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Abstract. We are concerned with the following full Attraction-Repulsion
Keller-Segel (ARKS) system

ug = u—V-(xuVo)+ V- (EuVw), ze ,t>0,

ve = D1 v+ au— P, re ,t>0, )
*

wt = Dy w+ yu — dw, re ,t>0,

u(z,0) = uo(x), v(z,0) =wvo(z),w(,0) =wo(z) w€ ,

in a bounded domain  C R? with smooth boundary subject to homogeneous
Neumann boundary conditions. By constructing an appropriate Lyapunov
functions, we establish the boundedness and asymptotical behavior of solu-
tions to the system () with large initial data (uo,vo,wo) € [WL3( )]3. Pre-
cisely, we show that if the parameters satisfy % > max g—;, g—f, % %} for
all positive parameters D1, D2, x, &, a, 3, and ¢, the system (x) has a unique
global classical solution (u, v, w), which converges to the constant steady state
(uo, %uo, Zuo) as t — +oo, where ug = Jij J uodz. Furthermore, the decay

rate is exponential if £ > max {%, é}. This paper provides the rst results
X B
on the full ARKS system with unequal chemical di usion rates (i.e. D1 # D3)

in multi-dimensions.

1. Introduction. To describe the aggregation of Microglia in the central nervous
system in Alzhemer’s disease due to the interaction of chemoattractant (i.e. -
amyloid) and chemorepellent (i.e. TNF- ), Luca et al. [21] proposed the following
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attraction-repulsion chemotaxis system

u=Au r (urv)+r (urw); xX2Q; t=>0;
1V = DAV + U V; X280, t=>0;
oWy =DoAW+ U w; x2Q;,t=>0; (1)
Gu — gv — Ju X2 0Q; t=>0;

u(x;0) = up(x); 1v(X;0) = 1vo(X); 2W(X;0) = owp(X); X2 Q;

where ) is a bounded domain in R™ with smooth boundary @ and denotes
the outward normal vector of @€2. The density of Microglia cells is denoted by
u(x; t), while v(x;t) and w(x;t) denote the concentration of chemoattractant and
chemorepllent, respectively. The model (1) can also be regarded as a particularized
model proposed in [23] to model the quorum sensing effect in chemotaxis.

When = 0, the variable w can be decoupled from the system (1), where the
variables U and Vv satisfy the classical attractive Keller-Segel (KS) system

{utAu r (urv); x2Q; t=>0; @)

v = D;Av+ U vV, X2Q;t=>0:

The KS model (2) has been extensively studied in the past four decades in various
perspectives and massive results are available (cf. survey articles [6, 1] and references
therein). One of the mostly studied topics for the KS model (2) is the boundedness
and blowup of solutions in two or higher dimensions [22, 30, 7] based on the following
Lyapunov function:

El(u;v):/ulnu /uv+—/v2+&/jrvj2:
Q 0 2 Ja 2 Ja

If =0, the variable v can be decoupled and (u;w) satisfies the following repulsive
Keller-Segel model

{ut:Aqu r (urw); x2Q; t=0; 3)

w; = DoAw + U w, X2Q; t>0:

Compared to the attractive KS model (2), the results on the repulsive KS model
(3) are much less. The global existence of classical solutions in two dimensions
and weak solutions in three or four dimensions were established in [4] based on the
following Lyapunov function

EQ(u;w):/ulnqui/jer
Q 2 Q

which is difference from the one for the attractive KS model. A further investigation
on the repulsive KS model was made in [26].

Roughly speaking, the attraction-repulsion Keller-Segel model (1) can be re-
garded as a superposition of the attractive and repulsive KS models. Hence one
may expect the ARKS model should behave more or less the same as the attractive
or repulsive models. However it is not straightforward to justify this suspicion due
to the interaction between attraction and repulsion. In particular, as we recalled
above, the understanding of the attractive and repulsive KS models heavily rely on
the finding of Lyapunov functions. Therefore to have a comprehensive understand-
ing for the ARKS model, finding appropriate Lyapunov function is indispensable.
This is by no means an easy work for a strongly coupled cross-diffusion system of
PDEs like ARKS model. A sequence of works thus have been stimulated to reveal
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the mystery underlying the model gradually. The first such progress was made by
Tao and Wang [27] who found that the solution behavior of the ARKS model was
essentially determined by the sign of

1= ;

which is an index measuring the competition between attraction and repulsion.
More precisely, they showed that if D; = Dy = 1 and ; = 2 = 0, the ARKS
system (1) has a unique classical solution with uniform-in-time bound if ; 0 (i.e.
repulsion dominates or cancels attraction) in higher dimensions (N 2). The main
idea of [27] was a transformation S= w v which may significantly simplify the
system and has become a major source for many of subsequent researches on the
ARKS model. For the opposite case 1 < 0 (i.e. attraction dominates repulsion),
it was shown that the solution of system (5) may blow up in finite time if initial
mass is large [5, 14] and exist globally for small initial mass [5] in two dimensions.
If 1 =1and =0, Jin and Wang [11] constructed a Lyapunov function

E3(u;v;w):/ulnu /uv—i-—/v2
Q Q 2 Q

Dl - -2 2 D2/ )
- rv — W - rwj=;

to establish the global existence of uniformly-in-time bounded classical solutions in
two dimensions for large initial data if ; 0. Conversely if ; < 0, they showed
there exists a critical mass m, such that the solution blows up if fQ Up > m, and
globally exists if [, Up < m.,.

If the three equations of the ARKS model (1) are all parabolic (i.e. | = 2 =1),
it is much harder to study and much less results are available. We recall the known
results below. In one dimension, the global existence of classical solutions, non-
trivial stationary state, asymptotic behavior and pattern formation of the system
(1) have been studied in [10, 19, 20]. In two dimensions, when D; = Dy, it was
shown in [27] that global classical solutions exist for large data if = and for
small data if 6 when ; 0 (i.e. repulsion dominates or cancels attraction).
Subsequently the global existence of large-data solutions was extended to the case

6 in [8, 18]. Moreover, for & , when cell mass is small, it was shown that the
global classical solution will exponentially converge to the unique constant steady
state (Oo; $0o; 20o) with Oy = ﬁfﬁ Up in [15, 16], which was further elaborated

B
by assuming

4 4 ( Op+1)
DETCE™ TE O P e
in [17] wherein the convergence rate was, however, not given. Whether or not the
same results holds for large initial data in multi-dimensions still remains unknown.
Part of above-mentioned results have been extended to the multi-dimensional whole
space in [9, 25]. We should underline that all existing results in two or higher
dimensions recalled above for the case | = 5 = 1 are essentially based on the
assumption D; = Dy so that the idea of making a change of variable s = w v
introduced in [27] can be employed. To the best of our knowledge, no result for the
case 1 = 9 = 1 and D; & Ds has been available to (1) in multi-dimensions to
date. It is the purpose of this paper to exploit this challenging case and contribute

(4)
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some results, where the corresponding ARKS model (1) reads as

u=Au r (urv)+r (urw); X2Q; t=>0;
v, = D;AV+ U V; X280, t>0;
w; = D Aw + U w; X280, t>0;
%:%:%@520; X20Q; t=>0;

u(x;
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Hence to show the global existence of classical solutions in two dimensions, we only
need to prove (8). When D; = Dy and 1 > 0, using the transformations = w v
as in [27], one can derive the following entropy inequality (cf. [18, 8])

d 1 - jruiz Dy (... -
— 1u+—/ r52>+/ +—/ A52+—/ rsiZ co; (9
dt(/Q " 2, QJ ) Q u 2, QJ ) 1 QJ ) 2 (9)

which can be used to derive (8) and hence the boundedness of solutions.

However, when D; & D, the transformation idea fails to work. Luckily, we are
able to find a different Lyapunov function E(u;Vv;w) (see the definition in (31)) for
the system (5) under the condition (6), which satisfies

%E(u;v;w)+F(u;v;w) =0; (10)

where F (u;v;w) is defined by (32). We remark that the form of E(u;v;w) is quite
different from the one (9) for D; = Ds. To prove E(u;Vv;w) is a Laypunov function,
we organize the estimates into a quadratic form which is the new idea developed in
the paper. Then using (10), we show that under the condition (6), there exists a

constant ¢3 = 0 such that kulnuky: +krvk;2 +krwk;2 ¢3 and fot Jo W:Iz C3
(see Lemma 4.1 for details). The former estimate leads to the boundedness of
solutions in two dimensions and the later estimate gives the convergence properties
of u. The convergence of v and W can be derived by the parabolic comparison
principle. To study the decay rate, we first show that there exists a constant >0

such that

E(u;v;w)  F(uv;w);

which together with (10) gives E(u;v;w)  E(Up; Vo; Wo)eﬂth. Using the definition
of E(u;v;w) and noting the fact ku 0Okz: 20 fQ uln % in Lemma 2.1, the expo-
nential decay of ku 0OKp: under the condition (6) is obtained. Then using the ideas
in [27] or [15], we derive the decay rate of ku  OKpe and hence the exponential
decay rate of kv %UokLoe and kw  T0oKpe.

In the end of this section, we remark that Theorem 1.1 only present some first-
hand results on the full ARKS model for D; 6 D> under the parameter regime
given in (6) and leave out many interesting questions due to technical difficulty.
For example, whether the condition (6) is necessary for global existence of solutions
and how solutions behave (in particular whether solutions blow up) if the condition
(6) fails remain unsolved in our paper. We hope our studies in this paper will
provide useful clues to further explore the ARKS model in future.

2. Some basic inequalities. In what follows, without confusion, we shall abbre-
viate [, fdx as [, F for simplicity. Moreover, we shall use ¢;(i = 1;2;3; ) to
denote a generic constant which may vary in the context. For reader’s convenience,
we present some known inequalities for later use.

Lemma 2.1. Suppose that f(x;t) is a positive function on (x;t) 2 Q (0; ).

De ned f = 5 [, T, then it has that

1 _ f 1 _
0 Skf k2, /Qfln? K ki, (11)
Proof. Using the Csiszér-Kullback-Pinsker inequality (see [3] ), one has

/Qfln:_ 2if_kf k3. (12)
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On the other hand, choosing = % and using the fact that In +1 ( 1)?
for 0, it holds that

f _[|f f 1 _
fln- f[ |2 1+(2 1) |=2kf fki.: 1
frmg ff, [f (7 1) ] T "
Then the combination of (12) and (13) gives (11). O

Lemma 2.2. Let Q) be a bounded domain in R? with smooth boundary. Then, for
any ~ 2 W32(Q) satisfying %jm =0, there exists a positive constant C depending
only on €2 such that

KA'kzs  CKIFATKLKIF7KE, +kir7kps): (14)
Proof. Using Gagliardo-Nirenberg inequality, we have
KA"Kps =k r7kps  kDr kg 6 kD2r”ki,kr ki, + cokir*kpe;  (15)

where jDFr”j = (Zlil:ijir’F)% and i is a multi-index of order. On the other
hand, one can check that

KD?rKkz>  C3kr”kgs: (16)

Moreover, under the homogeneous Neumann boundary condition (i.e., %jaﬁ =0),
it follows from [2, Lemma 1] that Kr kg2 c4KA * kg1 ; which applied to (16) gives

KD?r~Kp>  C3c4KA 7Kg (17)

Note that jA”j2? = r (r”A”) r” rA”. Then using the boundary condition
%jaa = 0 and Holder inequality, we have

KAK2, = / r’ rA” krkpkrAzk.: (18)
Q
Then substituting (17) into (15), and using (18), one derives
2 1
KA”Kys  cs (kA’k;}lkr’kzz n kr’kLz)
—c5 (KIFA™Kp2 + KA7Kp2) 8 K72, + cskir 7kps
1 143 1
¢ (KrA ks + kFATKEkIE 7k}, ) Kk, + cokir ke
Co (2KIFA K2 + kir7k2) S K"k, + cokir ko
CrkIFATKE kK2, + crkir 7k
which yields (14), and hence completes the proof. O
3. Boundedness criterion and Lyapunov function.
3.1. Local existence. The local existence theorem of system (5) can be proved

by the fixed point theorem and maximum principle along the same line as in [27].
Hence we only present the results without proof for brevity.
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Lemma 3.1. Let Q be a bounded domain in R*(n  2) with smooth boundary.
Suppose that 0 (Ug; Vo; Wp) 2 [W12°(Q)]2. Then there exist a T4, 2 (0; 1] such
that the system (5) has a unique solution (u;v;w) of nonnegative functions from
[COQ  [0; Thmaz)) NCZHQ  (0; Tpnaz))]®. Moreover u=>0in Q (0;T,nar) and

if Thae < 1; then ku(;t)k; o ¥ 1 ast % T,,0,: (19)
Furthermore, the cell mass is conservative:
ku(;t)k, . = Kkugk;, : (20)

3.2. Boundedness criterion. To extend the local solutions to global ones, we
derive a boundedness criterion for the solution of system (5). The idea of our proof
is essentially inspired by [1, lemma 3.2] and we present necessary details below for
clarity.

Lemma 3.2. Suppose the conditions in Lemma 3.1 hold. Let (u;v;w) be the solu-
tion of system (5) de ned on its maximal existence time interval [0; T,,,q.). If there
exist p > % and a constant My such that

sup  ku(;tkpr  Mo;
te(07T7774(lm)

then one can nd a constant C > 0 independent of t such that
Ku(;t)kpe +kv(; Ky + kw(;t)kpyre C for all t2 (0; Tpas): (21)
Furthermore, there exists 2 (0;1) such that for all t > 1

kuk C: (22)

C% 3 (Qx[t,t+1])

Proof. Since ku( ;t)kz» My, then applying the parabolic regularity estimates in
[12, Lemma 1] to the second and third equations of system (5) we have

krv(;tkpr + krw(;t)kpr  cq; for all t 2 (0; Thax) (23)
where
. np - : .
o Lasp)h i (24)
[1; 4]; if p>n:

Without loss of generality, we assume that § <p n which yields n”—_’;) >n. Then
we can find a constant r >0 with n <r < 2 such that (23) holds. Now, for each
T 2 (0; Trnaz), we define

M(T) := sup ku(;t)kpe; (25)
te(0,T)

which is finite due to the local existence results in Lemma 3.1. Next, we will estimate
M(T). Fixt2 (0;T) and let tg = (t 1);. Then applying the variation-of-constants
formula to the first equation of system (5), we get

u(;t) —e(—2y( ;g / DA (s (s )

to

i /te(”mr (u(: Jrw(; )d

to
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which implies

t
ku(;tkpe ke®t0)2u(:ty)kpe + /ke(t’T)Ar (u(; Yrv(; )kped

to

b [ ketnap (u(; )rw(; ))kgd (26)

:ll —+ |2 —+ |3:

We first estimate the term I;. If t 1, then tg = 0 and we can use the maximum
principle for the heat equation to obtain

I, = ke*®upkz=  kugk
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At last, from (21) we know that urvand urw are bounded in L*(Q2 (0; 1.)).
Then applying the standard parabolic regularity theory (e.g. see [24, Theorem 1.3]
and [28, Lemma 3.2]) and parabolic Schauder theory [13], we immediately obtain
the estimate (22). Then the proof of Lemma 3.2 is completed. O

3.3. Lyapunov function. As mentioned in Remark 1, we consider the case D; 6
Do or & which implies that ; > 0 from (6). When D; = D5, the boundedness
of solutions shown in Theorem 1.1 has been proved in [27] with = and in
[18, 8] with & by constructing entropy inequality based on an idea of using the
transformation s = w V. However this transformation is no longer helpful for
the case D; & Ds. Hence, we need to find a new way. Here we achieve our results
by constructing a Lyapunov function for the system (5). First, we define

E (u;v;w) ::—l/uhng+—2/jrvj2 /JrWJ /rw rv (31

and
jruj? D oDy
F(u;v;w) ::—1/JruJ + 2 1/]AV] +— /JAWJ /jrvj2
2 Jo u 2 0
+-2 [ jrwi®? (D1 +Ds) [ AwAvV ( + )/ rworv;
2 Ja Q Q
(32)

where | := and 5:= 4+ . Then, we will show that E(u;v;w) is indeed

a Lyapunov function under (6). More precisely, we have the following results.

Lemma 3.3. Let (u;v;w) be the solution of system (5). Then we have

d
aE(uvw)+F(uvw)—O (33)

where E(u; v;w) and F (u; v;w) are de ned by (31) and (32), respectively. Moreover,
if (6) holds, then

E(u;v;w) 0 and F(u;v;w) 0 forall t>0: (34)

Proof. Multiplying the first equation of system (5) by In £, we have

d jruj? .
dt/ula—k/Q u —/Qru rv /Qru rw: (35)

Similarly, we multiply the second and third equations of system (5) by Av and
Aw, respectively, to obtain

lg/jrvj2+D1/jAvj2+ /jrvj2 = /ru rv (36)
2dt J, Q Q Q

/jr'Wj +D2/JAWJ /jrwj2: /ru rw: (37)
th o

Multiplying (35) by 2 362 (36) by ‘92 and (37) by 2 3 and adding them, we end up
with

d 1 2 - -2 1 erj2

and
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D . D . . L. . .
+ 2 1/jAVJQJrg/]AWJQwLL/]l"ijJrL/jl"sz
2 Q 2 Q 2 Ja 2 Q
(38)
= /ru rv+ /ru rw:
Q Q
On the other hand, the second and third equations of system (5) give us that
/ru rv:/ riw,+ w DsAw) rv
Q Q
:/rwt rv+ /rw rv D2/ r(Aw) rv
Q Q Q
:E/ rw rv+/vat+ /rw rv+D2/AWAv
dt Jo Q Q Q
:E/ rw rv+/Aw(D1Av+ u v
+ /rw rv+D2/AwAv
Q Q
d
:—/ rw rv+(D1+D2)/AWAv
+(+)/rwrv /rurw
Q Q
which yields
d
/ru rv-+ /ru rw:—/rw rv+(D1+D2)/AwAv
Q Q dt /g Q (39)

+(+)/Qrw rv.

The combination of (38) and (39) gives (33).
Next, we will show the nonnegative of E(u;v;w) and F (u;v;w) under (6). First,
we rewrite E(u; v;w) in (31) as

E(u;v;w):—lfulnng/@lTAl@l
2 Ja 0 Jg

where ©F denotes the transpose of ©; and

02 1
rv = 3
O, = and A = 45? 922 :
Since 1 >0,onehas 3> 2 ?=4 . This implies the matrix A; is positive
definite and hence there exists a constant ¢; = 0 such that
u . . . .
E(u;v;w) —1/ uln = +¢; / (rvi® +jrwj?) o (40)
2 Jo U 0

where we have used the fact fQ ulnz 0 from Lemma 2.1. Similarly, we rewrite
F(u;v;w) as

| jruj? T T .
F(uv;w) =—— + [ ©3A20: + [ O] A304; (41)
2 o u Q Q
where
AV 0225131 DlJ2rD2 g%ﬁ B;rcs
2=’ A2=| Ditp.  epy | Ad As= | G s | (42)
2 2vx 2 27X
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Clearly, the matrix As is nonnegative definite if

(D1 +D2)?( 3 ?)
4
Similarly, the matrix Az is nonnegative definite under the condition

. (+3 D
2 1 :
Hence, the nonnegativity of the matrices Ay and Ag are satisfied simultaneously if

{4 DD, (D +D2)2( 2 2) 0

ng Do 0:

43  (+)23 D o
which is equivalent to

{ %(Dl D2)2 (Dl + D2)2 %’ (43)

3¢ (+ )2 h

One can check that (43) holds if )% maxf2L; D2 8. %g or £ minfL; D2, 5.

Dz'Dl 4? X« Dg'Dl’E’
%g. However, the latter is impossible due to 1 > 0. Hence, if (6) holds, one has
E(u;v;w) 0and F(u;v;w) 0. The proof of (34) is completed. O

4. Proof of Theorem 1.1. In this section, we are devoted to proving Theorem
1.1 based on the Lyapunov function constructed in Lemma 3.3.

4.1. Boundedness of solutions. In this subsection, we show the boundedness
of solutions for system (5) under the condition (6). First, we give a core lemma
concerning the boundedness and asymptotical behavior of solution for system (5)
in two dimensions.

Lemma 4.1. Suppose that (Ug; Vo; Wo) 2 [W1>°(Q)]* and (6) hold. Then the solu-
tion (u;v;w) of system (5) satis es

kulnuky: +krvkz: + krwky;: C (44)
and ,
oy
/ L MY (45)
o Jao U

where C > 0 is a constant independent of t.

Proof. The nonnegativity of E(u;v;w) and F (u;v;w) has been proved in Lemma
3.3 under the condition (6). Then integrating (33) and using (40) and (41), along
with the nonnegativity of A; and Az, we have two positive constants Cq;Co such
that

u . . . .
L [ um-= +C1/(erj2 +jrwj®)  co; (46)
2 Q u Q
which, together with the fact fQ ulnz 0 from Lemma 2.1, gives
C2

krvky . + krwk?. = cy! (47)

1
On the other hand, from (46), we directly obtain

—L [ ulnu cg+—1ijU1nU Cy;
2 Q 2



3520 HAI-YANG JIN AND ZHI-AN WANG
which, along with the fact ulnu % for allu 0, gives

/julnuj /‘ulnu+1 }’ /(ulnu+1>+/1 2 C4+2J—QJ: (48)
Q Q e e Q e Q€ 1 e

Then the combination of (47) and (48) gives (44). Hence the proof of this lemma
is completed. O

Lemma 4.2. Let the assumptions in Lemma 4.1 hold. Then the solution (u;v;w)
of system (5) satis es

ku(;tk, C (49)
where the constant C > 0 is independent of t.

Proof. Multiplying the first equation of system (5) by u and integrating it by parts,

we have
1d / 9 / .9 / /
—— [ w4 [ jruj? = uru rv uru rw
2dt J, Q Q Q

= —/ u2Av+f/ uAv (50)
2 Jo 2 Jo
c1kuk? s (KAVKs + KAWKps):

Noting the fact kulnukz:  cp and kukz: €3, one can find a small " > 0 such
that , , }

kukZ: = (kuk3:)®  ("kruk?. +1)°  “kruk, + c4; (51)
where we have used the following fact (see [22]): when n = 2, for any " > 0, there
exists a constant C,. such that

kuk;, “kruk?, kulnuk?, + C.(kulnukp: + kuk?,):

On the other hand, noting the facts % bo = % .
boundedness of Krvkyz and Krwkyz (see (44)), from Lemma 2.2, one has

kAvkrs + kKAwkys

= 0 on @ and using the

cg,(krAvk]%jzkrvki2 + krvkzz) +c5(k rAwkikrwk%2 + krwkye) (52)
Co(KIFAVKS, + KIFAWK?, +1):

Then combining (51) and (52), and using Young’s inequality and noting the fact
" > (0 is small, we find a small > 0 such that

c1kuk? s (KAVK s + kAWK 3)
r ("kiruky, +c) (Kravkg, + krawkg, +1)
= c7"kruk§2 (krAvk%2 + krAwki) + cf'kruk%2 (53)
+ c1C7 (krAvk%z + krAwki) + c1C7
%kruk%2 + (KrAvk?, + kKrAwky,) + cs:
Substituting (53) into (50) gives

%/ u®+ [ jrui? 2 (krAvki. +krAwk?.) + co: (54)
Q Q
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Differentiating the second equation of system (5) once, and multiplying the result
by rAv, and then we integrate the product in 2 to obtain

EE/jAvj2+D1/jrAvj2+ /jAvj2

= / rAv ru
Q

D, 2
TKrAVkZL2 + ﬁkrukiz,

which yields

d ] ] . ] ] . 2
— / jAVj? + Dy / jrAvj? +2 / JAV)?  —kruki,: (55)
dt Jg 0 Q D,
Similarly, we have the following estimates for w:
d . ] . ) . . 2
— / jAWj? + Dy / jrAwj? +2 / jAWj?  —kruk?,: (56)
dt Jg 0 0 D
Letting = %, and multiplying (54) by 2 , then adding it with (55) and
(56), we end up with
d

5 (2 kuk?. 4+ KAVK? > + KAWK7») + kruk?.

+ DiKIFAVKZ, + DokirAwkZ, +2 KAVKZ, + 2 KAWK?, (57)
4 (KrAvk?, + krAwk?,) + c:

Letting small such that 4 minfDy; Dyg, one has

d
&t (2 kuk?. 4+ KAVK? > +KAWK? . ) + kruk?.

+2 KAVKZ 2 +2 KAWK?,  Cio:

(58)

On the other hand, using the Gagliardo-Nirenberg inequality and (20), we can show
that

1
kUk%z C11 (kl"UkLz kukLl + kUk2L1) ikrukirz 4+ C1o: (59)

Substituting (59) into (58) and letting y(t) := 2 kuk?, +kAvk?, + kAwk?,, we can
find two positive constants €13 and Ci4 such that

y'(t) +cuzy(t)  cug;
which, along with Gronwall’s inequality gives (49). O
Next, we will show the existence of global classical solutions.

Lemma 4.3. Suppose that the conditions in Lemma 4.1 hold. Then the problem (5)
has a unique global classical solution (u;v;w) 2 [CO([0; L) Q)\C*((0;1) Q)3
satisfying (7).
Proof. From Lemma 4.2, we know that there exists a constant ¢; > 0 such that
ku(;t)kzz  c;. Noting n = 2 and using Lemma 3.2, one has

ku(;t)kpe  Co;

which together with the local existence results in Lemma 3.1 completes the proof
of this lemma. O
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4.2. Convergence. In this subsection, we will show the convergence of solutions.

Lemma 4.4. Let (u;v;w) be the solution of system (5) satisfying (7) and (45).
Then one has

ku(;t) Ookp~ 0 as t ¥ 1A: (60)
Proof. The combination of (7) and (45) implies that there exist a constant ¢; > 0
such that

/ kruki, c: (61)
0

Noting the conservation of cell mass and using the Poincaré inequality, we will
derive

ku(;t) Qok?, =ku(;t) ok?, cokruki,: (62)
Combining (61) and (62), one can find a constant €3 > 0 such that
/ ku( ,t) Uokiz C3. (63)
0

Motivated by the ideas in [28, Lemma 3.10], we next show (63) implies (60). Indeed,
if one can show that

ku(;t) Ookco ¥ 0; as t ¥ 1A; (64)

then (60) follows directly. We shall show (64) by the argument of contradiction.
Suppose that (64) is wrong, then for some constant ¢4 > 0, there exist some se-
quences (Xj)jen 2 and (t;)jen (0; 1) satisfying t; ¥ 1 asj ¥ 1A such
that
ju(x;;t;) Qo C4; forall j2N:

From Lemma 3.2, we know u O is uniformly continuous in Q@ (1; ). Then there
exist r >0 and T; > 0 such than for any j 2 N,

. . C

ju(x;t)  doj 54 for all Xx2B,(x;)\Qand t2 (t;;t; +T;):  (65)
Because of the smoothness of @2, we can get a constant €5 > 0 such that

iBr(X;)\Qj c5 forall x; 2 Q: (66)

Using (65) and (66), for all j 2 N, we have

t;+T1 ti+T1
/ / ju(x;t)  dej*dxdt / / ju(x;t)  doj*dxdt
tj Q tj BT(II:j)QQ

ti+T1 2
. . Cyq
B.(x,)\Qj (=) dt (67)
/tj iB-(x;) 1(2)
CiC5T1_
4

However, by the fact t; ¥ 1 as J ¥ 1, we have from (63) that

tj-‘rTl o0
/ /(u(x;t) Uo)2dxdt / /(u(x;t) Uo)?dxdt ¥ 0;as j ¥ 1;

which contradicts (67). Hence (64) holds by the argument of contradiction. Thus
the proof of Lemma 4.4 is completed. O

Next, we will show the convergence of v and w by the comparison principle.
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Lemma 4.5. Let the conditions in Lemma 4.4 hold. Then it holds that
kv(;t) —Opkpe ¥ 0; as t 1 1,
and
kw(;t) —Ookp~ T 0; as t ¥ 1:
Proof. Let (x;t)=V(X;t) GUo. Then from the second equation of (5), one has

¢+ DA + = (U UOg); X2Qt>0;
9 =0 X2 09;t>0; (68)
(X0) = o(X) =Vvo(X) FUo; X2
Let *(t) be the solution of ODE problem

{;(t)+ “() = Kku Ookpee;t>0;

(0) =k OkLoo: (69)
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In fact, using the definition of E(u;v;w) and F(u;v;w) in (31) and (32), respec-
tively, we derive that

D(u;v;w) = F(u;vsw)  E(u;v;w)

75
( jl"UJ /uln3>+D1(u;v;w)+D2(u;v;W) (75)
where
D1 (u;v;w) ( /JAVJ 2DQ/jij2 (D1+D2)/ Aw Av)
Q Q
and
Da(uiviw) =32 ) [0 ) [ jrwi
T 2 27 Jq 2 2" Jo

+[1 ( + )]/Qrw rv:

To show the nonnegativity of D(u;Vv;w), we first show the nonnegativity of first
term on the right hand of (75). From Lemma 2.1, we have

u 1
uln— —ku ok%,: 76
[umg G o (76)
On the other hand, using (62) and the fact kukp~  ¢1, one derives
1 jruj? jruj?
aku uk?,  cokruki, czkukLoo/QJ uJ clcg/gj uJ :

which combined with (76) gives

S 2 S 2
/Ulng 0102/JrUJ = 1/JI"UJ ;
Q u @ Uu Q u

where 1 = C1Cy. Hence, we can choose 1 such that the first term on the right
hand of (75) is nonnegative.

Next, we will show the nonnegativity of Di(u;v;w). In fact, we can rewrite
D;(u;v;w) as

D1 (u;v;w) /@2A292,

where Ay and © are defined in (42). The condition (6) gives )% max { gl gf }
Then hence the matrix Ay is nonnegative definite and hence Dy (u;v;w) 0 for any
> 0.

Similarly, to show the nonnegativity of D2 (U;V; W), we rewrite it as

D2(u;v;w):/®fA4®1;
Q

[ 1—p(B+90
v and A4y = 2572’1( %) M(Q ) :
rw 1T 1ouBte) b ( Ll

where

0, =
2 2vx 2
Using the matrix analysis, we know that A, is nonnegative definite if > 4 :=

maxfzﬂ' 269 and

43 (3 DO+ 2A+)T +T 0 (77)
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Since &L > max{g; é}, one has
xo B

43 (3 DO+ )=« ) )= 0:

Then if > maxF o; 30, the function Dy(u;V; W) is nonnegative. Hence, choosing
> maxf 1; 9; 30, the function D(u;Vv;w) is nonnegative and (74) holds.
Substituting (74) into (33), we have

%E(u;v;w) + lE(u;v;w) 0;

which implies
E(u;viw) cse wh: (78)
On the other hand, from (40), we have

1 u
— [ uln—- E(u;v;w);
2 /Q ng B )

which along with (78) and Lemma 2.1 gives

ku(;t) 0Ooki, =ku(;t) uk?,
This yields (73) and concludes the proof. O

Next, we will derive the decay rate of solutions in L*°-norm based on the decay
rate of ku( ;t) 0Ookg:.

Lemma 4.7. Let (u;v;w) be the global classical solution of system (5). Suppose
that there exist two positive constant C; such that

kU( ,t) l](]kLl Ce_/\t; (79)

then the solution (u;v;w) will exponentially decay to (Uo; 5Uo; 3Uo) With L>°-norm
ast @ 1.

Proof. With (79) in hand, we can use the Moser-Alikakos iteration procedure as in
[27] or the semigroup estimate method in [15] to obtain

kKu Ookpe cie™c%:

Then applying the comparison principle as in [27], one can show that there exists a
constant €9 > 0 such that

kv —0Ogkpe +kw —0Opkpe  Coe™¢2%:

Then the proof of this lemma is completed. O
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4.4. Proof of Theorem 1.1. Under the condition (6), we show the boundedness
of solution for system (5) with D; 6 Dy in Lemma 4.3, which implies there exists
a constant ¢; > 0 such that ku( ;t)kp~  ¢;. Moreover, from Lemma 4.1, one has

a constant €, > 0 such that
t S 2
ru
o Jao U

which together with the fact ku( ;t)kp ¢y implies ku Ogkp~ ¥ Oast ¥ 1 as
shown in Lemma 4.4. Then using the comparison principle for parabolic equations,
from the second and third equations of system (5), we show that the solution (v;w)

ISy

converges to (%UO; %Uo) ast ¥ 1 in Lemma 4.5. Moreover, if > max q 5

)

@[
—

then using Lemma 4.6, we can obtain

ku(;t) Ookp: cse™;

which, along with Lemma 4.7, gives the exponential decay rate as shown in Theorem
1.1. Then Theorem 1.1 is proved.
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