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Abstract

We prove the nonlinear stability of large-amplitude traveling waves under space-periodic perturbations to 
a parabolic-hyperbolic system derived from a singular chemotaxis model describing the initiation of tumor 
angiogenesis. Compared with the previous results, we are able to prove the nonlinear stability of traveling 
waves even though the perturbation oscillates at the far fields.
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1. Introduction

In this paper, we are concerned with a Cauchy problem of the following parabolic-hyperbolic 
system {

ut − (uv)x = Duxx,

vt − ux = 0,
(1.1)
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for x ∈ R and t > 0, with the initial data

(u, v)(x,0) = (u0, v0)(x) −→
{

(u−, v−) + (φ0−,ψ0−), x → −∞,

(u+, v+) + (φ0+,ψ0+), x → +∞,
(1.2)

where u± > 0, (φ0−, ψ0−) ∈ R2 and (φ0+, ψ0+) ∈ R2 are periodic functions with periods 
π−, π+ > 0 satisfying

π−∫
0

φ0−dx =
π−∫
0

ψ0−dx =
π+∫
0

φ0+dx =
π+∫
0d x=

dx
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are constants (i.e., φ0± = ψ0± = 0). As far as we know, there are no results available for the 
Cauchy problem (1.1)-(1.2) with periodic perturbations (i.e., φ0± �= 0 and ψ0± �= 0). However, 
in both mathematics and physics, the stability of Riemann solutions under periodic perturbations 
is an important topic for both inviscid and viscous conservation laws. Lax has contributed a series 
of important results to this direction (cf. [7,12]). More precisely, they showed that for both scalar 
equations and 2 × 2 hyperbolic conservation laws, the periodic solutions time-asymptotically 
decay to their constant averages. Recently, the stability of shocks and rarefaction waves under 
periodic perturbations were established for the scalar conservation laws in both inviscid and 
viscous cases [31–33], and further developed in [10] for the isentropic Naiver-Stokes equations, 
which have essentially inspired our current work.

In this paper, we shall focus on the case that the constant states (u+, v+) and (u−, v−) are 
connected by a single 2-shock wave and hence satisfy the Rankine-Hugoniot condition

{
−s(u+ − u−) − (u+v+ − u−v−) = 0,

−s(v+ − v−) − (u+ − u−) = 0,
(1.6)

and the Lax’s entropy condition

0 < u+ < u−, v− < v+, (1.7)

where s is the wave speed given by

s = −v+
2

+
√

v2+ + 4u−
2

> 0.

In fact, it has been proved in [29] that if φ0± = ψ0± = 0 and the constant states (u±, v±)

satisfy (1.6) and (1.7), then the system (1.1)-(1.2) has a special solution in the form of 
(u, v)(x, t) = (U, V )(ξ) with ξ = x − st , which is called traveling wave solution satisfying 
(U, V )(ξ) ∈ C∞(R) and

⎧⎪⎨
⎪⎩

−sU ′ − (UV )′ = DU ′′,
−sV ′ − U ′ = 0,

(U,V )(ξ) → (u±, v±) as ξ → ±∞,

(1.8)

where ′ = d
dξ

. Then integrating (1.8) with respect to ξ , we have:

{
sU + UV + DU ′ = su− + u−v− = su+ + u+v+,

sV + U = sv− + u− = sv+ + u+.
(1.9)

The existence and properties of traveling waves have been established in [29] as follows.

Lemma 1.1 ([29]). The system (1.8) with condition (1.6) and (1.7) has a unique smooth solution 
(U, V )(x − st) up to a shift with U ′ < 0, V ′ > 0. Moreover U , V and all their derivatives are 
bounded.
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In this paper, we shall study the nonlinear stability of traveling waves with large amplitude 
under the periodic perturbations. More precisely, under the assumptions that the constant states 
(u+, v+) and (u−, v−) are connected by a single traveling waves with wave speed s > 0, we shall 
show that if the initial perturbation around the traveling waves is suitably small, the solution 
of (1.1) with (1.2) and (1.3) will converge to the traveling waves with a shift which partially 
depends on the periodic oscillations. We will give our main results in Theorem 2.7 in Section 2. 
To prove our main results, we first employ the ideas in [10] to construct a suitable ansatz (U , V)

with two appropriate shift curves X (t) and Y(t) and then use the energy estimates to prove 
our main results. The key point is the ansatz has the same oscillations of the solution (u, v) at 
the far fields such that (u − U , v − V) ∈ H 2(R), and hence the anti-derivative method can be 
used. Compared to the results and analysis of [10], there are two essential differences. First, 
the nonlinear advection term of the isentropic Navier-Stokes equations considered in [10] has 
no interactive nonlinearity as in the system (1.1). Second, we can not use the volume and the 
effective velocity as in [10] to obtain basic energy estimates for the large-amplitude shock. Due 
to these distinctions, the analysis and estimates in our paper are much more complicated than 
those in [10]. Moreover, we should point out that due to the ansatz (U , V) depends both on x
and t , we can not directly use the idea of “constructing total differential” to obtain the higher-
order energy estimate as in [11,20], which motivates us to develop new ideas to achieve our goal. 
At last, we should mention that the method developed in this paper may be used to study wave 
pattern solution for other types of parabolic-hyperbolic chemotaxis model [1,22,23].

The rest of paper is organized as follows. In Section 2, we first state some lemmas and con-
struct the ansatz (U , V) carefully, and the main results (Theorem 2.7) are stated at the end of 
Section 2. In Section 3, based on the anti-derivation method and energy estimates, we show the 
nonlinear stability of traveling waves under periodic perturbations and prove our main results. In 
Section 4, we give an Appendix such that some complicated and tedious calculations are stated 
here for convenience.

2. Preliminaries and main results

In this section, we first give some basic results and then carefully construct the ansatz. At the 
end of this section, we shall state our main results. Before embarking on this, we first introduce 
some notations used throughout this paper.

2.1. Notations

In the following, C denotes a generic constant that may vary.

• We shall abbreviate 
∫
R f dx as 

∫
f dx for simplicity.

• For any integer k ≥ 0, we shall use Hk to denote the usual Sobolev space Hk(R) with the 
norm

‖f ‖Hk(R) :=
⎛
⎝ k∑

j=0

∫
R

|∂j
x f |2dx

⎞
⎠

1
2

.

Without confusion, we shall abbreviate ‖ · ‖Hk(R) as ‖ · ‖Hk .
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• For simplicity, we set

‖(f, g)‖Hk = ‖f ‖Hk + ‖g‖Hk .

• For convenience, we use f ± = g± + h± to denote that f − = g− + h− and f + = g+ + h+.
• In the following we shall use T to denote the periodic interval (0, π). Moreover, for simplify, 

we denote T− = (0, π−) and T+ = (0, π+).

2.2. Periodic solution and ansatz

To study the nonlinear stability of traveling waves, it is important to construct appropriate 
ansatz such that the anti-derivative method is available. Due to appearance of the periodic per-
turbations in the far fields, we first give some properties of periodic solution of the system (1.1)
with periodic initial data.

Lemma 2.1. Assume that (u0, v0) ∈ H 3(0, π) is periodic with period π > 0 and average (ū, v̄)

in the sense that ū = 1
π

∫
T u0dx and v̄ = 1

π

∫
T v0dx. Suppose that there exists ε0 > 0 such that

ε := ‖(u0 − ū, v0 − v̄)‖H 3(0,π) ≤ ε0, (2.1)

then the problem (1.1) with initial data (u0, v0) has a unique periodic solution

(u, v)(x, t) ∈ C([0,+∞);H 3(0,π)),

which has the same period and average as (u0, v0). Moreover, we have

‖(u − ū, v − v̄)‖H 3(0,π) ≤ Cεe−αt , t > 0,

where the constants C > 0 and α > 0 are independent of ε and t.

Remark 2.2. Lemma 2.1 can be proved by using the energy estimates and the Poincaré inequal-
ity, we shall give the details of proof in Section 4 for convenience.

Remark 2.3. Let (U±, V ±)(x, t) be the unique periodic solution of (1.1) with the periodic initial 
data

(U±,V ±)(x,0) = (u±, v±) + (φ0±,ψ0±)(x) (2.2)

where (φ0±, ψ0±)(x) is given in (1.2) satisfying (1.3) and (2.1). Then from Lemma 2.1, we can 
derive that

(U±,V ±)(x, t) = (u±, v±) + (φ±,ψ±)(x, t), (2.3)

where (φ±, ψ±)(x, t) satisfy 
∫
T± φ±(x, t)dx = ∫

T± ψ±(x, t)dx = 0 and

‖(φ±,ψ±)(x, t)‖H 3(T±) ≤ Cεe−αt . (2.4)
27
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where F1 and F3 are defined in (2.8).
Next, we shall show that there exists some curves X (t) and Y(t) such that (2.6) holds. In fact, 

combining (1.1) and (2.7) and using (2.11), we have

{
d
dt

∫
R(u − U)(x, t)dx = ∫

R f2(x, t)dx,
d
dt

∫
R(v − V)(x, t)dx = ∫

R f4(x, t)dx.
(2.12)

Hence, we can obtain (2.6) directly from (2.12) if the following two identities hold:

∫
R

f2(x, t)dx =
∫
R

f4(x, t)dx = 0, (2.13)

and ∫
R

[(u0(x) − U(x,0)]dx =
∫
R

[v0(x) − V(x,0)]dx = 0. (2.14)

After some calculations, we can check that (2.13) holds if

X ′(t) = −s −
∫
R[D(U+

x − U−
x ) + (U+V + − U−V −)]g′

st+X (t)
dx∫

R(U+ − U−)g′
st+X (t)

dx
, (2.15)

and

Y ′(t) = −s −
∫
R(U+ − U−)g′

st+Y(t)
dx∫

R(V + − V −)g′
st+Y(t)

dx
. (2.16)

Moreover, the initial data X (0) =:X0 and Y(0) =: Y0 can be determined by (2.14).
In fact, using the definition of U(x, t), (2.2) and the fact 

∫
R[u0(x) −U(x, 0)]dx = 0 in (2.14), 

we obtain

0 =
∫
R

[u0(x) − U(x,0)]dx

=
∫
R

u0(x)dx −
∫
R

(
U−

0 (1 − gX0) + U+
0 gX0

)
(x)dx

=
∫
R

u0(x)dx −
∫
R

(
u−(1 − gX0) + φ0−(1 − gX0) + u+gX0 + φ0+gX0

)
(x)dx

=
∫
R

(U − UX0)(x)dx +
∫
R

(u0 − U)(x)dx −
∫
R

(
φ0−(1 − gX0) + φ0+gX0

)
(x)dx

= X0(u+ − u−) +
∫

(u0 − U)(x)dx −
∫ (

φ0−(1 − gX0) + φ0+gX0

)
(x)dx,
R R
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which gives

X0 + 1

u+ − u−

∫
R

(u0 − U)dx − 1

u+ − u−

∫
R

(
φ0−(1 − gX0) + φ0+gX0

)
dx = 0. (2.17)

Next, we shall show that if ‖φ0−‖L∞(R) + ‖φ0+‖L∞(R) is small such that

‖φ0−‖L∞(R) + ‖φ0+‖L∞(R) ≤ 1

2
|u+ − u−|, (2.18)

then there exists a unique X0 such that (2.17) holds. To this end, we introduce a function as 
follows:

G(z) = z + 1

u+ − u−

∫
R

(u0 − U)dx − 1

u+ − u−

∫
R

(
φ0−(1 − gz) + φ0+gz

)
dx.

From (2.17), we have G(X0) = 0. On the other hand, using the facts g′ > 0, (2.9), (2.17) and 
(2.18), we can derive that

|G′(X0) − 1| ≤‖φ0−‖L∞(R) + ‖φ0+‖L∞(R)

|u+ − u−| ‖g′‖L1(R)

=‖φ0−‖L∞(R) + ‖φ0+‖L∞(R)

|u+ − u−| [g(+∞) − g(−∞)]

=‖φ0−‖L∞(R) + ‖φ0+‖L∞(R)

|u+ − u−| <
1

2
,

which implies G′(X0) �= 0. Then using implicit function theorem that there exists a unique X0
satisfies (2.17).

Similarly, from 
∫
R[v0(x) − V(x, 0)]dx = 0, we can derive that E(Y0) = 0 and E ′(Y0) �= 0 if 

‖ψ0−‖L∞(R) + ‖ψ0+‖L∞(R) is small, where

E(Y0) = Y0 + 1

v+ − v−

∫
R

(v0 −V )dx − 1

v+ − v−

∫
R

(
ψ0−(1−gY0)+ψ0+gY0

)
dx = 0. (2.19)

Then using implicit function theorem that there exists a unique Y0 satisfies (2.19). Hence, we can 
solve the ODE system (2.15) and (2.16) with the initial data (X0, Y0). Moreover, we can obtain 
the following properties on the curves X (t) and Y(t).

Lemma 2.4. If the periodic perturbations φ0±, ψ0± satisfy (1.3), and there exists ε0 > 0 such 
that

ε := ‖(φ0−,ψ0−)‖H 2(0,π−) + ‖(φ0+,ψ0+)‖H 2(0,π+) ≤ ε0

there exists a unique solution (X , Y)(t) ∈ C1[0, +∞) for the system (2.15) and (2.16) with initial 
data (X0, Y0), satisfying
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|X ′(t)| + |X (t) −X (∞)| ≤ Cεe−αt , t ≥ 0,

|Y ′(t)| + |Y(t) −Y(∞)| ≤ Cεe−αt , t ≥ 0,

where C, α are positive constants independent of ε and t . Moreover, the shift X (∞) :=X∞ and 
Y(∞) := Y∞ are given as follows

X∞ = X0 + 1

u+ − u−

{ 1

π−

π−∫
0

x∫
0

φ0−(y)dydx − 1

π+

π+∫
0

x∫
0

φ0+(y)dydx

+
0∫

−∞
(φ0− − φ0+)gX0(x)dx −

+∞∫
0

(φ0− − φ0+)(1 − gX0)(x)dx

+ 1

π−

+∞∫
0

π−∫
0

(U−V −(x, t) − u−v−)dxdt

− 1

π+

+∞∫
0

π+∫
0

(U+V +(x, t) − u+v+)dxdt
}
,

(2.20)

and

Y∞ =Y0 + 1

v+ − v−

{ 1

π−

π−∫
0

x∫
0

ψ0−(y)dydx − 1

π+

π+∫
0

x∫
0

ψ0+(y)dydx

+
0∫

−∞
(ψ0− − ψ0+)gY0(x)dx −

+∞∫
0

(ψ0− − ψ0+)(1 − gY0)(x)dx
}
.

(2.21)

Proof. Due to the smallness assumption of ε0, then from Lemma 2.1, we know that the denom-
inators of (2.15) and (2.16) are away from zero. Then the right-hand of (2.15) and (2.16) are 
continuous for any t > 0. The existence and uniqueness of (X (t), Y(t)) for the system (2.15)
and (2.16) with the initial data (X0, Y0) can be proved from the Cauchy-Lipschitz theorem.

On the other hand, using (1.6), (2.15), (2.16) and Lemma 2.1, we can obtain

|X ′(t)| + |Y ′(t)| ≤ Cεe−αt , for all t > 0. (2.22)

In fact, from (1.6), we have s = −u+v+−u−v−
u+−u− , which substituted into (2.15) gives

X ′(t) = −s −
∫
R[D(U+

x − U−
x ) + (U+V + − U−V −)]g′

st+X (t)
dx∫

R(U+ − U−)g′
st+X (t)

dx

= u+v+ − u−v−
u+ − u−

−
∫
R[D(U+

x − U−
x ) + (U+V + − U−V −)]g′

st+X (t)
dx∫

(U+ − U−)g′ dx
R st+X (t)
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=

4

D

= E1 + E2, (2.23)

where

E1 := −
∫
R D(U+

x − U−
x )g′

st+X (t)
dx∫

R(U+ − U−)g′
st+X (t)

dx

and

E2(t) :=
∫
R[(u+v+ − u−v−)(U+ − U−) − (u+ − u−)(U+V + − U−V −)]g′

st+X (t)
dx

(u+ − u−)
∫
R(U+ − U−)g′

st+X (t)
dx

.

Using the fact 0 < u+ < u−, we can choose ε0 in the Lemma 2.1 small enough to get that

0 <
u+
2

< U+(x, t) <
3u+ + u−

4
<

u+ + u−
2

< U−(x, t) <
3u− − u+

2
for all x ∈R, t > 0,

(2.24)
which implies that

0 <
u− − u+

4
< U−(x, t) − U+(x, t) <

3u− − 2u+
2

for all x ∈R, t > 0. (2.25)

Then using the facts g′
st+X (t)

> 0, (2.25) and ‖U+
x ‖ + ‖U−

x ‖L∞ ≤ Cεe−αt (see Lemma 2.1), we 
can derive that

E1 = D
∫
R(U+

x − U−
x )g′

st+X (t)
dx∫

R(U− − U+)g′
st+X (t)

dx
≤ 4D

∫
R |U+

x − U−
x |g′

st+X (t)
dx

(u− − u+)
∫
R g′

st+X (t)
dx

= 4D

u− − u+

∫
R

|U+
x − U−

x |g′
st+Xu
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‖(u+v+ − u−v−)(U+ − U−) − (u+ − u−)(U+V + − U−V −)‖L∞

≤ |u+v+ − u−v−|(‖U+ − u+‖L∞ + ‖U− − u−‖L∞)

+ (u− − u+)(‖U+V + − u+v+‖L∞ + ‖U−V − − u−v−‖L∞)

≤ Cεe−αt .

Substituting (2.26) and (2.27) into (2.23), we can get |X ′(t)| ≤ |E1| + |E2| ≤ Cεe−αt and then 
using same arguments we can also get |Y ′(t)| ≤ Cεe−αt which gives (2.22).

Moreover, we can use the similar arguments [10, Lemma 2.2] to obtain

lim
t→+∞X (t) = X (∞) = X∞, lim

t→+∞Y(t) = Y(∞) = Y∞

and

|X (t) −X∞| + |Y(t) −Y∞| ≤ Cεe−αt .

Then the proof of Lemma 2.4 is completed. �
Remark 2.5. From Lemma 2.1, we know all the integrals in (2.20) and (2.21) are bounded, and 
hence X∞ and Y∞ are bounded.

Remark 2.6. Noting that (U(x − st −X∞),V (x − st −Y∞)) is a pair of traveling wave solu-
tion to (1.1) if and only if

X∞ = Y∞, (2.28)

which can be satisfied if

s

∫
R

(v0 − V )dx +
∫
R

(u0 − U)dx

=
0∫

−∞
(φ0− + sψ0−)dx +

+∞∫
0

(φ0+ + sψ0+)dx

+ 1

π−

π−∫
0

x∫
0

(φ0− + sψ0−)(y)dydx − 1

π+

π+∫
0

x∫
0

(φ0+ + sψ0+)(y)dydx

+ 1

π−

+∞∫
0

π−∫
0

(U−V − − u−v−)dxdt − 1

π+

∞∫
0

π+∫
0

(U+V + − u+v+)dxdt. (2.29)

Here (2.29) is called the zero-mass type condition. In fact, if φ0± = ψ0± = 0, one has U±V ± =
u±v±, and then (2.29) becomes
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s

∫
R

(v0 − V )dx +
∫
R

(u0 − U)dx = 0.

Noting the fact that −sV ′ = U ′, the above condition is equivalent to that there exists a (unique) 
x0 ∈R such that ∫

R

[v0(x) − V (x − x0)]dx =
∫
R

[u0(x) − U(x − x0)]dx = 0,

which have been used before (cf. [11,20,21]) as zero-mass condition to study the asymptotical 
stability of traveling wave solution.

2.3. Main results

In this subsection, we shall state our main results. First, we introduce two functions

Φ0(x) =
x∫

−∞
(u0(y) − U(y,0))dy and Ψ0(x) =

x∫
−∞

(v0(y) − V(y,0))dy, (2.30)

which together with the fact (2.14) gives

Φ0(±∞) = Ψ0(±∞) = 0.

Then we state our main results as follows.

Theorem 2.7. Let u+ > 0 and the periodic perturbations in (1.2) satisfy (1.3) and (2.29). Then 
there exists a constant δ0 > 0 such that if

‖(φ0−,ψ0−)‖H 3(0,π−) + ‖(φ0+,ψ0+)‖H 3(0,π+) + ‖(Φ0,Ψ0)‖H 2(R) ≤ δ0,

where Φ0 and Ψ0 are defined in (2.30), then the system (1.1)-(1.3) has a unique global solution 
(u, v) satisfying

u − U ∈ C
(
[0,+∞);H 1(R)

)
∩ L2

(
(0,+∞);H 2(R)

)
,

v − V ∈ C
(
[0,+∞);H 1(R)

)
∩ L2

(
(0,+∞);H 1(R)

)
,

and

‖(u, v)(·, t) − (U,V )(· − st −X∞)‖L∞(R) → 0 as t → +∞, (2.31)

with the constant shift X∞(= Y∞) given by (2.20), where (U, V )(x − st) is the traveling wave 
solution obtained in Lemma 1.1.

Remark 2.8. The above nonlinear stability results hold true regardless of the size of the wave 
strength.
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3. Proof of Theorem 2.7

In this section, we shall use the energy estimates to prove the main results in Theorem 2.7.

3.1. Reformulation of the problem

For convenience, we change the coordinates (x, t) → (ξ = x − st, t) and then rewrite the 
system (1.1) as follows:

{
ut = Duξξ + suξ + (uv)ξ ,

vt = uξ + svξ .
(3.1)

In this new coordinates (ξ, t), from (2.5), we have

{
U(ξ, t) = U−(ξ, t)

(
1 − gX (t)(ξ)

) + U+(ξ, t)gX (t)(ξ),

V(ξ, t) = V −(ξ, t)
(
1 − gY(t)(ξ)

) + V +(ξ, t)gY(t)(ξ),
(3.2)

which, together with (2.7), gives

{
Ut = DUξξ + sUξ + (UV)ξ −P1ξ ,

Vt = Uξ + sVξ −P2ξ ,
(3.3)

where

P1(ξ, t) := F1(ξ, t) + F2(ξ, t) = F1(ξ, t) +
ξ∫

−∞
f2(y, t)dy,

P2(ξ, t) := F3(ξ, t) + F4(ξ, t) = F3(ξ, t) +
ξ∫

−∞
f4(y, t)dy.

(3.4)

We introduce the anti-derivative variables as follows:

Φ(ξ, t) =
ξ∫

−∞
(u − U)(y, t)dy, Ψ (ξ, t) =

ξ∫
−∞

(v − V)(y, t)dy, (3.5)

which satisfy

Φ(±∞, t) = Ψ (±∞, t) = 0. (3.6)

Then combining (3.1) and (3.3), and using (3.5) and (3.6), we obtain

{
Φt = DΦξξ + (s + V)Φξ + ΦξΨξ + UΨξ +P1,

Ψt = Φξ + sΨξ +P2,
(3.7)
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with the initial data

(Φ,Ψ )(ξ,0) = (Φ0,Ψ0)(ξ). (3.8)

For any T > 0, let

X(0, T ) = {(Φ,Ψ ) ∈C
(
(0, T );H 2(R) × H 2(R)

)
,

Φξ ∈ L2
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‖U(x, t) − U(x − st −X∞)‖L∞

≤ ‖U(x, t) − U(x − st −X (t))‖L∞ + ‖U(x − st −X (t)) − U(x − st −X∞)‖L∞

≤ ‖(U− − u−)(1 − gX (t)) + (U+ − u+)gX (t)‖L∞ + C‖X (t) −X∞‖L∞

≤ ‖U− − u−‖L∞ + ‖U+ − u+‖L∞ + C‖X (t) −X∞‖L∞

≤ Cεe−αt ,
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‖Uξ − U ′
X∞‖L∞ + ‖Vξ − V ′

X∞‖L∞ ≤ Cεe−αt , (3.16)

as well as

‖Ut‖L∞ ≤ Cεe−αt , (3.17)

where U ′
X∞ := Uξ(ξ −X∞) and V ′

X∞ := Vξ (ξ −X∞), C > 0 is a constant independent of t and 
ε.

Lemma 3.6. Let the conditions in Theorem 2.7 hold, then we have

‖P1(·, t)‖H 2 + ‖P2(·, t)‖H 2 ≤ Cεe−αt , t ≥ 0,

where C > 0 is independent of ε ant t , and α > 0 is the constant given in Lemma 2.4.

3.2. Energy estimates

In this subsection, we shall establish the basic energy estimates and prove Proposition 3.4.

Lemma 3.7 (L2-estimates). Let the assumptions in Proposition 3.4 hold. Then there exists C > 0
independent of t and ε such that

‖(Φ,Ψ )(·, t)‖2
L2 +

t∫
0

|U ′
X∞|‖ (Φ,Ψ ) (·, τ )‖2

L2dτ + D

t∫
0

‖Φξ(·, τ )‖2
L2dτ

≤ C

⎛
⎝‖(Φ0,Ψ0)‖2

L2 + ε +
t∫

0

∫
|ΦΦξΨξ |dξdτ

⎞
⎠ .

(3.18)

Proof. Multiplying the first equation of (3.7) by Φ
U and the second equation of (3.7) by Ψ , and 

integrating the resulting equations with respect to ξ and adding them, we have

1

2

d

dt

∫ (Φ2

U + Ψ 2
)
dξ + D

∫
1

U Φ2
ξ dξ

= 1

2

∫ [( 1

U
)

t
+ D

( 1

U
)

ξξ
−

( s + V
U

)
ξ

]
Φ2dξ

+
∫

ΦΨξdξ +
∫

ΦξΨ dξ +
∫

1

U ΦΦξΨξdξ +
∫

1

U P1Φdξ +
∫

P2Ψ dξ

= 1

2

∫
MΦ2dξ +

∫
1

U ΦΦξΨξdξ +
∫

1

U P1Φdξ +
∫

P2Ψ dξ,

(3.19)

where the fact 
∫

ΦΨξdξ + ∫
ΦξΨ dξ = 0 has been used and
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M :=
( 1

U
)

t
+ D

( 1

U
)

ξξ
−

( s + V
U

)
ξ
.

Using the first equation of (3.3), after some calculations, we can derive that

M = −2Ut +P1ξ

U2 + 2

U3Uξ (sU + UV + DUξ ). (3.20)

Then substituting (3.20) into (3.19), and adding the term − 
∫ 1

U3 U ′
X∞(sUX∞ + UX∞VX∞ +

DU ′
X∞)Φ2dξ to both sides of (3.19), we end up with

1

2

d

dt

∫ (Φ2

U + Ψ 2
)
dξ −

∫
U ′
X∞
U3 (sUX∞ + UX∞VX∞ + DU ′

X∞)Φ2dξ + D

∫
1

U Φ2
ξ dξ

= 1

2

∫ [
− 2Ut +P1ξ

U2 + 2

U3Uξ (sU + UV + DUξ )

− 2

U3 U ′
X∞(sUX∞ + UX∞VX∞ + DU ′

X∞)
]
Φ2dξ

+
∫

1

U ΦΦξΨξdξ +
∫

1

U P1Φdξ +
∫

P2Ψ dξ

= −1

2

∫
2Ut +P1ξ

U2 Φ2dξ +
∫

NΦ2dξ +
∫

1

U ΦΦξΨξdξ +
∫

1

U P1Φdξ +
∫

P2Ψ dξ

(3.21)
where

N := 1

U3

[
Uξ (sU + UV + DUξ ) − U ′

X∞(sUX∞ + UX∞VX∞ + DU ′
X∞)

]
. (3.22)

Using the first equation (1.9), and U ′
X∞ < 0 (see Lemma 1.1) and (3.15), we have

−U ′
X∞
U3 (sUX∞ + UX∞VX∞ + DU ′

X∞) = −U ′
X∞
U3 u+(s + v+) ≥ −κ1U

′
X∞ > 0 (3.23)

with κ1 = 8u+(s+v+)

27u3−
> 0. Using (3.16) and the boundedness of U , Uξ , UX∞, VX∞ and U ′

X∞ , we 

can derive that

‖N‖L∞ ≤
(

2

u+

)3

‖Uξ (sU + UV + DUξ ) − U ′
X∞(sUX∞ + UX∞VX∞ + DU ′

X∞)‖L∞

≤
(

2

u+

)3

‖Uξ (sU + UV + DUξ ) − Uξ (sUX∞ + UX∞VX∞ + DU ′
X∞)‖L∞

+
(

2

u+

)3

‖Uξ (sUX∞ + UX∞VX∞ + DU ′
X∞) − U ′

X∞(sUX∞

+ UX∞VX∞ + DU ′
X∞)‖L∞

≤
(

2
)3

‖Uξ [s(U − UX∞) + UV − UX∞VX∞ + D(Uξ − U ′
X∞)]‖L∞
u+
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+
(

2

u+

)3

‖(Uξ − U ′
X∞)(sUX∞ + UX∞VX∞ + DU ′

X∞)‖L∞

≤ Cεe−αt , (3.24)

where we have used the fact

‖UV − UX∞VX∞‖L∞ = ‖UV − UX∞VY∞‖L∞ ≤ ‖UV − UVY∞‖L∞ + ‖UVY∞ − UX∞VY∞‖L∞

≤ Cεe−αt .

On the other hand, using the boundedness of U and (3.17) as well as Lemma 3.6, we have

2Ut +P1ξ

U2 ≤ C(‖Ut‖L∞ + ‖P1ξ‖L∞) ≤ Cεe−αt . (3.25)

Then substituting (3.23), (3.24) and (3.25) into (3.21), and integrating it with respect to t , we end 
up with

∫
(Φ2 + Ψ 2)dξ + 2κ1

t∫
0

∫
|U ′

X∞|Φ2dξdτ + 4D

3u−

t∫
0

∫
Φ2

ξ dξdτ

≤
∫

(Φ2
0 + Ψ 2

0 )dξ + Cε

t∫
0

∫
e−ατΦ2dξdτ

+ 4

u+

t∫
0

∫
|ΦΦξΨξ |dξdτ +

t∫
0

∫ (
4

u+
|P1Φ| + |P2Ψ |

)
dξdτ.

(3.26)

The second term on the right hand of (3.26) can be estimate as follows:

Cε

t∫
0

∫
e−ατΦ2dξdτ ≤ Cε sup

τ∈[0,t]
‖Φ(·, t)‖2

L2 . (3.27)

On the other hand, using Lemma (3.6) and the Hölder inequality, we obtain

t∫
0

∫ (
4

u+
|P1Φ| + |P2Ψ |

)
dξdτ ≤

t∫
0

(
4

u+
‖P1‖L2‖Φ‖L2 + ‖P2‖L2‖Ψ ‖L2

)
dτ

≤
t∫

0

( 2

u+
‖P1‖L2(‖Φ‖2

L2 + 1) + 1

2
‖P2‖L2(‖Ψ ‖2

L2 + 1)
)
dτ

≤ Cε

t∫
e−ατ (‖Φ‖2

L2 + ‖Ψ ‖2
L2)dτ + Cε

t∫
e−ατ dτ
0 0
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≤ Cε sup
τ∈[0,t]

(
‖Φ‖2

L2 + ‖Ψ ‖2
L2

)
+ Cε. (3.28)

Substituting (3.27) and (3.28) into (3.26), and choosing ε small enough, one obtains

∫
(Φ2 + Ψ 2)dξ +

t∫
0

∫
|U ′

X∞|Φ2dξdτ + D

t∫
0

∫
Φ2

ξ dξdτ

≤ C
(
‖Φ0‖2

L2 + ‖Ψ0‖2
L2 + ε +

t∫
0

∫
|ΦΦξΨξ |dξdτ

)
.

(3.29)

Next, we shall estimate the term 
∫ t

0

∫ |U ′
X∞|Ψ 2dξdτ to complete the proof of Lemma 3.7.

To this end, we multiply the first equation of (3.7) by Φ and the second equation of (3.7) by 
UΨ , and integrate the resulting equations with respect to ξ to obtain

1

2

d

dt

∫
(Φ2 + UΨ 2)dξ + 1

2

∫
VξΦ

2dξ + D

∫
Φ2

ξ dξ

= 1

2

∫
(Ut − sUξ )Ψ

2dξ −
∫

UξΦΨ dξ +
∫

ΦΦξΨξdξ +
∫

P1Φdξ +
∫

UP2Ψ dξ.

(3.30)

Then adding − 1
2s

∫
U ′
X∞Ψ 2dξ to both sides of (3.30), one can derive that

−1

2
s

∫
U ′
X∞Ψ 2dξ = 1

2

d

dt

∫
(Φ2 + UΨ 2)dξ + 1

2

∫
V ′
Y∞Φ2dξ + D

∫
Φ2

ξ dξ +
∫

U ′
X∞ΦΨ dξ

− 1

2

∫
UtΨ

2dξ + 1

2
s

∫
(Uξ − U ′

X∞)Ψ 2dξ + 1

2

∫
(Vξ − V ′

Y∞)Φ2dξ

+
∫

(Uξ − U ′
X∞)ΦΨ dξ −

∫
ΦΦξΨξdξ −

∫
P1Φdξ −

∫
UP2Ψ dξ.

(3.31)
From Lemma 3.5, we have ‖Ut‖L∞ ≤ Cεe−αt , ‖Uξ −U ′

X∞‖L∞ ≤ Cεe−αt and ‖Vξ −V ′
Y∞‖L∞ ≤

Cεe−αt , which can be used to obtain

−1

2

∫
UtΨ

2dξ + 1

2
s

∫
(Uξ−U ′

X∞)Ψ 2dξ + 1

2

∫
(Vξ − V ′

Y∞)Φ2dξ +
∫

(Uξ − U ′
X∞)ΦΨ dξ

≤ Cεe−αt

∫
(Φ2 + Ψ 2)dξ.

(3.32)
Then substituting (3.32) into (3.31), integrating the resulting equations over (0, t) and noting that 
V ′
Y∞ = −sU ′

X∞ , we have

s

t∫ ∫
|U ′

X∞|Ψ 2dξdτ ≤
∫

(Φ2 + UΨ 2)dξ −
∫

(Φ2
0 + U0Ψ

2
0 )dξ + s

t∫ ∫
|U ′

X∞|Φ2dξdτ
0 0
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+ 2D

t∫
0

∫
Φ2

ξ dξdτ + 2

t∫
0

∫
|U ′

X∞|ΦΨ dξdτ

+ 2

t∫
0

∫
|ΦΦξΨξ |dξdτ + 2

t∫
0

∫
|P1Φ|dξdτ

+2

t∫
0

∫
|UP2Ψ |dξdτ + Cε

t∫
0

∫
e−ατ (Φ2 + Ψ 2)dξdτ. (3.33)

Using Young’s inequality, we can obtain that

2

t∫
0

∫
|U ′

X∞|ΦΨ dξdτ ≤ 2

s

t∫
0

∫
|U ′

X∞|Φ2dξdτ + s

2

t∫
0

∫
|U ′

X∞|Ψ 2dξdτ. (3.34)

Moreover, we can use Lemma 3.6 to obtain

2

t∫
0

∫
|P1Φ|dξdτ + 2

t∫
0

∫
|UP2Ψ |dξdτ

≤ 2

t∫
0

‖P1‖L2‖Φ‖L2dτ + 3u−
t∫

0

‖P2‖L2‖Ψ ‖L2dτ

≤
t∫

0

‖P1‖L2‖Φ‖2
L2dτ + 3u−

2

t∫
0

‖P2‖L2‖Ψ ‖2
L2dτ +

t∫
0

(
‖P1‖L2 + 3u−

2
‖P2‖L2

)
dτ

≤ Cε sup
τ∈[0,t]

(
‖Φ‖2

L2 + ‖Ψ ‖2
L2

)
+ Cε.

(3.35)

Then substituting (3.34) and (3.35) into (3.33), and combining (3.29), we derive that

s

2

t∫
0

∫
|U ′

X∞|Ψ 2dξdτ

≤
∫

(Φ2 + UΨ 2)dξ + s2 + 2

s

t∫
0

∫
|U ′

X∞|Φ2dξdτ

+ 2D

t∫ ∫
Φ2

ξ dξdτ + 2

t∫ ∫
|ΦΦξΨξ |dξdτ + Cε sup

τ∈[0,t]

(
‖Φ‖2

L2 + ‖Ψ ‖2
L2

)
+ Cε
0 0
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≤ C

⎛
⎝‖Φ0‖2

L2 + ‖Ψ0‖2
L2 + ε +

t∫
0

∫
|ΦΦξΨξ |dξdτ + ε sup

τ∈[0,t]
(‖Φ‖2

L2 + ‖Ψ ‖2
L2)

⎞
⎠ .

(3.36)

Then adding (3.36) to (3.29), we obtain (3.18) directly. Then the proof of Lemma 3.7 is com-
pleted. �

With the L2-estimate in hand, we shall establish the H 1-estimate of solution.

Lemma 3.8 (H 1-estimates). Let the assumptions in Proposition 3.4 hold. Then it holds that

‖(Φ,Ψ )(·, t)‖2
H 1 +

t∫
0

|U ′
X∞|‖(Φ,Ψ )(·, τ )‖2

L2dτ + D

t∫
0

‖Φξ(·, τ )‖2
H 1dτ +

t∫
0

‖Ψξ (·, τ )‖2
L2dτ

≤ C
(
‖(Φ0,Ψ0)‖2

H 1 + ε
)

+ C

t∫
0

∫ (
|Φ| + |Φξ | + |Ψξ | + |Φξξ |

)
|ΦξΨξ |dξdτ,

(3.37)
where C > 0 is a constant independent of t and ε.

Proof. Multiplying the first equation of (3.7) by −Φξξ

U and the second equation of (3.7) by −Ψξξ , 
integrating the resulting equations with respect to ξ , and adding them, we have

1

2

d

dt

∫ ( 1

U Φ2
ξ + Ψ 2

ξ

)
dξ + D

∫
1

U Φ2
ξξ dξ

= −
∫ ( 1

U
)

ξ
ΦtΦξdξ + 1

2

∫ ( 1

U
)

t
Φ2

ξ dξ + 1

2

∫ ( s + V
U

)
ξ
Φ2

ξ dξ

−
∫

1

U ΦξΨξΦξξdξ −
∫

ΨξΦξξdξ −
∫

ΦξΨξξ dξ −
∫

1

U P1Φξξdξ −
∫

P2Ψξξdξ.

(3.38)
Then using the first equation of (3.7), we can estimate the first term on the right hand of (3.38)
as follows

−
∫ ( 1

U
)

ξ
ΦtΦξdξ =D

2

∫ ( 1

U
)

ξξ
Φ2

ξ dξ −
∫

(s + V)
( 1

U
)

ξ
Φ2

ξ dξ

−
∫ ( 1

U
)

ξ
Φ2

ξ Ψξdξ −
∫

U
( 1

U
)

ξ
ΦξΨξdξ −

∫ ( 1

U
)

ξ
P1Φξdξ.

(3.39)

Substituting (3.39) into (3.38), one has
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1

2

d

dt

∫ ( 1

U Φ2
ξ + Ψ 2

ξ

)
dξ + D

∫
1

U Φ2
ξξ dξ

= 1

2

∫
N0Φ

2
ξ dξ −

∫
U

( 1

U
)

ξ
ΦξΨξdξ −

∫ ( 1

U
)

ξ
Φ2

ξ Ψξdξ −
∫

1

U ΦξΨξΦξξ dξ

−
∫ ( 1

U
)

ξ
P1Φξdξ −

∫
1

U P1Φξξdξ −
∫

P2Ψξξdξ

= 1

2

∫
N0Φ

2
ξ dξ −

∫
U

( 1

U
)

ξ
ΦξΨξdξ −

∫ ( 1

U
)

ξ
Φ2

ξ Ψξdξ −
∫

1

U ΦξΨξΦξξ dξ

+
∫ P1ξ

U Φξdξ +
∫

P2ξΨξdξ,

(3.40)

where

N0 :=
( 1

U
)

t
+ D

( 1

U
)

ξξ
− 2(s + V)

( 1

U
)

ξ
+

( s + V
U

)
ξ
.

Then using the first equation of (3.3), we derive that

N0 = −2Ut +P1ξ

U2 + 2
Uξ

U3 (sU + UV + DUξ ) + 2
Vξ

U ,

which substituted into (3.40) gives

1

2

d

dt

∫ ( 1

U Φ2
ξ + Ψ 2

ξ

)
dξ + D

∫
1

U Φ2
ξξ dξ

= −1

2

∫
2Ut +P1ξ

U2 Φ2
ξ dξ +

∫ (Uξ

U3 (sU + UV + DUξ ) + Vξ

U

)
Φ2

ξ dξ

−
∫

U
( 1

U
)

ξ
ΦξΨξdξ −

∫ ( 1

U
)

ξ
Φ2

ξ Ψξdξ −
∫

1

U ΦξΨξΦξξ dξ

+
∫ P1ξ

U Φξdξ +
∫

P2ξΨξdξ.

(3.41)

Next, we shall estimate the terms on the right hand of (3.41), respectively.
Using (3.17) and Lemma 3.6, and noting the fact 0 < u+

2 ≤ U ≤ 3u−
2 , we can estimate the first 

term on the right hand of (3.41) to obtain

−1

2

∫
2Ut +P1ξ

U2 Φ2
ξ dξ ≤ 2

u2+

∫
(|2Ut | + |P1ξ |)Φ2

ξ dξ ≤ C

∫
Φ2

ξ dξ. (3.42)

Noting the boundedness of U , 1
U , V, Uξ and Vξ , we can estimate the second term on the right 

hand of (3.41) as follows:

∫ (Uξ

U3 (sU + UV + DUξ ) + Vξ

U

)
Φ2

ξ dξ ≤ C

∫
Φ2

ξ dξ. (3.43)

Integrating it by parts, the third term on the right hand of (3.41) can be rewritten as follows:
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−
∫

U
( 1

U
)

ξ
ΦξΨξdξ = −

∫ Uξ

U Ψ Φξξdξ −
∫ (Uξ

U
)

ξ
Ψ Φξdξ

= −
∫ Uξ

U Ψ Φξξdξ +
∫ U2

ξ − UUξξ

U2 Ψ Φξdξ

= I1 + I2.

(3.44)

Using the boundedness of U , Uξ , Vξ , V ′
Y∞, U ′

X∞ and the fact X∞ = Y∞, we can estimate the 
terms I1 and I2 as follows:

I1 = −
∫ Uξ

U Ψ Φξξdξ

= −
∫ Uξ − U ′

X∞
U Ψ Φξξdξ −

∫
U ′
X∞
U Ψ Φξξdξ

≤ D

2

∫
1

U Φ2
ξξ dξ + 1

D

∫ |Uξ − U ′
X∞|2

U Ψ 2dξ + 1

D

∫ |U ′
X∞|2
U Ψ 2dξ

≤ D

2

∫
1

U Φ2
ξξ dξ + C

∫
|Uξ − U ′

X∞|Ψ 2dξ + C

∫
|U ′

X∞|Ψ 2dξ

(3.45)

and

I2 =
∫ U2

ξ − UUξξ

U2 Ψ Φξdξ

=
∫ U2

ξ − |U ′
X∞|2

U2 Ψ Φξdξ +
∫ |U ′

X∞|2
U2 Ψ Φξdξ −

∫ Uξξ

U Ψ Φξdξ

=
∫ U2

ξ − |U ′
X∞|2

U2 Ψ Φξdξ +
∫ |U ′

X∞|2
U2 Ψ Φξdξ − 1

D

∫ Ut +P1ξ

U Ψ Φξdξ

+ 1

D

∫
s + V
U (Uξ − U ′

X∞)Ψ Φξdξ + 1

D

∫
(Vξ − V ′

Y∞)Ψ Φξdξ

+ 1

D

∫ [
(s + V)U ′

X∞
U + V ′

Y∞

]
Ψ Φξdξ

≤C

∫
(|Uξ − U ′

X∞| + |Vξ − V ′
Y∞| + |Ut | + |P1ξ |)Ψ 2dξ

+ C

∫
|U ′

X∞|Ψ 2dξ + C

∫
Φ2

ξ dξ,

(3.46)

where the fact V ′
Y∞ = V ′

X∞ = − 1
s
U ′
X∞ and the first equation of (3.3) have been used. Then 

substituting (3.45) and (3.46) into (3.44), and using Lemma 3.5 as well as Lemma 3.6, we obtain

−
∫

U
( 1

U
)

ξ
ΦξΨξdξ ≤D

2

∫
1

U Φ2
ξξ dξ + Cεe−ατ

∫
Ψ 2dξ + C

∫
|U ′

X∞|Ψ 2dξ + C

∫
Φ2

ξ dξ.

(3.47)
We substitute (3.42), (3.43) and (3.47) into (3.41) to obtain that
45



H.-Y. Jin and F. Zou Journal of Differential Equations 352 (2023) 23–66
d

dt

∫ ( 1

U Φ2
ξ + Ψ 2

ξ

)
dξ + D

∫
1

U Φ2
ξξ dξ

≤ Cεe−ατ

∫
Ψ 2dξ + C

∫
|U ′

X∞|Ψ 2dξ + C

∫
Φ2

ξ dξ

−2
∫ ( 1

U
)

ξ
Φ2

ξ Ψξdξ − 2
∫

1

U ΦξΨξΦξξ dξ + 2
∫ P1ξ

U Φξdξ + 2
∫

P2ξΨξdξ

≤ Cεe−ατ

∫
Ψ 2dξ + C

∫
Φ2

ξ dξ + C

∫
|ΦξΨξ |(|Φξ | + |Φξξ |)dξ + C

∫
|P1ξ ||Φξ |dξ

+C

∫
|P2ξ ||Ψξ |dξ. (3.48)

Integrating (3.48) over (0, t), and using (3.18) and the fact 0 < u+
2 ≤ U ≤ 3u−

2 , we obtain

∫ (
Φ2

ξ + Ψ 2
ξ

)
dξ + D

t∫
0

∫
Φ2

ξξ dξdτ

≤ C

∫ (
Φ2

0ξ + Ψ 2
0ξ

)
dξ + Cε

t∫
0

∫
e−ατΨ 2dξdτ + C

⎛
⎝ t∫

0

∫
|U ′

X∞|Ψ 2dξdτ +
t∫

0

∫
Φ2

ξ dξdτ

⎞
⎠

+ C

t∫
0

∫
|ΦξΨξ |(|Φξ | + |Φξξ |)dξdτ + C

t∫
0

∫
(|P1ξ ||Φξ | + |P2ξ ||Ψξ |)dξdτ

≤ C

⎛
⎝‖(Φ0,Ψ0)‖2

H 1 + ε +
t∫

0

∫
|ΦξΨξ |(|Φ| + |Φξ | + |Φξξ |)dξdτ

⎞
⎠

+ Cε sup
τ∈[0,t]

‖Ψ ‖2
L2 + C

t∫
0

∫
(|P1ξ ||Φξ | + |P2ξ ||Ψξ |)dξdτ.

(3.49)
Moreover, using the Hölder inequality and Lemma 3.6, one obtains

t∫
0

∫
(|P1ξ ||Φξ | + |P2ξ ||Ψξ |)dξdτ

≤
t∫

0

‖P1ξ‖L2‖Φξ‖L2dτ +
t∫

0

‖P2ξ‖L2‖Ψξ‖L2dτ

≤ 1

2

t∫ (
‖P1ξ‖L2‖Φξ‖2

L2 + ‖P2ξ‖L2‖Ψξ‖2
L2

)
dτ + 1

2

t∫
(‖P1ξ‖L2 + ‖P2ξ‖L2)dτ
0 0
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≤ Cε

t∫
0

e−ατ
(
‖Φξ‖2

L2 + ‖Ψξ‖2
L2

)
dτ + Cε

t∫
0

e−ατ dτ

≤ Cε sup
τ∈[0,t]

(‖Φξ‖2
L2 + ‖Ψξ‖2

L2) + Cε. (3.50)

Then substituting (3.50) into (3.49), and noting the smallness assumption on ε, we obtain

‖Φξ‖2
L2 + ‖Ψξ‖2

L2 + D

t∫
0

‖Φξξ‖2
L2dτ

≤ C
(
‖(Φ0,Ψ0)‖2

H 1 + ε
)

+ C

t∫
0

∫
|ΦξΨξ |(|Φ| + |Φξ | + |Φξξ |)dξdτ + Cε sup

τ∈[0,t]
‖Ψ ‖2

L2,

which, combined with (3.18), gives

‖Φ‖2
H 1 + ‖Ψ ‖2

H 1 +
t∫

0

|U ′
X∞|

(
‖Φ‖2

L2 + ‖Ψ ‖2
L2

)
dτ + D

t∫
0

‖Φξ‖2
H 1dτ

≤ C
(
‖Φ0‖2

H 1 + ‖Ψ0‖2
H 1 + ε +

t∫
0

∫
(|Φ| + |Φξ | + |Φξξ |)|ΦξΨξ |dξdτ

)
.

(3.51)

Now we should estimate the term 
∫ t

0

∫
Ψ 2

ξ dξdτ . To this end, we multiply the first equation of
(3.7) by Ψξ to get

ΦtΨξ = DΨξΦξξ + (s + V)ΦξΨξ + ΦξΨ
2
ξ + UΨ 2

ξ +P1Ψξ . (3.52)

We differentiate the second equation of (3.7) with ξ , and multiply the resulting equation by Φ to 
get

ΦtΨξ = (ΦΨξ )t − ΦΦξξ − sΦΨξξ − ΦP2ξ . (3.53)

Then combining (3.52) and (3.53), and integrating it by parts, we end up with

∫
UΨ 2

ξ dξ = d

dt

∫
ΦΨξdξ +

∫
Φ2

ξ dξ − D

∫
ΨξΦξξdξ −

∫
VΦξΨξdξ

−
∫

ΦξΨ
2
ξ dξ −

∫
P1Ψξdξ −

∫
P2ξΦdξ.

(3.54)

Noting 0 < u+ ≤ U and using the boundedness of V , we derive from (3.54) that
2
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u+
2

∫
Ψ 2

ξ dξ ≤ d

dt

∫
ΦΨξdξ +

∫
Φ2

ξ dξ + D

∫
|ΨξΦξξ |dξ + C

∫
|ΦξΨξ |dξ

+
∫

|Φξ |Ψ 2
ξ dξ +

∫
|P1Ψξ |dξ +

∫
|P2ξΦ|dξ.

(3.55)

Using the Young’s inequality we have

D

∫
|ΨξΦξξ |dξ + C

∫
|ΦξΨξ |dξ ≤ u+

4

∫
Ψ 2

ξ dξ + 2D2

u+

∫
Φ2

ξξ dξ + C

∫
Φ2

ξ dξ,

which, substituted into (3.55), gives

u+
4

∫
Ψ 2

ξ dξ ≤ d

dt

∫
ΦΨξdξ + C

(∫
Φ2

ξ dξ +
∫

Φ2
ξξ dξ

)

+
∫

|Φξ |Ψ 2
ξ dξ +

∫
|P1Ψξ |dξ +

∫
|P2ξΦ|dξ.

(3.56)

Integrating (3.56) with respect to t, and using (3.51) and Lemma 3.6, we have

u+
4

t∫
0

∫
Ψ 2

ξ dξdτ ≤
∫

ΦΨξdξ −
∫

Φ0Ψ0ξ dξ + C

t∫
0

∫
(Φ2

ξ + Φ2
ξξ )dξdτ

+
t∫

0

∫
|Φξ |Ψ 2

ξ dξdτ +
t∫

0

‖P1‖L2‖Ψξ‖L2dτ +
t∫

0

‖P2ξ‖L2‖Φ‖L2dτ

≤ ‖Φ‖2
L2 + ‖Ψξ‖2

L2 + ‖Φ0‖2
L2 + ‖Ψ0ξ‖2

L2 + C

t∫
0

‖Φξ‖2
H 1dτ

+
t∫

0

∫
|Φξ |Ψ 2

ξ dξdτ

+1

2

t∫
0

(‖P1‖L2‖Ψξ‖2
L2 + ‖P2ξ‖L2‖Φ‖2

L2)dτ

+ 1

2

t∫
0

(‖P1‖L2 + ‖P2ξ‖L2)dτ

≤ C
(
‖Φ0‖2

H 1 + ‖Ψ0‖2
H 1 + ε sup

τ∈[0,t]
(‖Φ‖2

L2 + ‖Ψξ‖2
L2) + ε

)

+ C

t∫ ∫
(|Φ| + |Φξ | + |Ψξ | + |Φξξ |)|ΦξΨξ |dξdτ,
0
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which substituted into (3.51), gives (3.37) by noting the smallness of ε. Then we complete the 
proof of Lemma 3.8. �

Next, we shall establish the estimates of solution in H 2-norm.

Lemma 3.9 (H 2-estimates). Let the assumptions in Proposition 3.4 hold. Then it holds that

‖(Φ,Ψ )(·, t)‖2
H 2 + D

t∫
0

‖Φξ(·, t)‖2
H 2dτ +

t∫
0

‖Ψξ(·, t)‖2
H 1dτ

≤ C
(
‖(Φ0,Ψ0)‖2

H 2 + ε
)

+ C

t∫
0

∫
(|Φ| + |Φξ | + |Ψξ | + |Φξξ |)|ΦξΨξ |dξdτ

+ C

t∫
0

∫
(|ΦξξΨξ | + |ΦξΨξξ |)(|Φξξ | + |Ψξξ | + |Φξξξ |)dξdτ,

(3.57)

where C > 0 is a constant independent of t and ε.

Proof. Multiplying the first equation of (3.7) by 1
U , differentiating the resulting equation and the 

second equation of (3.7) with respect to ξ twice, we get

⎧⎨
⎩

(
1
U Φt

)
ξξ

=
(

D
U Φξξ

)
ξξ

+
(

s+V
U Φξ

)
ξξ

+
(

1
U ΦξΨξ

)
ξξ

+ Ψξξξ +
(

1
UP1

)
ξξ

,

Ψtξξ = sΨξξξ + Φξξξ +P2ξξ .
(3.58)

Next, we multiply the first equation of (3.58) by Φξξ and the second equation of (3.58) by Ψξξ , 
add them and integrate the results to get

1

2

d

dt

∫ ( 1

U Φ2
ξξ + Ψ 2

ξξ

)
dξ − 1

2

∫ ( 1

U
)

t
Φ2

ξξ dξ +
∫ [( 1

U
)

ξξ
Φt + 2

( 1

U
)

ξ
Φtξ

]
Φξξdξ

= D

∫ ( 1

U Φξξ

)
ξξ

Φξξ dξ +
∫ ( s + V

U Φξ

)
ξξ

Φξξ dξ +
∫ ( 1

U ΦξΨξ

)
ξξ

Φξξ dξ

+
∫ ( 1

U P1

)
ξξ

Φξξ dξ +
∫

P2ξξΨξξ dξ.

(3.59)

Integrating it by parts, we can rewrite the first term on the right hand of (3.59) as follows:

D

∫ ( 1

U Φξξ

)
ξξ

Φξξ dξ = D

∫ [( 1

U
)

ξξ
Φ2

ξξ + 2
( 1

U
)

ξ
ΦξξΦξξξ + 1

U ΦξξΦξξξξ

]
dξ

= D

∫ [( 1

U
)

ξξ
Φ2

ξξ −
( 1

U
)

ξξ
Φ2

ξξ −
( 1

U
)

ξ
ΦξξΦξξξ − 1

U Φ2
ξξξ

]
dξ

= D

2

∫ ( 1

U
)

ξξ
Φ2

ξξ dξ − D

∫
1

U Φ2
ξξξ dξ.

(3.60)
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Similarly, we can derive that

∫ ( s + V
U Φξ

)
ξξ

Φξξ dξ =
∫ [( s + V

U
)

ξξ
ΦξΦξξ + 2

( s + V
U

)
ξ
Φ2

ξξ + s + V
U ΦξξΦξξξ

]
dξ

=
∫ [

− 1

2

( s + V
U

)
ξξξ

Φ2
ξ + 2

( s + V
U

)
ξ
Φ2

ξξ − 1

2

( s + V
U

)
ξ
Φ2

ξξ

]
dξ

= −1

2

∫ ( s + V
U

)
ξξξ

Φ2
ξ dξ + 3

2

∫ ( s + V
U

)
ξ
Φ2

ξξ dξ.

(3.61)
Then we substitute (3.60) and (3.61) into (3.59) to obtain

1

2

d

dt

∫ ( 1

U Φ2
ξξ + Ψ 2

ξξ

)
dξ + D

∫
1

U Φ2
ξξξ dξ

= −
∫ [( 1

U
)

ξξ
Φt + 2

( 1

U
)

ξ
Φtξ

]
Φξξdξ − 1

2

∫ ( s + V
U

)
ξξξ

Φ2
ξ dξ

+
∫ [D

2

( 1

U
)

ξξ
+ 3

2

( s + V
U

)
ξ
+ 1

2

( 1

U
)

t

]
Φ2

ξξ dξ

+
∫ ( 1

U P1

)
ξξ

Φξξ dξ +
∫

P2ξξΨξξ dξ +
∫ ( 1

U ΦξΨξ

)
ξξ

Φξξ dξ

= J1 +
∫

N1Φ
2
ξ dξ +

∫
N2Φ

2
ξξ dξ +

∫ [(
1

U

)
ξξ

P1 + 2

(
1

U

)
ξ

P1ξ + P1ξξ

U

]
Φξξdξ

+
∫

P2ξξΨξξ dξ +
∫ ( 1

U ΦξΨξ

)
ξξ

Φξξ dξ,

(3.62)

where

N1 = −1

2

( s + V
U

)
ξξξ

and N2 = D

2

( 1

U
)

ξξ
+ 3

2

( s + V
U

)
ξ
+ 1

2

( 1

U
)

t
.

Using the first equation of (3.7), we estimate the term J1 as follows:

J1 = −
∫ [( 1

U
)

ξξ
Φt + 2

( 1

U
)

ξ
Φtξ

]
Φξξdξ

= − 2
∫

(s + V)
( 1

U
)

ξ
Φ2

ξξ dξ −
∫ [(

s + V
)(

1

U

)
ξξ

+ 2
( 1

U
)

ξ
Vξ

]
ΦξΦξξdξ

−
∫

1

U
( 1

U
)

ξξ
ΨξΦξξdξ + 2

∫
1

U
( 1

U
)

ξ
ΨξΦξξξ dξ −

∫ ( 1

U
)

ξξ
ΦξΨξΦξξ dξ

− 2
∫ ( 1

U
)

ξ
(ΦξΨξ )ξΦξξ dξ −

∫ ( 1

U
)

ξξ
P1Φξξdξ − 2

∫ ( 1

U
)

ξ
P1ξΦξξ dξ,

which substituted into (3.62) gives
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1

2

d

dt

∫ (Φ2
ξξ

U + Ψ 2
ξξ

)
dξ + D

∫
Φ2

ξξξ

U dξ

=
∫

N1Φ
2
ξ dξ +

∫
N3Φ

2
ξξ dξ +

∫
N4ΦξΦξξdξ +

∫
N5ΨξΦξξdξ − 2

∫ Uξ

U3 ΨξΦξξξ dξ

+
∫

P1ξξ

U
Φξξdξ +

∫
P2ξξΨξξ dξ

+
∫ ( 1

U ΦξΨξ

)
ξξ

Φξξ dξ −
∫ ( 1

U
)

ξξ
ΦξΨξΦξξ dξ − 2

∫ ( 1

U
)

ξ
(ΦξΨξ )ξΦξξ dξ,

(3.63)
where

N3 = N2 − 2(s + V)
( 1

U
)

ξ
, N4 = −

(
s + V

)(
1

U

)
ξξ

+ 2
( 1

U
)

ξ
Vξ and N5 = − 1

U
( 1

U
)

ξξ
.

Using the boundedness of U , V , 1
U and their derivatives Uξ , Ut , Vξ , Uξξ , Uξξξ and Vξξξ , and 

hence Ni (i = 1, 2 · · · , 5) are bounded, which entails us to find a constant C > 0 such that

∫
N1Φ

2
ξ dξ +

∫
N3Φ

2
ξξ dξ +

∫
N4ΦξΦξξdξ +

∫
N5ΨξΦξξdξ − 2

∫ Uξ

U3
d25Tjα)F4 1 TfσF4 1 Tfα1.3045  TcDα0 TcαC.9626 399.972 4.000 0 TDα(2)Tjα)F8 1 fα1.3045 8653 TDα(ψ)Tjα) 9.9626 333.948 5126 82.434 348.456 Tmα(Φ)Tjα)1089 0059626 0 0 9.9627.5716 149.718 352.578 Tm124
∩
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∫ ( 1

U ΦξΨξ

)
ξξ

Φξξ dξ −
∫ ( 1

U
)

ξξ
ΦξΨξΦξξdξ − 2

∫ ( 1

U
)

ξ
(ΦξΨξ )ξΦξξ dξ

= −
∫ ( 1

U ΦξΨξ

)
ξ
Φξξξ dξ −

∫ ( 1

U
)

ξξ
ΦξΨξΦξξdξ − 2

∫ ( 1

U
)

ξ
(ΦξΨξ )ξΦξξ dξ

= −
∫ ( 1

U
)

ξ
(ΦξΨξ )ξΦξξ dξ −

∫
1

U (ΦξΨξ )ξΦξξξ dξ

=
∫ Uξ

U2

(
ΦξξΨξ + ΦξΨξξ

)
Φξξdξ −

∫
1

U
(
ΦξξΨξ + ΦξΨξξ

)
Φξξξ dξ

≤ C

∫ (|ΦξξΨξ | + |ΦξΨξξ |
) |Φξξ |dξ + C

∫ (|ΦξξΨξ | + |ΦξΨξξ |
) |Φξξξ |dξ.

(3.66)

Substituting (3.64)-(3.66) into (3.63), then integrating the results with t and using the facts 0 <
u+
2 ≤ U ≤ 3u−

2 and (3.37), we obtain

‖Φξξ‖2
L2 + ‖Ψ 2

ξξ‖2
L2 + D

t∫
0

‖Φξξξ‖L2dτ

≤ C(‖Φ0ξξ‖2
L2 + ‖Ψ0ξξ‖2

L2) + C

t∫
0

(‖Φξ‖2
H 1 + ‖Ψξ‖2

L2)dτ

+ C

t∫
0

εe−ατ (‖Φξξ‖2
L2 + ‖Ψξξ‖2

L2 + 1)dτ

+ C

t∫
0

∫
(|ΦξξΨξ | + |ΦξΨξξ |)(|Φξξ | + |Φξξξ |)dξdτ

≤ C
(
‖(Φ0,Ψ0)‖2

H 2 + ε
)

+ ε sup
τ∈[0,t]

(‖Φξξ‖2
L2 + ‖Ψξξ‖2

L2)

+ C

t∫
0

∫ (
|Φ| + |Φξ | + |Ψξ | + |Φξξ |

)
|ΦξΨξ |dξdτ

+ C

t∫
0

∫
(|ΦξξΨξ | + |ΦξΨξξ |)(|Φξξ | + |Φξξξ |)dξdτ.

(3.67)

Letting ε small and then combining (3.67) and (3.37), one has

‖(Φ,Ψ )‖2
H 2 + D

t∫
‖Φξ‖2

H 2dτ +
t∫
‖Ψξ‖2

L2dτ
0 0
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≤ C
(
‖(Φ0,Ψ0)‖2

H 2 + ε
)

+ C

t∫
0

∫
(|Φ| + |Φξ | + |Ψξ | + |Φξξ |)|ΦξΨξ |dξdτ

+C

t∫
0

∫
(|ΦξξΨξ | + |ΦξΨξξ |)(|Φξξ | + |Φξξξ |)dξdτ. (3.68)

At last, we shall estimate the term 
∫ t

0

∫
Ψ 2

ξξ dξdτ to complete the proof of this lemma. To this 
end, we multiply the first (3.7) by Ψξξξ and integrate the result by parts to get

∫
ΦtΨξξξ dξ =D

∫
ΦξξΨξξξ dξ +

∫
(s + V)ΦξΨξξξ dξ +

∫
ΦξΨξΨξξξ dξ

+
∫

UΨξΨξξξ dξ +
∫

P1Ψξξξ dξ

= −
∫

UΨ 2
ξξ dξ −

∫ (
DΦξξξ + VΦξξ + VξΦξ + UξΨξ

)
Ψξξdξ

−
∫

ΨξΦξξΨξξ dξ −
∫

ΦξΨ
2
ξξ dξ −

∫
P1ξΨξξ dξ.

(3.69)

On the other hand, using the second equation of (3.7), we have

∫
ΦtΨξξξ dξ =

∫
(ΦΨξξξ )t dξ −

∫
ΦΨtξξξ dξ

=
∫

(ΦΨξξξ )t dξ − s

∫
ΦΨξξξξ dξ −

∫
ΦΦξξξξ dξ −

∫
ΦP2ξξξ dξ

= d

dt

∫
ΦΨξξξ dξ − s

∫
ΦξξΨξξ dξ −

∫
Φ2

ξξ dξ −
∫

P2ξΦξξ dξ.

(3.70)

The combination of (3.69) and (3.70) gives

∫
UΨ 2

ξξ dξ = − d

dt

∫
ΦΨξξξ dξ + s

∫
ΦξξΨξξ dξ +

∫
Φ2

ξξ dξ

−
∫ (

DΦξξξ + VΦξξ + VξΦξ + UξΨξ

)
Ψξξdξ

+
∫

P2ξΦξξ dξ −
∫

P1ξΨξξ dξ −
∫

ΨξΦξξΨξξ dξ −
∫

ΦξΨ
2
ξξ dξ.

(3.71)

Then integrating (3.71) over (0, t), and using the fact 0 < u+ ≤ U , we obtain
2
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u+
2

t∫
0

∫
Ψ 2

ξξ dξdτ ≤
t∫

0

∫
UΨ 2

ξξ dξdτ

= −
∫

ΦΨξξξ dξ +
∫

Φ0Ψ0ξξξ dξ + s

t∫
0

∫
ΦξξΨξξ dξdτ +

t∫
0

∫
Φ2

ξξ dξdτ

−
t∫

0

∫ (
DΦξξξ + VΦξξ + VξΦξ + UξΨξ

)
Ψξξdξdτ

+
t∫

0

∫
P2ξΦξξ dξdτ −

t∫
0

∫
P1ξΨξξ dξdτ

−
t∫

0

∫
ΨξΦξξΨξξ dξdτ −

t∫
0

∫
ΦξΨ

2
ξξ dξdτ

≤‖Φξ‖L2‖Ψξξ‖L2 + ‖Φ0ξ‖L2‖Ψ0ξξ‖L2 + u+
4

t∫
0

‖Ψξξ‖2
L2dτ

+ C

t∫
0

‖Φξ‖2
H 2dτ + C

t∫
0

(
‖P1ξ‖2

L2 + ‖P2ξ‖2
L2

)
dτ

+
t∫

0

∫
|ΨξΦξξΨξξ |dξdτ +

t∫
0

∫
|Φξ |Ψ 2

ξξ dξdτ,

which together with (3.68) and Lemma 3.6, gives

t∫
0

∫
Ψ 2

ξξ dξdτ ≤C
(
‖(Φ0,Ψ0)‖2

H 2 + ε
)

+ C

t∫
0

∫
(|Φ| + |Φξ | + |Ψξ | + |Φξξ |)|ΦξΨξ |dξdτ

+ C

t∫
0

∫
(|ΦξξΨξ | + |ΦξΨξξ |)(|Φξξ | + |Ψξξ | + |Φξξξ |)dξdτ.

(3.72)

Then combining (3.72) and (3.68), we obtain (3.57) directly. Then we complete the proof of 
Lemma 3.9. �

Since Theorem 3.1 is a direct consequence of the combination of Proposition 3.3 and Propo-
sition 3.4. Hence, we only need to prove Proposition 3.4.
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Proof of Proposition 3.4. Using (3.9) and the Sobolev embedding theorems, we have that

t∫
0

∫
(|Φ| + |Φξ | + |Ψξ | + |Φξξ |)|ΦξΨξ |dξdτ

≤ C sup
τ∈[0,t]

(‖Φ‖L∞ + ‖Φξ‖L∞ + ‖Ψξ‖L∞)

t∫
0

(‖Φξ‖2
H 1 + ‖Ψξ‖2

L2)dτ

≤ CN(t)

t∫
0

(‖Φξ‖2
H 1 + ‖Ψξ‖2

L2)dτ.

(3.73)

Similarly, we can derive that

t∫
0

∫
(|ΦξξΨξ | + |ΦξΨξξ |)(|Φξξ | + |Φξξξ | + |Ψξξ |)dξdτ

≤ C sup
τ∈[0,t]

(‖Φξ‖L∞ + ‖Ψξ‖L∞)

t∫
0

(‖Φξ‖2
H 2 + ‖Ψξ‖2

H 1)dτ

≤ CN(t)

t∫
0

(‖Φξ‖2
H 2 + ‖Ψξ‖2

H 1)dτ.

(3.74)

Then substituting (3.73) and (3.74) into (3.57), and using the definition of N(t) again, we obtain

N2(t) +
t∫

0

‖Φξ‖2
H 2dτ +

t∫
0

‖Ψξ‖2
H 1dτ ≤ C

(
N2(0) + ε

)
+ CN(t)

t∫
0

(
‖Φξ‖2

H 2 + ‖Ψξ‖2
H 1

)
dτ.

Let N(t) ≤ 1
2C

, it follows that

N2(t) +
t∫

0

‖Φξ(·, t)‖2
H 2dτ +

t∫
0

‖Ψξ(·, t)‖2
H 1dτ ≤ C

(
N2(0) + ε

)
,

which gives (3.10). Then we complete the proof of Proposition 3.4. �
4. Appendix

In this section, we give some details of proof for Lemma 2.1, Lemma 3.5 and Lemma 3.6.

Proof of Lemma 2.1. The local existence of solution can be proved by the standard contraction 
mapping theorem, we only give the a priori estimates of solutions for simplicity.
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Using the notation T = (0, π) and letting φ = u − ū, ψ = v − v̄ with f̄ = 1
π

∫
T f dx, then it 

follows that ∫
T

φ(x, t)dx =
∫
T

ψ(x, t)dx = 0 for all t ≥ 0.

Moreover, substituting φ = u − ū and ψ = v − v̄ into (1.1), one has

{
φt = (φψ)x + v̄φx + ūψx + Dφxx,

ψt = φx.
(4.1)

Next, we shall prove the main results by L2-energy estimates under the a priori assumptions that

‖(φ,ψ)(·, t)‖H 3(T ) ≤ δ, (4.2)

where the positive constant δ is small enough.
Then multiplying the first equation of (4.1) by φ and the second equation of (4.1) by ūψ , 

integrating the results with respect to x, we then add them to obtain

1

2

d

dt

∫
T

(φ2 + ūψ2)dx + D

∫
T

φ2
xdx =

∫
T

(φψ)xφdx. (4.3)

On the other hand, we can multiply the first equation of (4.1) by ψx and use the second equation 
of (4.1) to obtain

φtψx = (φψ)xψx + v̄φxψx + ūψ2
x + Dψxψtx. (4.4)

Integrating (4.4) with respect to x, we have

D

2

d

dt

∫
T

ψ2
x dx + ū

∫
T

ψ2
x dx =

∫
T

φtψxdx −
∫
T

(φψ)xψxdx − v̄

∫
T

φxψxdx. (4.5)

Noting that φtψx = (φψx)t − φψxt = (φψx)t − φφxx , it follows that

∫
T

φtψxdx = d

dt

∫
T

φψxdx −
∫
T

φφxxdx,

which substituted into (4.5) gives

1

2

d

dt

∫
T

(Dψ2
x − 2φψx)dx + ū

∫
T

ψ2
x dx =

∫
T

φ2
xdx −

∫
T

(φψ)xψxdx − v̄

∫
T

φxψxdx. (4.6)

We multiply (4.3) by M > 0 chosen later, and add the resulting equation to (4.6) to obtain
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1

2

d

dt

∫
T

(Mφ2 + Mūψ2 + Dψ2
x − 2φψx)dx + (DM − 1)

∫
T

φ2
xdx + ū

∫
T

ψ2
x dx

=M

∫
T

(φψ)xφdx −
∫
T

(φψ)xψxdx − v̄

∫
T

φxψxdx.

(4.7)

Using Hölder’s inequality and the Poincaré inequality, and noting (4.2), one has

M

∫
T

(φψ)xφdx =M

∫
T

φ2ψxdx + M

∫
T

φψφxdx

≤M‖φ‖L∞(T )‖φ‖L2(T )‖ψx‖L2(T ) + M‖φ‖L∞(T )‖ψ‖L2(T )‖φx‖L2(T )

≤δMcp‖ψx‖L2(T )‖φx‖L2(T )

≤ ū

4
‖ψx‖2

L2(T )
+ δ2M2c2

p

ū
‖φx‖2

L2(T )
.

(4.8)

Using Hölder’s inequality, Young’s inequality and (4.2), we have

−
∫
T

(φψ)xψxdx − v̄

∫
T

φxψxdx

≤ ‖φ‖L∞(T )‖ψx‖2
L2(T )

+ ‖ψ‖L∞(T )‖φx‖L2(T )‖ψx‖L2(T ) + v̄‖φx‖L2(T )‖ψx‖L2

≤ δ‖ψx‖2
L2(T )

+ ū

4
‖ψx‖2

L2(T )
+ 2(δ2 + v̄2)

ū
‖φx‖2

L2(T )
.

(4.9)

Then substituting (4.8) and (4.9) into (4.7), it holds that

1

2

d

dt

∫
T

(Mφ2 + Mūψ2 + Dψ2
x − 2φψx)dx

+
(

DM−δ2M2c2
p

ū
− 2δ2

ū
− 2v̄2

ū
− 1

)∫
T

φ2
xdx +

(
ū

2
− δ

)∫
T

ψ2
x dx ≤ 0.

(4.10)

Moreover, multiplying the first equation of (4.1) by −φxx

ū
, and the second equation of (4.1) by 

−ψxx , adding them and integrating it by parts, we end up with

1

2

d

dt

∫
T

(
φ2

x

ū
+ ψ2

x

)
dx + D

ū

∫
T

φ2
xxdx

= − 1

ū

∫
T

φψxφxxdx − 1

ū

∫
T

ψφxφxxdx

≤ 1 ‖φ‖L∞(T )‖ψx‖L2(T )‖φxx‖L2 + 1‖ψ‖L∞(T )‖φx‖L2(T )‖φxx‖L2(T )

ū ū
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≤ δ

ū
(‖ψx‖L2(T ) + ‖φx‖L2(T ))‖φxx‖L2(T )

≤ D

ū
‖φxx‖2

L2(T )
+ δ2

2Dū
(‖ψx‖2

L2(T )
+ ‖φx‖2

L2(T )
),

which yields

1

2

d

dt

∫
T

(
φ2

x

ū
+ ψ2

x

)
dx ≤ δ2

2Dū
(‖ψx‖2

L2(T )
+ ‖φx‖2

L2(T )
). (4.11)

Substituting (4.11) into (4.10), one obtains

1

2

d

dt

∫
T

(
Mφ2 + Mūψ2 + (D + 1)ψ2

x + φ2
x

ū
− 2φψx

)
dx

+
(

DM−δ2M2c2
p

ū
− 2δ2

ū
− 2v̄2

ū
− δ2

2Dū
− 1

)∫
T

φ2
xdx +

(
ū

2
− δ − δ2

2Dū

)∫
T

ψ2
x dx ≤ 0.

(4.12)
Then we can choose M large enough and δ small enough to find two positive constants α1 and 
α2 such that

DM−δ2M2c2
p

ū
− 2δ2

ū
− 2v̄2

ū
− δ2

2Dū
− 1 ≥ α1 > 0 and

ū

2
− δ − δ2

2Dū
≥ α2 > 0,

and hence (4.12) can be written as

d

dt
H(t) + α1‖φx‖2

L2(T )
+ α2‖ψx‖2

L2(T )
≤ 0, (4.13)

where

H(t) = 1

2

∫
T

(
Mφ2 + Mūψ2 + (D + 1)ψ2

x + φ2
x

ū
− 2φψx

)
dx. (4.14)

Using Young’s inequality and the Poincaré inequality, we can show that

H(t) ≤ M

2

∫
T

φ2dx + Mū

2

∫
T

ψ2dx + D + 1

2

∫
T

ψ2
x + 1

2ū

∫
φ2

xdx +
∫
T

|φψx |dx

≤ M + 1

2
‖φ‖2

L2(T )
+ Mū

2
‖ψ‖2

L2(T )
+ D + 2

2
‖ψx‖2

L2(T )
+ 1

2ū
‖φx‖2

L2(T )

≤ (M + 1)ūcp + 1

2ū
‖φx‖2

L2(T )
+ Mūcp + D + 2

2
‖ψx‖2

L2(T )
,

which implies that there exists a positive constant α3 > 0 such that
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α1‖φx‖2
L2(T )

+ α2‖ψx‖2
L2(T )

≥ α3H(t). (4.15)

Then substituting (4.15) into (4.13), we obtain

d

dt
H(t) + α3H(t) ≤ 0,

which gives

H(t) ≤ H(0)e−α3t ≤ C(‖φ0‖2
H 1(T )

+ ‖ψ0‖2
H 1(T )

)e−α3t . (4.16)

On the other hand, using the definition of H(t) in (4.14), we can choose M > 1 such that

H(t) = (M − 1)

2

∫
T

φ2 + Mū

2

∫
T

ψ2 + D

2

∫
T

ψ2
x dx + 1

2ū

∫
T

φ2
x + 1

2

∫
T

(ψx − φ)2

≥ C(‖φ‖2
H 1(T )

+ ‖ψ‖2
H 1(T )

).

(4.17)

Then the combination of (4.16) and (4.17) gives

‖(φ,ψ)‖H 1(T ) ≤ C‖(φ0,ψ0)‖H 1(T )e
−αt .

Using the similar arguments, we can obtain the higher estimates as follows

‖(φ,ψ)‖H 3(T ) ≤ C‖(φ0,ψ0)‖H 3(T )e
−αt = Cεe−αt , (4.18)

with ε := ‖(φ0, ψ0)‖H 3(T ). Taking ε small enough such that Cε < δ
2 , then from (4.18) we can 

derive that ‖(φ, ψ)‖H 3(T ) < δ
2 , and hence the a priori assumption (4.2) can be closed. Then the 

proof of Lemma 2.1 is completed. �
Proof of Lemma 3.5. It follows from (2.24) that

0 <
u+
2

< U+(ξ, t) <
u+ + u−

2
< U−(ξ, t) <

3u− − u+
2

for all ξ ∈R, t > 0. (4.19)

Then using the definition of U(ξ, t) in (3.2), and noting the fact that 0 < g < 1, one has

U+(ξ, t) < U(ξ, t) < U−(ξ, t),

which, together with (4.19), gives (3.15). Similarly, we can get the boundedness of V .
Next, we shall show the boundedness of the derivatives of U and V . In fact, from (3.2) one 

has

Uξ (ξ, t) = U−
ξ (1 − gX (t)) + U+

ξ gX (t) + (U+ − U−)g′
X (t), (4.20)

where
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g′
X (t) =

(UX (t) − u−
u+ − u−

)′ = U ′
X (t)

u+ − u−
= U ′(ξ −X (t))

u+ − u−
.

From Lemma 1.1, we know U ′(ξ − X (t)) is bounded and hence g′
X (t)

is bounded. More-

over, from Lemma 2.1, we can derive that U±
ξ are bounded, which together with the facts 

0 < gX (t) < 1 and (4.19) implies the boundedness of Uξ . Using the similar arguments, we can 
get the boundedness of Vξ , Uξξ , Uξξξ and Vξξξ .

Next, we shall show (3.16) holds. In fact, using (4.20), we can derive from Lemma 2.1 and 
Lemma 2.4 that

‖Uξ − U ′
X∞‖L∞ ≤‖Uξ − U ′

X (t)‖L∞ + ‖U ′
X (t) − U ′

X∞‖L∞

=‖U−
ξ (1 − gX (t)) + U+

ξ gX (t) + (U+ − U−)g′
X (t) − (u+ − u−)g′

X (t)‖L∞

+ ‖(u+ − u−)g′
X (t) − (u+ − u−)g′

X∞‖L∞

≤C
(
‖U−

ξ ‖L∞ + ‖U+
ξ ‖L∞ + ‖U− − u−‖L∞ + ‖U+ − u+‖L∞

)
+ C‖X (t) −X∞‖L∞

≤Cεe−αt .
(4.21)

Similarly, it holds

‖Vξ − V ′
Y∞‖L∞ ≤ Cεe−αt . (4.22)

Then the combination of (4.21) and (4.22) gives (3.16).
At last, we prove (3.17) to complete the proof of this lemma. In fact, since U− is the solution 

of (3.1) with periodic initial data, we can derive from Lemma 2.1 that

‖U−
t ‖L∞ = ‖sU−

ξ + (U−V −)ξ + DU−
ξξ‖L∞

≤ (s + ‖V −‖L∞)‖U−
ξ ‖L∞ + ‖U−‖L∞‖V −

ξ ‖L∞ + D‖U−
ξξ‖L∞

≤ Cεe−αt .

(4.23)

Similarly, it holds

‖U+
t ‖L∞ ≤ Cεe−αt . (4.24)

Then using (4.23), (4.24) and Lemma 2.4, one can derive that

‖Ut‖L∞ = ‖Ut
−(1 − gX (t)) + U−g′

X (t)X
′(t) + Ut

+gX (t) − U+g′
X (t)X

′(t)‖L∞

≤ C
(
‖U−

t ‖L∞ + ‖U+
t ‖L∞ + |X ′(t)|

)
≤ Cεe−αt ,

which gives (3.17). �
Proof of Lemma 3.6. We shall prove this lemma based on some decay exponentially obtained 
in Lemma 2.1, Lemma 2.4 and Lemma 3.5. We first estimate the term P1. To this end, we shall 
rewrite P1 defined in (3.4) for ξ < 0 as follows:
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+ ]− ∞( 4 . 2 5 )

�(t)+

′(
t
)
)
ξ

∞ V y
−

V

)

g

′

X

(

t

)

�

χ

ψ

−

∞

�

)

g

′

X

(

t

)

P1(ξ, t) = F1(ξ, t) +
ξ∫

−∞
f2(y, t)dy

= UV − U−V − + (U−V − − U+V +)gX (t) + D(U+ − U−)g′
X (t)

+ (s +X ′(t))
ξ∫

−∞
(U+ − U−)g′

X (t)dy

+ D

ξ∫
−∞

(U+
y − U−

y )g′
X (t)dy +

ξ∫
−∞

(U+V + − U−V −)g′
X (t)dy.

(4.25)

From Lemma 2.1(see also Remark 2.3), we know that the periodic solution (U±, V ±) can be 
rewritten as { = U−]=]

ψ+−]−U+−]−ψ−)gX(t)+(s +X∫−∞U+−]−)g′X(t)dyDξ∫−∞U−]
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Using (1.6), we can check that

P−
11 =UX∞VX∞ − u−v− + (u−v− − u+v+)gX (t) + D(u+ − u−)g′

X (t)

+ (u+ − u−)(s +X ′(t))gX (t) + (u+v+ − u−v−)gX (t)

=UX∞VX∞ − u−v− + (u−v− − u+v+)gX (t)

+ D(u+ − u−)g′
X (t) + (u+ − u−)X ′(t)gX (t).

(4.31)

On the other hand, we can use
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Similarly, we can rewrite P1 for ξ > 0 by

P1(ξ, t) = F1(ξ, t) −
+∞∫
ξ

f2(y, t)dy = P+
11(ξ, t) +P+

12(ξ, t)

to obtain

2∑
k=0

+∞∫
0

∣∣∣∂k
ξ P1

∣∣∣2
dξ ≤ 2

2∑
k=0

+∞∫
0

(∣∣∣∂k
ξ P+

11

∣∣∣2 +
∣∣∣∂k

ξ P+
12

∣∣∣2
)

dξ ≤ Cε2e−2αt . (4.35)

Then the combination of (4.34) and (4.35) gives

‖P1(·, t)‖H 2(R) ≤ Cεe−αt . (4.36)

Next, we shall show the decay properties of P2(ξ, t) in (3.4). Similarly, we decompose P2(ξ, t)
for ξ < 0 as follows

P2(ξ, t) =(U+ − U−)(gX (t) − gY(t)) +
ξ∫

−∞
(U+ − U−)g′

Y(t)dy

+ (s +Y ′(t))
ξ∫

−∞
(V + − V −)g′

Y(t)dy

=P−
21(ξ, t) +P−

22(ξ, t),

(4.37)

where

P−
21(ξ, t) =(u+ − u−)(gX (t) − gY(t)) + (u+ − u−)gY(t)

+ (s +Y ′(t))(v+ − v−)gY(t)

(4.38)

and

P−
22(ξ, t) =(φ+ − φ−)(gX (t) − gY(t)) +

ξ∫
−∞

(φ+ − φ−)g′
Y(t)dy

+ (s +Y ′(t))
ξ∫

−∞
(ψ+ − ψ−)g′

Y(t)dy.

(4.39)

Using the second equation of (1.6), we have u+ − u− = −s(v+ − v−), which can use to update 
(4.38) as

P−
21(ξ, t) =(u+ − u−)(gX (t) − gY(t)) + (v+ − v−)Y ′(t)gY(t). (4.40)
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Using Lemma 2.4, we can derive that

|Y(t) −X (t)| + |Y ′(t)| ≤ Cεe−αt . (4.41)

On the other hand, we have
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