = Duge + sug + (uv)e,
Uy =ug + Sug.

In this new coordinates (&, t), from (2.5), we have

UE D=UE 11— gxn®)+UTE Dgxw (),
VED=V(ED(L—8gyn®)+ VT E Dgyn @),

which, together with (2.7), gives

Ur = DUge + sUs + UV)e — Pie,
Vi =Us + sVe — Poe,

where

&
PiE, 1) = Fi(E, 1) + Fo6, 1) = Fi(E, 1) + / oy, )y,

&
P&, 1) :=F3(6,1) + Fa(§,1) = F3(§, 1) + / Sfa(y, t)dy.

We introduce the anti-derivative variables as follows:

& £
P01 = /(u—u)(y,t)dy, v = /(U—V)(y,t)dy,

which satisfy
@ (Loo,1) =W (+oo,t) =0.
Then combining (3.1) and (3.3), and using (3.5) and (3.6), we obtain

Dt =DPge + (s + V)P + P W +UYe + Py,
U = @g + 5P + Po,

35
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with the initial data

(@, ¥)(§,0) = (Po, ¥0)(§). 3.8)

Forany T > 0, let

X(0,T)={(®,¥)eC ((0, T): H2(R) x HZ(R)> ,

@z el?
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U, 1) = Ulx — st — Xoo) || L

<UG, 1) —Ulx —st = X)L + [IUx — st — X (1)) = U(x — st — Xeo) [l v
<IU™ —u)A—gx) + U —up)gr = + CIX (1) — oL

<IU™ —u—llpoe + 1UT —uylpoe + CIX (1) — Aol 10

< Cge ™™,
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and
Uy — Ul + Ve = Vi llLe < Cee™, (3.16)
as well as
U | Lo < Cee™, (3.17)

where U/{VOC =Us (§ — Xo) and Vé/\?oo = Ve(§ — X)), C > 0 is a constant independent of t and
€.

Lemma 3.6. Let the conditions in Theorem 2.7 hold, then we have

IP1C, Dl g2 + 1P2(, D)l 2 < Cee™', 120,
where C > 0 is independent of € ant t, and a > 0 is the constant given in Lemma 2.4.
3.2. Energy estimates
In this subsection, we shall establish the basic energy estimates and prove Proposition 3.4.

Lemma 3.7 (L?-estimates). Let the assumptions in Proposition 3.4 hold. Then there exists C > 0
independent of t and & such that

t t
1@ DI + [ U3 1@ 0) (0 lsde + D [0, 0)1de
0 0

(3.18)

t

<c ||<<1>o,wo)||iz+s+//|¢¢gw§|dgdf
0

Proof. Multiplying the first equation of (3.7) by % and the second equation of (3.7) by ¥, and
integrating the resulting equations with respect to & and adding them, we have

Ld (¢2+W2)d$+D/1¢2d$
2dr ] \U u s

=2 /G, +2(),.~ (5) Joee

1 1
+f<pw§d§+/<pgws+fb—{<p<pgw§d§+/177>1<1>dé+/792¥/d$

(3.19)

1 1 1
=E/M(Pzdé+/acpdﬁglllgdénL/aquﬁdé—f—/lePds,

where the fact [ ®W:d& + [ @ Wdé =0 has been used and
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M= (), +2(z), - (50);

Using the first equation of (3.3), after some calculations, we can derive that

21/{, + Plg 2

M= === 4 U U+ UV + DU). (3.20)

Then substituting (3.20) into (3.19), and adding the term — [ %Uﬁzw $Ux, +Ux Vx, +
DUjYw)dﬁzdg to both sides of (3.19), we end up with

14d P2 ) U}(OO 2 152
o | (G + 00 = [ 5 sUx, + Un Vi, + DUy 0% 4D [ - 02

1 A+ P 2
:—/[—’4“+mug(su+uv+m{g)

2 U2
~ 2 Ul (sUx. +UxVa. + DU, )](DZdE
Z/{3 Xoo s Xoo Xoo Xoo Xoo
1 1
+/a¢¢gl]/gd$+/a771d>d§+/732l1/d§
1 [ 2U+Pre / ) /1 [1 /
=—= | ———=®°d dd — QP Wed —P1®dd vd
2/ 072 E+ | No“de + 7 eWedE + u'Pl &+ | PowdE
(3.21)
where
1
Ni= [ug (SU+UY + DUs) — Uly_(sUx, + U, Vo, + DU}COO)] . (3.22)
Using the first equation (1.9), and vaw < 0 (see Lemma 1.1) and (3.15), we have
Uk, X,
— u; (sUxy + Uxy Vo, + DUy ) = —u—;ou+(s +vy) = - Uy >0 (3.23)
with «y = 24042 > 0, Using (3.16) and the boundedness of ¢/, U, U, Vix,, and U, , we

can derive that
2\3
IV Lo < (u—) lUe (sU +UYV + DUg) — U;(w(sUXOC +Ux Vx, + DU}(oo)Ile
+

2 3
< <M_> lUe (sU+UV + DUg) —Us (sUx,, +Ux, Va,, + DU}(oo)”L”
+

2\ 3
+ <M—> U (sUx, + Uny, Vi, + DU ) — U (sUsx,
+
+Ux, Va, + DU/{Y&)HLOO
2 3
< <M—> IUs[sU — Ux) +UV = Ux,, V,, + DUs — U )]llzo
+

39



H.-Y. Jin and F. Zou Journal of Differential Equations 352 (2023) 23-66

2\3
+ <M—> U — U% ) (sUx,, +Ux, Va,, +DUY )iz
+
< Cege ™™, (3.24)
where we have used the fact

UV —Ux, VallLe = UV — Ux,, Vy Lo S UV —UVy Lo + IUVy, — Ux, Vy, llLe

< Cge ¥,

On the other hand, using the boundedness of ¢/ and (3.17) as well as Lemma 3.6, we have

22U, +P
% < C(IUy Iz + [Pre ) < Cee . (3.25)

Then substituting (3.23), (3.24) and (3.25) into (3.21), and integrating it with respect to ¢, we end

up with
t t
2, 12 , 2 4D 2
@2 +whds + 2 | [ (U [0%dsdr+ o~ [ [ oRagdr
© u_
0 0

t
< / (@2 +¥3)dE + Ce / / e T P2dEdT (3.26)

//|(p¢glp§|dédf+//( |P1q>|+|7>2w|>d§dr.

The second term on the right hand of (3.26) can be estimate as follows:

CS/fe*“fzpzdgdr <Ce sup &, 02, (3.27)

t€[0,7]

On the other hand, using Lemma (3.6) and the Holder inequality, we obtain

t

4
//( S Piol+ 1P ) dedr = [ (- 1PuL2I@12 + 1Pl 02 )
+
0

t

2 1
s/(—nPluLz(n@niz+1>+—||7>z||Lz(||l1/||§2+1))dr
u4 2
0

1 t

<Ce f (P2, + W 12,)dT + Ce f e dr
0 0
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<Ce sup (112, +1%12,) + Ce. (3.28)
t€[0,¢]

Substituting (3.27) and (3.28) into (3.26), and choosing & small enough, one obtains

t t
f(q>2+q/2)ds+//|U;(w|cb2dgdr+D//q>§d5dr
0 0

[ (3.29)
C(”‘DOHiz+||‘1’0||iz+8+//|¢¢éq’§|d§dt>.
0

Next, we shall estimate the term fo i |U% |l1/2d§dr to complete the proof of Lemma 3.7.
To this end, we multiply the first equatlon of (3.7) by @ and the second equation of (3.7) by
UW, and integrate the resulting equations with respect to & to obtain

Ei/(cpzJrzjfl,pZ)ds;jL }/ngﬁzdS—i-D/q)gdg
2dt 2 -
= %[(Ut —sUg)lIJZdE —/UgCﬁWdé+/¢¢)gl1/gd§—}—/’Plgbdg:+/upzq/d§_

Then adding —%s f U;(oogllzdg to both sides of (3.30), one can derive that

1
—ES/U;( ng_——f(q>2 +UP)dE + = /Vj’,wq§2d§+D/d>§d§+/Uﬁvm¢lI/d§
1 1

- Efu,wzdg + ES/(Ug — Ub )W2dE + 5/(1}; — V3, )P2dE

+/(u§ — Uy )PWdE —f@@gqudf —/quﬁds —/upzwdg.
(3.31)
From Lemma 3.5, we have [|U; || o < Cee™, || Us — U«{\fm oo < Cee ¥ and ||V — Vﬁ,oo |0 <
Cee™ ' which can be used to obtain

1 1 1
-5 fu,wzds + Es/(ug—ugfw)qﬂdg +3 /(Vg — V3, )P2dE +/(Ug — Ul )PV dE

< Cge ™ /(@2 +w?)de.
(3.32)

Then substituting (3.32) into (3.31), integrating the resulting equations over (0, #) and noting that
vy, =—sUj ,we have

t t
sf/lU}(wllllzdet5/(®2+Z/N/2)d$—/(<Dg+uowoz)d5+s//|U}(m|<D2d§dr
0 0
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t t
+2D//<P§d$dr+2//|U£Yw|¢l11d§dr
0

0

t t
+2//|@®5W5|dédr+2//|P1<D|d§dr

0 0

t t
+2//|UP2q/|dgdr+Ce//e*“f(¢2+w2)dgdz. (3.33)
0 0

Using Young’s inequality, we can obtain that

t t t
2
2f/|U}( |PWdEdT < —//lU}( |<D2d$dt+%//|U}( |w2dgdr. (3.34)
o0 S (o o} o0
0 0 0

Moreover, we can use Lemma 3.6 to obtain

t t
2//|P1¢|d$dr+2/f|UP2W|d$dr
0 0

t t
52/||771||L2||¢||L2df+3'4—/||772||L2||‘1’||L2df
0 0 (3.35)

t

t t
3u_ 3u_
5/||7>1||Lz||¢||izdr+7/||7>z||Lz||wnizdr+f(||P1||Lz+7||7>z||Lz)dr
0 0 0

=Ce sup (1212, + 1¥12,) + Ce.
1

t€l0,7

Then substituting (3.34) and (3.35) into (3.33), and combining (3.29), we derive that

t
S ’ 2
5 | | W wPazdr

0

t

242
5/(¢2+uw2)d5+s + //lU}( \P2dEdT
S o0
0

t t
+2D//¢§d$dr+2//|<D<Dgl1/g|d5dr+C£ sup](||q§||iz+||q/||§2)+cs
0 0

7€[0,7
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t
(I|¢0|IL2+|IW0||L2+€+/ I¢¢s‘1’s|d€df+8 SUD (II‘P||L2+||‘1’||L2))
0

(3.36)

Then adding (3.36) to (3.29), we obtain (3.18) directly. Then the proof of Lemma 3.7 is com-
pleted. O

With the L2-estimate in hand, we shall establish the H1-estimate of solution.

Lemma 3.8 (H-estimates). Let the assumptions in Proposition 3.4 hold. Then it holds that

1@ DI+ [ 103 1@ DIFdr 4D [ 105 Dl + [ 196,01 de
0 0

= (110, ¥o)l13 +e) +C//<|‘P|+|‘Dg|+|‘1’g|+|¢gg|)|¢g%|d§d1,

(3.37)

where C > 0 is a constant independent of t and €.

Proof. Multiplying the first equation of (3.7) by —— £ and the second equation of (3.7) by — W,
integrating the resulting equations with respect to &, and adding them, we have

1d 1, 2 1,
S (aqbgwps)dgﬂ)/aqb@dg
. 1 1 1 2 1 s+V 2
——/(a)f@f‘f“z/(a),q”sd“if( ) Ok
1 1
—/QQEU@-@SSdé—/Wg@ggdg—/@g'l’ggd%’—/ap1@ggd§—/P2ngd$.
(3.38)

Then using the first equation of (3.7), we can estimate the first term on the right hand of (3.38)
as follows

—/@)S‘Pr%dé =§/($) ¢§dé—/(s+1/) 1) ®lds
_f(bl,)g%%ds / ¢s‘1fsdé / PrLoedt.

Substituting (3.39) into (3.38), one has

(3.39)
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1d (/1 , 1,
EE/(ﬂ%JFWS)dSJFD/z?d)ESdé
f/\/oq§§d$ / (pgllfgdg f q>§wgd§—fécpgwgq>§$d§
—/(—) Pld?gdé—/—7714555615—/?2'1/55615 (3.40)
/No@gdé / @gqudf / ¢§W§d§ —/;{®§W§@§§d§

+/§®gd$+/7’2g‘1’gdé,

where

No = (%)t + D(%)Eé —2(s + V)<L£l)s + (S _Z;V)s'

Then using the first equation of (3.3), we derive that

ZZ/lt + ,P1§
uZ
which substituted into (3.40) gives

Us Ve
No=~— +2m(SU+UV+DZ/{g)+2a,

1d 1,
2dt/<u(bg+11/§)d§+D/a(D§§d$

___/M

U, vV
2 3 5\ 2
7 cbsngr/(u_s(su+uv+0ug)+—>q>§dg

(3.41)
_/U($>§¢§'J/§d$—/(Z%)S(pszlpgdg—/%(ngg@gEdg

P
+/§€D5d5+/7725l1/gd§.

Next, we shall estimate the terms on the right hand of (3.41), respectively.

Using (3.17) and Lemma 3.6, and noting the fact 0 < % </ < == 3”* , We can estimate the first
term on the right hand of (3.41) to obtain

1 / 2U; + P

2
2 T 2as < M—Z/(|2u,| + [Pre)P2dE < c/qbgdg. (3.42)
J’_

2

Noting the boundedness of ¢/, u,V,Ug and Vg, we can estimate the second term on the right
hand of (3.41) as follows:

U V
/ (LTi(su +UV + DUs) + 5) ®2ds < c/ D2ds. (3.43)
Integrating it by parts, the third term on the right hand of (3.41) can be rewritten as follows:
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—/U(%)g@gng%’:—/%W@bg&dé —f(%)swgdg

Uz U — Ullgz (3.44)
— | =W Psed — W dsd
/u 33 E+/ e sd§

=11+ Ip.

Using the boundedness of U/, U, Ve, V/ ULYOO and the fact X5, = Vs, We can estimate the
terms I1 and I» as follows:

—/%W‘Dssdé

U
=—/%mp¢ cd — /—W@gédé

u 2 w2 (3.45)
t — Uk, w2 wl o
— "o o=y
/U Peeds+ / T D/ u
< E/aqsgsdgjucfwg —U;(w|w2d§+cf|U;(m|w2dg
and
I U uuéswp d
= [
Uz = U% |2 |U%_I? U
£ Xoo Xoo 33
_| X |2 U, 2 Ut+7315
= 7""!1/@(1 UPedt — = | ———=Wdsd
/ 02 gd§ + u2 gd§ D/ 7 gd§
1 s+V
5 Uz — Uy )W DpdE + — /(Vs — V3§, )W DedE (3.46)
! (HV)U/* Vi, |wded
EC/(|U§ — Ul |+ Ve = V3, |+ [t + |Pre )W 2d&
+C/|U}(oo|l1/2d$+C/cD§d§,
where the fact Vi, =V, = U Yo and the first equation of (3.3) have been used. Then

substituting (3. 453}and (3. 46) into (3 44) and using Lemma 3.5 as well as Lemma 3.6, we obtain

—~ u(l) Cbgll/gd§<2 L o2z 1+ coe [w2az ¢ [uy w2az +c [ 0.
Ul ) U’ Koo &

(3.47)
We substitute (3.42), (3.43) and (3.47) into (3.41) to obtain that
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d (/1 , 1,
E/(aq>$+w§)ds+D/acpséds

§Cse"”/l112d$+C/|U£Yw|lP2d§+C/q§§d$

1 1 Pie
—2/ (H>s 2w, de —2/acp$w§¢>gsdg+2/ L Pedt +2/7D25w5d§

§Cse_‘”/l1/2d$+C/¢§2d§+C/|¢glP§|(|¢g|+|<1>55|)d‘§+C/|P1§||¢g|d$
+C [ 1Paslivg ds. (3.48)

Integrating (3.48) over (0, 1), and using (3.18) and the fact 0 < 5~ </ < 3“7* we obtain

/(®§+W§)d$+Df/¢§éd$dr
0

t t t
gc/(qsgé +w§§)d§+c8//e*“w/2d§dr+c (//|U}(oo|l1/2d§dr+//q§§d$dr
0 0 0

t

SNS—

t

—i—C//I@s‘I’sI(I@sI+I@ssl)dédt—i-C//(lplsllq)sl+|P2s||q’s|)d$df
0

0

t

<c (||(<z>o, W0)||2Hl+8+f/|@s‘1’§|(|¢|+|<p§|+|<p§§|)d§d7)
0

t
+Ce sup II‘I/IIiz+C//(|731§|I¢s|+Istlllllgl)dedf-
0

t€[0,¢]
(3.49)
Moreover, using the Holder inequality and Lemma 3.6, one obtains
t
f f (Pre|@e| + [Pl W dd
0
t t
< / 1Piel 2Pl 2d + f 1Poe 210 | 2d T
0 0
1 ; 1 p
<5 [ (1Pabiah el + WPasliz i 22) e+ 5 [ Pz + 1Pl
0

0
46



H.-Y. Jin and F. Zou Journal of Differential Equations 352 (2023) 23-66

t t
<Ce / e (I0e 12, + 19112, ) dr + Ce / e~ dr
0 0

< Ce sup (I[®z 7, + 1% 1172) + Ce. (3.50)
t€[0,¢]

Then substituting (3.50) into (3.49), and noting the smallness assumption on g, we obtain

t
112, + 1912, +D/ |@ecli2dr
0

t
sc(u(qbo,%)n?,l+e)+C//|¢svf;|<|¢|+|¢g|+|¢gs|)dsdr+08 s[uop]nwniz,
Tell,t
0

which, combined with (3.18), gives

t

t
1912, + 1912, +f U | (1912 + 1912, ) d= + D/ |Pe 1% d
0

0 (3.51)

t
sc(||¢o||i,1+||wo||§,1+e+//<|¢|+|¢g|+|¢g;|)|¢gws|d5dr).
0
Now we should estimate the term fé i llfszdédt. To this end, we multiply the first equation of
(3.7) by ¥ to get
W = DU g + (s + V)P W + O W7+ UVE + P (3.52)

We differentiate the second equation of (3.7) with &, and multiply the resulting equation by & to
get

DiVe = (DY) — PP — sPWee — D Pos. (3.53)

Then combining (3.52) and (3.53), and integrating it by parts, we end up with

/Ulllézdg :%/@ngé-{-/@gd%' —D/Wg@g&-d%’ —/V@gq/gdf
(3.54)

—/qbgwgdg —/Pllllgdé —/Pzgcpdé.

Noting 0 < %+ </ and using the boundedness of V, we derive from (3.54) that
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d
’% ng&gE/®ng§—i—/@gdé+D/|11/5<Dgg|d§+C/|q§sl,l/§|d§

(3.55)
+/|q§5|llf$2d$+/|731Wg|d$+/|792§q§|d$.

Using the Young’s inequality we have
Uy o2 2D% ., 2
D/|ll/g¢§§|d‘§+C/|¢glP§|d‘§§ T/wsdg+u—/q>gsd§+cf¢sds,
+
which, substituted into (3.55), gives

uy [ o2 d 2 2

(3.56)
+ / e 9 2dE + f Py |dt + / Poc®|ds.

Integrating (3.56) with respect to t, and using (3.51) and Lemma 3.6, we have

t t
u
T*//wgdgdz S/CDU/ng —/dbollfogdé—i—C//(dﬁg—i-Cbé)dédr
0 0
t t t
+ / / || W2dEd + / 1Pl 2l 2d7 + / 1Poe 2@l od T
0 0 0

t
<12, + 112, + 1 Poll?, + ||%s||iz+c/ 1P |15,2d T
0
t

+//|<Dg|l1/§2d$dr

0

t
1
+5 /(||7>1||Lz||wg||iz + P2l 219 112,)dT
0

t
1
+t3 /(I|P1||L2 + [IP2¢ 1l 2)dT
0

5c(||a>o||i,1 +1%0ll% +e sup (12112, +||'1fg||iz)+s)

7€[0,7]
t
+C//(|<P|+|¢§|+|‘1’§|+|‘Pss|)|¢s‘1’§|d5dn
0
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which substituted into (3.51), gives (3.37) by noting the smallness of ¢. Then we complete the
proof of Lemma 3.8. O

Next, we shall establish the estimates of solution in H2-norm.

Lemma 3.9 (H2-estimates). Let the assumptions in Proposition 3.4 hold. Then it holds that

t t
(@, ), D12, + D/ 1Dg (-, )11 ,dT +/ 19 (-, )113,1d7
0 0

t
< (100 o)l +)+C [ 40141061+ 101+ 1@ccDIO s asdr (350)
0
t

+C/f(|¢s§¢’g|+I®s‘1’ss|)(|¢se|+|‘1’55I+|¢5ss|)d§df,
0

where C > 0 is a constant independent of t and €.

Proof. Multiplying the first equation of (3.7) by z% differentiating the resulting equation and the
second equation of (3.7) with respect to & twice, we get

1 D s+V 1 1

1), =(Bow), +(342), +(Foewe) +Wee+ (7).

(“ Veg ~ \UTE ) g T NUT8 e T UTETE e TESETAUTL (3.58)
Ve = sWege + Deee + Pose.

Next, we multiply the first equation of (3.58) by @¢¢ and the second equation of (3.58) by W,
add them and integrate the results to get

s | ok v)ie =3 [ () 2t + [ [() 0+ 2(ip) o oueas
:D/(%@gg)égfpggdé+/<#¢g>§§¢55d§+/ (%qsgwg)ésqbggdg (3.59)
+/ (Z%Pl)&@ggdf—i-/})zggd/ggdé.
Integrating it by parts, we can rewrite the first term on the right hand of (3.59) as follows:
D/ (;{‘Dss)“@ssdé = Df [(Lll)ssqj‘fzf +2($)$<p55¢5§5 + %@g;@gggg]dé
=0 [ [(G) 2%~ (7), %%~ () s = fpokic]ie

- ?/ (Zj>§gq§$$d§ —D/aésssd“g‘.
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Similarly, we can derive that

[ (), @ete = [ [(57)  2eee +2(50), Jus
=/[_%(SZV)§SE¢§+2(SZV) o2, — Z(S;;V) qség]dg

=3 | ()i [ () ohoe

Then we substitute (3.60) and (3.61) into (3.59) to obtain (3.61)
2dt/( q)fﬁwfé)d“l)/udjsssdé
= [[G) v 2ol [ (7)ot
+ 12+ 250+ 2(5) Jorae
(3.62)

1
+/(apl)ggqbggdé+/sts‘1’ssd§+/(ﬁ%%)ss@ésds
2 2 L : e
:J1+/Nl¢§dé§+//\f2d)§§d§+/ <a) P1+2<u) Pre +7 Peed§
&&

1
+/7)255l1’§5d§+/(a¢g¥/g>§$¢ggd‘§,

where

M= _%<S -’Z,_{V)gsg and Nz = g(%)gs + g(s _Z:V>s + %(%)z

Using the first equation of (3.7), we estimate the term J; as follows:

e [[(2), o) o o

—_ 2/(s +V)<%)g©§§d$ - / [(s+) <$>55 +2<$)£Vg]@g@§5d§
_/%(é)sg%éssdé+2/$(%)E%<p5g§d5_/(Z%)Es%%%gdg
—2/ (%)J%%k%sdé —/(%)&7’14’55615 —2/ ($>§P1§¢ggd$,

which substituted into (3.62) gives
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ld e Piie
2dt/< U +w¥f>d$+D/ u
U
le¢52d§+/N3¢ggd§+/N4¢’g®g§d§+//\f5l1/gq)g§d§ 2fu W DgsedE
i
+f T¢gsd§+/7)zg§lp§gd€
+/(1¢§%) @gsd%’—/(i) @gq/g(pggdé—Z/(i) (e W) P dE,
U £€ U/ss U’

(3.63)
where

Na=No _2(S+V)<$)s’ N4=_<s+v> ($>ss +2<u) Ve and N5 = 2}1<Z%>ss

Using the boundedness of ¢/, V, 5 and their derivatives Ug, Uy, Ve, Ugg, Ugze and Vege, and
hence N;(i =1,2---,5) are bounded, which entails us to find a constant C > 0 such that

/Nl@ d& +/N3¢§Sd€ +/N4®§¢ggd§+/./\/'5l1/5®§§d§ 2/1/{3
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/(%‘PS%) ‘Dssdé—/(l) ¢’s%¢ssdé—2/(£) (Pe Ve )s Peede

3 U/ s U’
:—/(%cbé‘pé)g‘péffdéf_/(Z%)gg(ngg@ggdé—Z/(%)g(gbgl{/g)g(pssdé:
:_/@)g(@f%k‘pff‘lé —/é(d’éq’s)s@sssdé (3.66)
:/%(ésswg+q>;wgg)q§ggd§—/$(¢§gwg+¢s‘1’§s)¢sgsd$
SC/(|¢5§‘W§|+|(D§W$§|)|¢§§|d5+C/(|(p§§‘1’§|+|(D5ng|)|(bggg|dé.

Substituting (3.64)-(3.66) into (3.63), then integrating the results with ¢ and using the facts 0 <

“ <y < %= and (3.37), we obtain

t
1Pee |2, + 1W5 112, + D / | Pezell 2dT
0

t
< C(l1Poee 12, + 1Woee 12,) + c/<||¢>s||§,1 + 1% 12,)de
0

t

+C f e T (| Pee |12, + | Wee |13, + Ddt
0
t

+C//(|<P§glpg|+|(pglpgg|)(|‘fbgg|+|‘ngg|)d‘§d‘r
0

= C(I(@0, Y03 +2) +e up (1 17, + 195 172
t€[0,¢]

(3.67)

1
+C [ [ (1014 1061+ 1941 + (el 00 dedn
0
t
+C//(|€Dggl1/g|+|¢g'~1/gg|)(|¢gg|+|€Dggg|)d§'d‘[.
0

Letting e small and then combining (3.67) and (3.37), one has

t t
(@, ¥)|2,, + D f 1Pg 12,2d T + f AT
0 0
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t

=€ (1@0. 00l +) +C [ [ 101+ 10e1-+ 1061 + |5eD0s v e
0

t
e / f (1Pee We | + |Pe Wee ) (1Pee | + | Peee DdEdr. (3.68)
0

At last, we shall estimate the term [, [ W2 d&d to complete the proof of this lemma. To this
end, we multiply the first (3.7) by We¢¢ and integrate the result by parts to get
/@Dtlpgggdg ZD/GDggngggdéj+/(S+V)¢gl1’§§§d§ +/¢g11/gl1/§ggd§
+/Z/ll1’§’1/gggd%'+/7)1w§§gd§
(3.69)

= /uwggdg - / (DPgss + Vs + Ve s + Us W) WeedE

—/‘I’s@ss%sdé—/%Wéd%‘—/?’ls%sdé.

On the other hand, using the second equation of (3.7), we have

/dﬁ,llfgggdg:/(d)lllggg),dé —/cpllltgggdé
2/(¢ng§)td§' —S/fpllfggggdéj —/‘PCpggggd%' —/@Pzgggdf (3.70)

d

:E/Qllfgggdé—S/@ggngdS—/@édS—/7325@5;5615.

The combination of (3.69) and (3.70) gives

d
/Z/[ngdg:— E/@Wgsgd%’+S/(Dgg¥/§§d$+/¢gzgd$
_/(D(Dgss+V@§§+VEQ§§+U§W5)W55d§ (3.71)
+/772§¢g§d§ —/Pls‘lféédé —/‘I’éd’ssws&df —/¢S“’szsd5‘

Then integrating (3.71) over (0, 1), and using the fact 0 < 5+ </, we obtain
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t t
u
> / / Wi dedr < / / UWZdsde
0 0
t t
:—/@nggdé—l—/@ollfogggd“g‘+sf/q§ggdfggdédt+//¢édédr
0 0

t
— // (D@g;g + Ve + Ve De +Z/{gWg) YeedEdt
0

t '
+//P25¢g§d$dt—/fP15W§§d$dr

0 0
t t
—//Wg@ggllfggd%'dt—//Cbgll/édédl'
0 0

t
Uy
<19 20 Iz + 1 90el2lWosel+ o [ 10 122
0

t

t
+c/ 1@ I 2 +c/ (IPacliZ2 + P2z 12, ) de
0 0

t t
+//|Wg¢g§‘1/gg|d§d‘r+//|¢§|W§2§d§d‘[,
0 0

which together with (3.68) and Lemma 3.6, gives

t t
f/svédsdr =C (@0, wo)l13 +2) + C//(m +1Pe| + W | + | P )| Pe W |dEd T
0 0

t
+C//(I¢>ss‘1/g|+|¢s%s|)(l¢ss|+|%s|+|‘1§séé|)d§d7-
0

(3.72)

Then combining (3.72) and (3.68), we obtain (3.57) directly. Then we complete the proof of
Lemma3.9. O

Since Theorem 3.1 is a direct consequence of the combination of Proposition 3.3 and Propo-
sition 3.4. Hence, we only need to prove Proposition 3.4.
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Proof of Proposition 3.4. Using (3.9) and the Sobolev embedding theorems, we have that

t

//(I‘PH|<Pg|+|‘1’5I+|¢§s|)|¢s‘1’sld5df
0

t
<C sUp (Il + 19 1 + ||wg||Loo>/(||a>gu§{1 +%l2dr (373)
7€[0,t
0

t
<CN(t) f (IPell5,0 + 1% 112)d.
0

Similarly, we can derive that

t

//(I%s%l+|¢s%s|)(|¢ss|+|¢sss|+|‘1’ss|)d€df
0

t
<C Stlop](ll% Lo + IIWsIILoo)f(II@gIIi,z + 1% 112,)d7 (3.74)
7€l0,t
0

t
<CN() / e l2, + 19 12 1) d.
0

Then substituting (3.73) and (3.74) into (3.57), and using the definition of N (¢) again, we obtain
t t t
N2 (1) + / 2% 1%2d + f 19%12,d7 < C (N*(©) +¢) + CN @) / (192122 + 19131 ) de.
0 0 0

Let N(1) < 5, it follows that

t t
N2 () +/ 1% (. D)3 2d +/ 1% . DIZpdT = € (N2(©) +¢),
0 0

which gives (3.10). Then we complete the proof of Proposition 3.4. O
4. Appendix
In this section, we give some details of proof for Lemma 2.1, Lemma 3.5 and Lemma 3.6.

Proof of Lemma 2.1. The local existence of solution can be proved by the standard contraction
mapping theorem, we only give the a priori estimates of solutions for simplicity.
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Using the notation T = (0, ) and letting ¢ = u — i1, ¥ =v — v with f = %fqr fdx, then it
follows that

/d)(x,t)dx =f1//(x,t)dx =0 forallt>0.
T T
Moreover, substituting ¢ = u — it and y» = v — v into (1.1), one has

<¢, = (pY)x + Dy + ity + Dopry, @)

% = ¢x-
Next, we shall prove the main results by Z2-energy estimates under the a priori assumptions that

1@, ¥)C Ol gacry <6, (4.2)

where the positive constant § is small enough.
Then multiplying the first equation of (4.1) by ¢ and the second equation of (4.1) by uv,
integrating the results with respect to x, we then add them to obtain

ld

EE/@Z + ay?)dx + D/(l))%dx =/(¢)1//)x¢dx. (4.3)
T T T

On the other hand, we can multiply the first equation of (4.1) by v, and use the second equation
of (4.1) to obtain

Gy = (PV)xVx + Dy + A2 + DY Vrps. (4.4)

Integrating (4.4) with respect to x, we have
D d 2d ~ 2d _ d d _ d
55/% x—i—u/lﬁx X—/¢H/fx x—/(qbl/f)xwx x—U/¢x1//x X. (45)
T T T T T
NOting that Oy = (@Vx): — OVt = (@Yx): — Py, it follows that

f¢t¢xdx: %f¢¢xdx_/¢¢xxdxv
T T T

which substituted into (4.5) gives
1d 9 . ) , )
EE/(DI//" —2¢1ﬂx)dx+u/1ﬂxdx =/¢xdx —/((PI//)XI[/xdx — v/q&xlpxdx. (4.6)
T T T * g

We multiply (4.3) by M > 0 chosen later, and add the resulting equation to (4.6) to obtain
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%%/(M¢2+Maw2+0w§ — 29y )dx + (DM — 1)f¢§dx+zzf1/f§dx
T

T @4.7)

M [(@urpdx~ [@urpdr =3 [ pondx.
T T T
Using Holder’s inequality and the Poincaré inequality, and noting (4.2), one has

M f ($v)rddx =M / $2dx + M / $vrdx
T T

<M @liLecmyll@ll 2y ¥l z2ery + M@l Loy IV | L2¢T) D2 2T (4.8)

<SMcpll¥Yxllp2emylldxllL2cT)
— 2142 ,.2
u M Cp 2
Z”I//)C”LZ(’]I‘) + i “¢X”L2(']I‘)

Using Holder’s inequality, Young’s inequality and (4.2), we have

- / GV edx — 7 / betredx
T T

= ||¢||Loc(1r)lltﬁxlliz(qr) 1Vl @xll 2emy Vel L2ery + Vlldxll p2¢m) 1V ll 12 (4.9)
= 5I|1ﬁxlliz(T) Illﬁxlle(T) (7+U2)II¢XIIL2(T)
Then substituting (4.8) and (4.9) into (4.7), it holds that
5oy [ (9% + My + D2~ 2900dx
(4.10)

Moreover, multiplying the first equation of (4.1) by % and the second equation of (4.1) by
—rex, adding them and integrating it by parts, we end up with

¢? D[ ,
2dt ( +w)dx+;/¢”dx
T T

1 1
=—T/¢I/fx¢xxdx_ :/¢¢x¢xxdx
u u

[EN

- ||¢||L°°(T) ||Wx||L2(T)||¢xx||L2 + = ||W||L°O(T)||¢x ||L2(T) | Puxx ||L2(T)

<
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)
< =Usllzeqr) + sz 19z

2
< b e+ (s o + 165 P2 )
I xx i, (T) 2Dl/_t X (T) Xy, (T) ’

which yields

1d o>
EE/ (% +Yy |dx < —— >Di (||1/fx ”Lz(’]I‘) + llpx ”LZ(’]I‘))' (4.11)
T
Substituting (4.11) into (4.10), one obtains

2
%i/<M¢ + Miay? + (D + 1y ? +¢——2¢wx)

§2M%5 282 272 52
DM—ip——————— 2 Y / 2% <O0.
+< i i i /¢ x+< 2D> Vads =
T

(4.12)
Then we can choose M large enough and & small enough to find two positive constants «1 and
ap such that

2M22 252 232 42 i 82
DM_4_T_$_f—1za1>Oand5—8——_2a2>0,
i i 73 2Di 2 2Du

and hence (4.12) can be written as

d

THO +allél o, + el Vel <0, (4.13)
where

</’>

H(t):%/(M(/) + Muy? +(D+1)1p + = 2¢1ﬂx)dx. (4.14)
T

Using Young’s inequality and the Poincaré inequality, we can show that
M Mu D+1
H(t) < 7/¢2dx+7u/1/f2dx+ /I/f ﬁf¢§dx+/|¢wx|dx
T

M+

M2 +—||x/f 12 +i||¢> 112
2 L2(T) 2 M2y T op MPXILA(T)

- (M + Ducp, +1
- 2i

Mic,+ D42
||¢x||L2(’]I‘) + + ||1/fx ”LZ(T)’

which implies that there exists a positive constant a3 > 0 such that
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allgull? ooy + @2l Vlfz ) = asH(@). (4.15)
Then substituting (4.15) into (4.13), we obtain
i?"ll(t) +a3H(r) <0,
dt
which gives

H(t) < HO)e™*" < ClIdoll s p, + I¥oll5s e (4.16)

On the other hand, using the definition of #(z) in (4.14), we can choose M > 1 such that

LD [ M D[
o= /¢+ > /w +2/wxdx+2ﬁ/¢x+2/(wx é)
T T T T T

(4.17)
> CUI$N1 g, + 1¥ 1 r)-
Then the combination of (4.16) and (4.17) gives
1@, ¥l Ty < Cll (o, Yo)ll gy erye ™™
Using the similar arguments, we can obtain the higher estimates as follows
1@, V)l g3ery < Cll(do, Yo)ll y3(rye ' = Cee™, (4.18)

with & := |[(¢o, Vo)l y3(T)- Taking & small enough such that Ce < % then from (4.18) we can

derive that || (¢, V) Il g3(T) < % and hence the a priori assumption (4.2) can be closed. Then the
proof of Lemma 2.1 is completed. O

Proof of Lemma 3.5. It follows from (2.24) that

M++M7
2

3 e
0< ”7* <UTE 1) < <U (1) < % forall £€R, +>0.  (4.19)

Then using the definition of 2/ (&, ¢) in (3.2), and noting the fact that 0 < ¢ < 1, one has
UTE D) <UE D) <U (1),
which, together with (4.19), gives (3.15). Similarly, we can get the boundedness of V.

Next, we shall show the boundedness of the derivatives of ¢/ and V. In fact, from (3.2) one
has

U (§,1)=Ug (1 —gx) + Ugrgxm + Ut - U)g s (4.20)
where
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Um—u_)/_ Uk _U'E—-X1)

/ —
gX(’)_< Uy —u_ Uy —u_ Uy —u_

From Lemma 1.1, we know U’(§ — X(¢)) is bounded and hence g:\,m is bounded. More-

over, from Lemma 2.1, we can derive that UEi are bounded, which together with the facts
0 < gx@) <1and (4.19) implies the boundedness of Zfz. Using the similar arguments, we can
get the boundedness of Ve, Uee, Ueee and Vege.

Next, we shall show (3.16) holds. In fact, using (4.20), we can derive from Lemma 2.1 and
Lemma 2.4 that

s — Ul Nz <IUs — Uy llize + 10y — Ul Nl
=1U;7 A= gxm) + U 8w + (U —=U)ghy — g —u)gh e
e —u)glyy — g —u)ghy, Nl

=C(IU5 N + U Nl + 107 =l + U = s o)
+ ClIA (@) = Ko

<Cege ™.
(4.21)
Similarly, it holds

Ve = Vy_llLee < Cee™™. (4.22)
Then the combination of (4.21) and (4.22) gives (3.16).
At last, we prove (3.17) to complete the proof of this lemma. In fact, since U~ is the solution

of (3.1) with periodic initial data, we can derive from Lemma 2.1 that

10U Nz = 15U + U~V 7)e + DUg I
<+ IV I U e + 10 Iz 1Vl + DIUZ iz (4.23)

< Cge ¥,
Similarly, it holds
|U e < Cee™™. (4.24)
Then using (4.23), (4.24) and Lemma 2.4, one can derive that
Us e = 11U~ (L= gary) + U™ 8y X' (1) + Ui gy — UT gy X' (Dl
= C(IU7 Nl + U e +1X0)]) = Cee™,
which gives (3.17). O
Proof of Lemma 3.6. We shall prove this lemma based on some decay exponentially obtained
in Lemma 2.1, Lemma 2.4 and Lemma 3.5. We first estimate the term P;. To this end, we shall

rewrite 1 defined in (3.4) for & < 0 as follows:
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£
PiE.0)=F1(§, 1)+ / fa(y, D)dy

=UV-UV + UV =U"Vhexe +DWUT = U )ghy,

. (4.25)
+ (s + X' 1) f U = U)g(dy

£ ¢
+D/(Uy+_Uy_)g§m)dY+ /(U+V+_U_V_)8/X<t)dy'

—0 —00

From Lemma 2.1(see also Remark 2.3), we know that the periodic solution (U*, V*) can be
rewritten as Ui=]
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Using (1.6), we can check that

P =Ux, Va, —u—v_+ @-_v_ —upv)gx + Dus —u_)gh
+ (g —u) s+ X OD)ga + (W4ve —u-v)gx) (4.31)
=Ux, Va, —u_v_+ U_v_ —upvi)gx() |

+ Dy —u)ghyy + U —u )X (Dgx ).

On the other hand, we can use
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Similarly, we can rewrite P; for & > 0 by

+00
Pt 1) = Fi(E.1) — / Faly D)y = P (6. 0) + Py (€. 1)

&
to obtain
2 +0o0 ) 2 +o0 ) )
Z/ ‘ag‘ﬂ] dggzzf <\a§7>1+1] +(a§7>1+2‘ )dégCeze_z‘”. (4.35)
k=0 & k=0

Then the combination of (4.34) and (4.35) gives

1P D)l 2wy < Cee™. (4.36)

Next, we shall show the decay properties of P2(&, ¢) in (3.4). Similarly, we decompose P2 (&, t)
for & < 0 as follows

&
Palt.0) =(U" = U ) g~ gy) + [ U = Uy

£ (4.37)
+ s+ Y1) / (vt - Vﬁ)g/y(,)dy
=Py, 1) +Pyy(§,1),
where
Py ) =(usr —u_)(gx@) — 8yw) + W+ —u_)gyw (4.39)
+ s+ V') (v4 —v-)gya
and
&
Pyo€.t) =(p1 — ) (gx (1) — &V + / (o4 — ¢—)g;/y(,)d)’
- 4.39
: (4.39)
H6+YO) [ Wh =98,
Using the second equation of (1.6), we have u; — u_ = —s(v4 — v_), which can use to update
(4.38) as
Po(E.0) =(uy —u_)(@xw) — &y@) + (4 —v)V () gya). (4.40)

63



H.-Y. Jin and F. Zou Journal of Differential Equations 352 (2023) 23-66
Using Lemma 2.4, we can derive that

V(@) = X0+ Y ()] < Cee™™". (4.41)

On the other hand, we have
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