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magnetic field [1]. In the present paper, we focus on the non-trivial case D # p and
investigate the asymptotic behavior of solutions of (1.1) with the initial data

as x— —o0Q,

(u,v)(2,0) = (ug,v0) () — {(“’”)’ (1.3)

(u+,v+), as x——+o0.

The standard hyperbolic theory (cf. [11, 22]) predicts that the time asymptotic behav-
ior of solutions of the Cauchy problem (1.1)-(1.3) are closely related to the following
Riemann problem:

Ut+(uv)x:0a fEGR, t>07
wt (4 30%), =0, zeR, 150,

( ), <0 (1.4)
(Uav)(%ﬂ):(ug,vg)(m):{ u_,v_), =<0,

(us,v4), >0.

Writing the equations in (1.4) in the vector form

(0G0 w5

we see that the Jacobian matrix A:= <Z Z) has two real distinct eigenvalues

A(u,v)=v—u, M(u,v)=v+u,

with corresponding eigenvectors

r(u,v) = (_11> . ra(u)= G) :

Therefore it follows that VA1(u,v)-r1(u,v)=—-2<0 and VAz(u,v) -r2(u,v)=2>0.
This shows that the hyperbolic system (1.4) is genuinely nonlinear. By the hyperbolic
theory [22], the solutions of the Riemann problem (1.4) are made up of three types
of elementary waves (solutions): constant states, rarefaction waves, and shock waves.
Moreover, we point out that the rarefaction curves of (1.5) are straight lines in the
u~v plane (see Section 2), and hence the hyperbolic system (1.5) is of Temple class
[24].

In this paper we shall show that as time goes to infinity, the solution of the
Cauchy problem (1.1)-(1.3) will tend to a constant solution if (u+,v+)=(u_,v_), or
a rarefaction wave if \;(u_,v_) <X;(u+,v+), or a viscous shock wave (i.e. traveling
wave) if A\;(u_,v_) > \;(u+,v+). Specifically, the following results are proved. If the
right state equals the left state, say (u+,v+)=(u_,v_)=(@,v), then the solution of
(1.1) with large data (1.3) will eventually approach the constant state (@,v). If the
right state (u+,v+) is connected to the left state (u_,v_) by a rarefaction wave,
then the Cauchy problem (1.1)-(1.3) has a unique global solution which tends to the
rarefaction wave of the Riemann problem (1.4) with large data. Finally if the initial
value (1.3) is a small perturbation of a viscous shock wave (traveling wave), then
the solution of (1.1)-(1.3) will asymptotically converge to this viscous shock wave
with a proper translation, where the wave amplitude can be arbitrarily large. Our
results analytically confirm the existence of shock-type waves (and hence turbulence)
numerically obtained in both papers [27] and [1].
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Mathematical studies on the asymptotics toward rarefaction/shock waves for vis-
cous conservation laws have been undertaken for a long time (e.g. see [7, 17, 19]). For
the general 2 x 2 viscous conservation laws

{ut—&-[fl(u,v)]m:Dum, zeR, t>0, (1.6)

Ut+[f2(u7v)]$:/“}ﬂm zeR, t>0

with initial data (1.3), Xin [26] and Yang and Zhao [28] established the time asymp-
totic stability of weak rarefaction waves and strong rarefaction waves with small initial
data, respectively. The main hypothesis on the structure of the system (1.6) is the
strong coupling in the sense that

Of1(u,v) . O f2(u,v)
ov ou

which is satisfied by the system (1.1). To the best of our knowledge, for the strongly
coupled system of conservation laws with large initial data, very few results are known.
The asymptotic stability of viscous shock waves for the general system of conservation
laws has been extensively investigated over many years. Most of results (if not all)
require the wave amplitude to be small (e.g. see [3, 15, 16, 23]). The main contribu-
tions of this paper has two facets. First, exploiting the peculiar coupling structure of
the MHD Burgers system (1.1), the nonlinear stability of strong rarefaction waves of
(1.1)-(1.3) is established with large data. Second, the asymptotic stability of viscous
shock waves of (1.1)-(1.3) is proved for large wave amplitude. Usually these results
can not be proved for general hyperbolic systems as mentioned above. Finally, we
mention that the asymptotic stability of viscous shock waves to (1.1) with u+ >0 was
previously established in [6] based on the idea of [13, 14, 18] by leaving open the case
u+ =0, which causes a singularity in the energy estimates. In this paper, we will
resolve this challenging case (i.e. u+=0) by invoking the weighted energy estimates
inspired by the ideas of [8, 9, 12, 21].

The rest of the paper is organized as follows. In Section 2, we solve the Riemann
problem (1.4) and then state the main results for the Cauchy problem (1.1)-(1.3).
Then we prove the large-time behavior of solutions with constant states in Section
3. In Section 4, we show the stability of rarefaction waves. The proof of nonlinear
stability of viscous shock waves is given in Section 5.

£0, (1.7)

2. Preliminaries and main results

In this section, we first briefly solve the Riemann problem (1.4) in the class of
functions consisting of constant states, separated by rarefaction waves or shock waves.
We begin with the rarefaction waves of (1.4) by setting ¢ =2/t. Then substituting it
into the equations of (1.5), we find that (ug,ve) is an eigenvector of A for the eigenvalue
&. Because the matrix A has two real and distinct eigenvalues A\; and \,, there are
two families of rarefaction waves: 1-rarefaction waves and 2-rarefaction waves. The
eigenvector (ug,ve) associated with the first eigenvalue \; satisfies

()(2)-

which gives ug +v¢ =0 thanks to w#0. This gives Z—Z = —1. Integrating it, we obtain

the 1-rarefaction curve Rj(u_,v_) as

Ri(u_,v_)={(u,v)jlu=—v+u_+v_,v>v_}, (2.2)
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where the entropy condition A;(u—_,v_)<A1(u,v) has been used to guarantee the
uniqueness of the l-rarefaction wave. Similarly, the 2-rarefaction curve Ro(u—_,v_)
can be represented as

Ro(u—,v_)={(u,v)|lu=v4+u_—v_,o>v_}. (2.3)

Moreover (1.4) also has two distinct types of shock waves: 1-shock waves and 2-shock
waves. To see this, we use the following jump condition (see [22, 15.11]):

{uv—u_v_ZS(U—U—), (2.4)

L2 40?) 3 (2 +02) = s(v—v_),

where s is the speed of the discontinuity (wave speed). Subtracting the first equation
from the second equation of (2.4), we have

(u—v—u_+v_)(u—v+u_—v_+2s)=0. (2.5)

For 1-shock waves, the entropy condition v—u=MA(u,v) <A1 (u_,v_)=v_ —u_ im-
plies u—v—u_4wv_>0. Hence, from (2.5), we obtain

u—v+u_ —v_+2s=0. (2.6)

Clearly u#u_ for otherwise we have v =v_ from the first equation of (2.4), and then
(u,v) = (u—,v_) is not a shock curve. Hence the first equation of (2.4) gives

g= U (2.7)

U—uU_
Then substituting (2.7) into (2.6), one can derive the 1-shock curve Sp(u_,v_) as
S1(u—,v_)={(u,v)|lu=—-v+u_+v_,v<v_}. (2.8)
To deduce 2-shock curves, we add the equations in (2.4) to obtain
(ut+v—u_—v_)(u+v+u_+v_—2s)=0. (2.9)

Similarly, by using the entropy condition v+u=A2(u,v) < Az2(u_,v_)=v_+u_ and
(2.7), we obtain the 2-shock curve Sz(u_,v_) as

So(u—,v_)={(u,v)|Jlu=v+u_—v_,v<v_}. (2.10)

Then curves R1, Ry, S1, and S>
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S

uu_ vy

(u_,v.)
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Furthermore, the solution has the following asymptotic stability:

sup|(u,v)(z,t)— (2,9)| =0, as t—+oo. (2.12)
z€R

2.2. Stability of rarefaction waves. Without loss of generality, we consider
1-rarefaction wave solutions (u”,v")(x/t) of the Riemann problem (1.4) only, and our
analysis can be directly applied to 2-rarefaction wave. Using (2.2), we can separate
the variables u and v in (1.4) such that u satisfies the Riemann problem

us+ (u_ +v_ —2u)u, =0,

, u_, <0, (2.13)
u(e,0) =) = {u "
+ ]

and v satisfies the Riemann problem

v+ (20 —u_ —v_)v, =0,

- v_, <0, (2.14)
v(x,o>—vo<x>—{v "
+, .

Employing the method of characteristics, we can solve (2.13) and obtain the rarefac-
tion wave u”(x/t) as follows:

u—, T<v_—u_,
u(x/t)= u’;v’ —%7 U——U—S%SU+_U+, (2.15)
U+, Z>04 —us

v, T<v-—u_,
’UT(:L‘/t): u_;v_+%7 U,—U,S%SU+—U+, (216)
V4, %Z'U+_'U,+.

Then the result on asymptotic stability of the 1-rarefaction waves (u”,v")(x/t) is as
follows.

THEOREM 2.2. Let (u+,v+)€Ry(u_,v_) and ve>v_. If (uop—up,vo—1vg) € L?(R)
and (ugz,vo,) € L?(R), then the Cauchy problem (1.1)-(1.3) has a unique global solu-
tion (u,v) satisfying

(u—u",v—2v") € C([0,00); L2) N L>¥((0,00); L?),

(tz,v2) € C([0,00); L2) N L>((0,00); L2) N L*((0,00); HY),

and

iléﬁ\(u,v)(x,t) —(u",0")(x/t)] =0, as t—+oo. (2.17)

REMARK 2.1. If (u+,v+) €Rp(u_,v_) and vy >wv_, then a similar stability result can
be obtained.
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2.3. Stability of viscous shock waves. The existence of traveling wave
solutions of (1.1) with 0 <wuy <wu_ and 0 <wvy <wv_ was established in [6] by the phase
plane analysis and the nonlinear stability of traveling wave solutions was prove only
for u+ >0 by the method of energy estimates, whereas the stability for u+ =0 remains
open. In this paper, we shall solve this open question by using the weighted energy
estimates. Toward this end, we identify the decay rates of traveling wave solutions as
z — 400 and choose appropriate exponential weight functions. For completeness, we
shall briefly recall the existence of traveling wave solutions for u+ =0 and derive the
asymptotic decay rates of traveling wave solutions.

The traveling wave solution of (1.1) with (1.3) is a special solution in the form

(u,U)(SL’,t):(U,V)(Z), z=x—st,

where (U,V) € C*(R) satisfies

—sU'+(UV) =DU",
1ir2 ooy (2.18)
—sV'+3 (U2 4V?) =puV”,
with boundary condition
U(too)=us, V(too)=vy, U'(+oo)=V'(+oo)=0, (2.19)

where ' = d%. Integrating (2.18) once yields that

DU =—-sU+UV +p1,
pV'=—sV 41



134 CAUCHY PROBLEM OF THE MHD BURGERS SYSTEM

LEMMA 2.3. Let ux and vy satisfy (2.23). Then there exists a monotone shock
profile (U, V)(z—st) to the system (2.18)-(2.19), with wave speed s=v_, which is
unique up to a translation and satisfies U, <0, V,<0. Furthermore, the solution
profile (U,V)(x — st) decays exponentially at +oo with rates

U—ug~e*? as z— too,

(2.24)
V —vqg~e*% as z— Foo,
where
u_ 452, D>y,
o= L oe={,D_ 2.25
N {4}7 D <. (2.25)

Proof. The existence of monotone shock profiles (U,V')(x — st) to system (2.18)-
(2.19) has been proved in [6] by phase plane analysis. It remains only to derive the
asymptotic decay rates, which are eigenvalues of the linearized system at equilib-
ria (us,vy). To see this, we linearize the system (2.20) at (uy,vy) and obtain the
corresponding Jacobian matrix

vE—S Ut
J(ug,ve)=| 4 oils |, (2.26)
m I
whose eigenvalue o satisfies
D _ 2 .2
e e (227)

By (2.23) and s=v_, we can readily check that the equilibrium (u_,v_) is a saddle
and (u+,v+) is a stable node. Then solving the equation (2.27), we obtain the decay
rates as announced. 0

Then we proceed to consider the asymptotic stability of traveling wave solutions
obtained in Lemma 2.3 under the small initial perturbation of the form

O Mug(x) = U (z) Us —U
olT)— _ +—U_
/_(><> (vo(x) ~V(a) ) dx =19 ( .1 ) +pBri(u_,v_). (2.28)
The coefficients xg and 8 are uniquely determined by the initial data (ug(z),vo(x)).
When #0, the diffusion wave will appear. The stability of viscous shock waves
with a diffusion wave for small wave strength have been investigated previously (e.g.
see [15, 23]). The stability of shock waves with a diffusion wave and large wave
strength still remains open up to present. In this paper we do not consider the diffusion
wave (i.e. assuming S=0) but consider large wave strength. Then by conservation
law (1.1), we can derive that

[ (e Yoty [T (el Ul o),
L) [ (VO v e
=V (2 )= (5)
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Thus we decompose the solution of (1.1) into the form
(w,0)(@,8) = (U, V) (2 + 20 = 5t) + (¢2,9:) (2,1), (2.30)

where

z

(d)(Z,t),?ﬂ(Z,t)) :/ (U’(y’t) - U(y—Fl‘o - St)ﬂ}(y’t) - V(y+x0 - St))dy

Clearly, for all t >0, if follows from (2.29) that
@d(£00,t) =1)(+o0,t) =0.

Without loss of generality we may assume that xo =0, for otherwise we make a trans-
lation of the traveling wave solutions. Hence, the initial value of the perturbation

(¢.¢) is given by

z

(dho, o) () = / (o — Usvo — V) (y)dy. (2.31)

—o00
Then we have the following stability results on the traveling wave solutions.

THEOREM 2.4. Let (2.23) hold, and let (U,V)(x—st) be a traveling wave solu-
tion obtained in Lemma 2.3. If D> pu, there exists a constant €9 >0 such that if
luo=Ullq o+ llvo = V|1, +[(d0,%0)[|w < €0, then the Cauchy problem (1.1)-(1.3) has
a unique global solution (u,v)(x,t) satisfying

(u—U,v—V)€C([0,00); Hy,) N L?((0,00); H), (2.32)
where the weight function w is defined as

S— U+

=14+e", n=
w(z) +e”, n o)

>0. (2.33)

Furthermore, the solution has the following asymptotic stability:

sup|(u,v)(z,t) — (U,V)(x—st)| =0, as t—+oo. (2.34)
z€R

REMARK 2.2. To establish the L?-energy estimates, the conditions D >y is needed,
see (5.9). The nonlinear stability result for the case D < p still remains unknown.

REMARK 2.3. When uy+ =0 and D > p, it can be easily verified that there exist two
constants Cp > C7 >0 such that the traveling wave solution (U,V') obtained in Lemma
2.3 satisfies

Crw(z) < <Chw(z) for all zeR. (2.35)

U(z)

3. Proof of Theorem 2.1
In this section, we shall prove Theorem 2.1. For the case (u+,v+)=(u_,v_)=
(u,7), we seek the solution of (1.1)-(1.3) in the following solution space:

X1(0,7)={(u,v): (u—1,0—0) € C([0,T); H); (uz,v,) € L*((0,T); H)}.
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Then Theorem 2.1 is a consequence of the following proposition.

PROPOSITION 3.1. There exists a unique global solution (u,v)€ X1(0,00) to (1.1)-
(1.3) such that

— N2 < 2 * 2 — —
II(U—uvv—v)HﬁD/o ||uw(~ﬂf)||1d?f+/~t/o [[oz (-, 6)[[£dt < O (uo — 00 — ) 3
(3.1)

Next, we prove Proposition 3.1 by continuing a unique local solution with the a
priori estimates. The construction on the local existence of solutions is standard, and
is based on an iteration argument and fixed point Theorem (cf. [5]). We omit the
details for brevity. Hereafter, we denote fR fdxz=: [ fdx for convenience and use C' to
denote a generic positive constant which may vary in the context.
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which yields

|(ut)—a,0(- 1)~ 0)|2 +2D / o (1) 27 + 20 / lva(-) P

=||(uo —u,v0 — ).

(3.6)

Step 2 (H-estimates). Multiplying the first equation of (3.4) by —¢,, and second
equation by —.,, adding them, and integrating the results with respect to x yields

that
d 2 2

2 2
- / () + 56+ 00y Gaadda + / (¢ +¢+u¢+w) rads
< [vstundas [Vo.0dot [0,0mdrt [Grtsns
’L_LZ 2 D 2 ’1_112 2 12 2
+ 5 1”4l bl +;H¢x|| + 5 [aall” (3.7)
Using (3.6), we have ||(¢,%)|| <C, and hence

[tatnaiies 6,020
<ol e Nl Izl + 6z o 01 bz

4 D
e e o [ [ ||w\|2>+—u¢m||2

<cuwx||me||+c||¢$||||¢m||+ [
< C(lgall + Il 1) + ||¢m||+ o s (3.8)
Similarly, we have
/ O R
f||¢w||mu¢||+ = llas 2+ f||¢w||m||wu+ = s 2
<C||¢x||||<z>m||+cuwm|||\wm||+ el
<CO(lgl®+llva )+ ||¢m||+ sl (3.9)

Substituting (3.8) and (3.9) into (3.7)7 we have

2 2

Integrating (3.10) over [0,¢] and using (3.6), we get

1 (tta,v2) (-, ||2+D/ [tz (-, 7)) dT+/~L/ [0 (- 7)|2dT < C||(uo — @00 — ) 1.
(3.11)
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The combination of (3.6) and (3.11) yields (3.3). Then the proof of Proposition 3.3
is completed. 0

With the above results, we are now in a position to prove Theorem 2.1.

Proof. Proposition 3.1 can be obtained by combining the existence of local
solutions and the a priori estimates. This completes the proof of global existence in
Theorem 2.1. Next we derive (2.12). From (3.1), one has ||(u(-,t) —@,v(-,t) —7)|| <C
and

| (uz(-st),v2(,2))| =0 as t—oo.

Consequently, for all x €R, it follows that

x

(ulie,t) — 1) =2 / (u(y,t) — ) (u(y.t) — 1)y dy

<2 <_/(u(y7t) —ﬂ)zdy> : </u§dy> 7
<2C|Jug (- t)]| =0 as t— oo. (3.12)

This implies sup|u(x,t) —@| — 0 as t — co. Similarly, we can prove sup|v(z,t) — 8| —0
zE€R r€R
as t— o0o. Hence (2.12) is proved and the proof of Theorem 2.1 is completed. 0

4. Proof of Theorem 2.2
To study the nonlinear stability of rarefaction waves, we first construct a smooth
approximation of solutions (u”,v")(x/t) of the Riemann problem (1.4).

4.1. Smooth approximate solution of the Riemann problem. It is
well-known (e.g. see [17]) that the Riemann problem of the Burgers equation,

wi +wwg =0, rzeR, t>0,

, v —u_, <0, (4.1)
w(x,m:wo(a:):{v B
+ 7 W+, 9

where v_ —u_ <v4+ —u+, has a continuous weak solution w”(z/t) of the form

Vo —uU_, T<v_—u_,
wr(l’/t): %a V——U— S%SU...—’LL..., (42)
V4 — U, %Z'U+_U+

Then the 1-rarefaction wave solutions (u”,v")(z/t) given by (2.15) and (2.16) can be
written as

u_+v_—w"(z/t)
2 )

u_+v_+w(z/t)

u"(x/t)= v (z/t)= 5 . (4.3)

We approximate w” (z/t) by the solution w(z,t) of the following initial value problem:

wy +ww, =0, reR, t>0,

v —u Fu_—u_ v —uU —v_+Fu_ = 2\—q (44)
’LU(.T,O):U]Q(.'IJ)Z: ¥ |2 + — &2 I{/’q A (1+y) dy,




H.Y. JIN, Z.A. WANG, AND L.J. XIONG 139

where €>0 is a constant to be determined later and k, is a constant such that
kq fooo(lerz)*qdy: 1 for each ¢ > % Then the solution of the Cauchy problem (4.4)
has the following properties.

LEMMA 4.1 ([17)). If v— —u_ <vs —u+, then the Cauchy problem (4.4) has a
unique smooth global solution w(x,t) satisfying the following:

(i) v— —u_ <w(x,t) <vy —us, wi(z,t)>0, for (z,f)ERxR4.

(ii) For any p€[1,00], there exists a constant C,, 4 such that for any t € R4,

e 8)ll o < Cpgmin{e' =7, (14577},

) L P (4.5)
[aa (1) o < Cpqmin{e®~7, @ DED (14757 |,

(iii) lim sup|w(z,t) —w"(x/t)|=0.

t—o0 z€ER

Using (4.3) and Lemma 4.1, the smooth approximation of the rarefaction wave
profile (u",v")(x/t) can be constructed via

ﬁ:u,+v,—w7 v:u,—&—v,—i—w’ (4.6)
2 2
which satisfy
U+ (UV), =0,
7 1772 | 112y _
W"‘(iU +§V )m—oa (47)

(0.V)(@,0)= (Uo, Vo) () = (1= ele), e run) ),
where wp is defined in (4.4). Moreover the following properties can be readily verified.

LEMMA 4.2. The smooth function (U,V)(x,t) given in (4.6) has the following prop-
erties:

(i) Vo =—U, >0.

(ii) For any p€[1,400], there exists a positive constant Cy, 4 such that
H(ﬁx7‘7x)(’t)HLp Scp,qmin{glii, (1+t)71+%},
H (Uvzmai}xm)(yt) HLP < Cp,q min{a‘z*% , 8(17%)(17%)(1 —i—t)*lf% } .

In particular, for p>1, it holds that

@],

(iii) lim sup |(u” —U,v" —XN/)(ac,t)‘ =0.
t—00 R
Proof.  The properties (ii) and (iii) can de derived from Lemma 4.1 and (4.6)

directly. We only need to prove (i). Indeed, using (4.6) and Lemma 4.1 (i), we have

dt<C,,. (4.8)

Vo—Uz=wy(x,t)>0, U,=-V,, (4.9)

which implies I~/m = —ﬁm >0. 0
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2. Reformulated problem. By the approximate smooth solution (U, V)
constructed in (4.6), we define (¢,9) = (u—U,v—V) and rewrite the Cauchy problem

(1.1)-(1.3) as

{¢t+(Uw+V¢+¢¢)z:D¢II+DU”’ (4.10)

Yo+ 2P+ 92) e+ (VY +Ud)s = by + iV,

with initial data

(¢:9)(2,0) = (d0,%0) () = (uo(x) — Uo(x),vo(x) — Vo(x)), (4.11)

where (4.7) has been used.
We seek the solution of (4.10)-(4.11) in the space X2(0,T) defined by

X2(0,7)={(¢,4): (6,9 € C([0, T} H'); (¢,%) € L2((0,T); H)}.
For the proof of Theorem 2.2, it suffices to show the following results.

PROPOSITION 4.3. There exists a unique global solution (¢,1) € X2(0,00) to (4.10)-
(4.11) such that

1(6,0) ()15 +D / ||¢z<-,t>||idt+u/ e (D) 2dE < C|(0,00) 2. (4.12)
0 0

Proposition 4.3 is obtained by the combination of local existence of solutions and the
a priori estimates. The proof of the local existence of solutions is standard, and is
based on an iteration argument and a fixed point theorem (cf. [26]). We state the
local existence theorem without proof.

PROPOSITION 4.4 (Local existence). If (¢o,v0) € H*, then there exists a posi-
tive constant To such that the Cauchy problem (4.10)-(4.11) admits a unique solution

(¢’ﬂ/’) € XZ (OaTO) SatZ'SfyiTLg

1(@,9) (1))l <2[[(do,%0)lly, for all 0<t<Tp. (4.13)

PROPOSITION 4.5 (A priori estimates). Suppose the Cauchy problem (4.10)-
(4.11) has a solution (¢p,1) € X2(0,T) for some T >0. Then there exists a constant C
independent of T such that

1e3 ||1+D/ a7 H1d7+u/ a7 ||1df+/ W26 —0)(m)Pdr
/ AT

C(l(¢o,v0)l3+1), for all te[0,T]. (4.14)

To prove Proposition 4.5, we first derive the L?-estimates of (¢,)).

LEMMA 4.6 (L?-estimates). Let (¢,1)€ X2(0,T) be a solution of (4.10)-(4.11)
for some T >0. Then it holds that

(6, |+D/ l6u (o \dr+u/ e |df+/ Va6 —0)(,0)|Pdr
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< C([[(go,v0) > +1), (4.15)

where C' is a constant independent of T'.

Proof.  We multiply the first equation of (4.10) by ¢ and the second by v, then
integrate the results with respect to x to obtain

d
%% (¢2+¢2)dx+D/¢idx+u/¢§.dx
=— / (U + V419 pd — / (Vo +U¢)ppda — / Pd.dx
+D / Upedda + / Vayptbda. (4.16)

Notice that

{(ﬁw%w@m (Tov+Y4-+620) +3V26? ~ U0 — b0,

I _ N N _ (4.17)
(Vo+09)0 = (592 +Tw) +3Vov?—Tous.
Substituting (4.17) into (4.16) and using Lemma 4.2 (i), we have
%% (¢2+1112)dx+D/¢§dx+u/1/}§dx+%/‘N/x(gb2+1/12)dx
= / U(¢w),dz+D / Usodpdz+ pt / Vaotbdz
:/Vz¢wda;+D/I7m¢dx+u/‘7mwdx,
which yields
% (qzﬁz+¢2)dx+2D/¢idm+2u/w§dm+/‘~/x(¢—1/))2dx
—2D / Upodbdr +2u / Vypthda
<2D|| U || |0 + 202l Ve | 10
< D?||Usr |+ | U [ 017 + 42| Vi | + | Ve 12012, (4.18)

where we have used the Holder and Cauchy-Schwarz inequalities. Applying Gronwall’s
inequality to (4.18), we obtain (4.15) by using (4.8) and the fact V,, >0 in Lemma
4.2 (i). O

LEMMA 4.7 (H-estimates). Suppose the Cauchy problem (4.10)-(4.11) has a
solution (¢,v) € X2(0,T) for some T >0. Then there exists a constant C' independent
of T such that

t t
2 2 2
[(¢a:1ba) (1) +D/0 [@aa (57l dT+u/0 [¢ae ()7 dr

+ /0 1V Vo h0) ()2 < (1l (do,00) |2+ 1).
(4.19)
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t t
" , D 2
45 [ NnalPar 15 [ lonl?ar

t t t t
I D
<C [ Wouallalldr+€ [ osallloallar £ [ salPdr+ 33 [ lowalPar
K 2 2 poft 2 D [! 2
0 8 Jo 8 Jo

t D t
<Clloo)P +1)+5 [ 1nlPar+ 3 [ lol?ar (123)

Using the Holder and Cauchy-Schwarz inequalities, we can estimate the terms Is, Ig,
and I7 as follows:

Is+1e+ 17
t - t . t .
< /O / Voo (650 -+ |dddr + /0 / o (665 + 060 drdr +3 /0 / T bl dedr

t t
< [ Wl ol 6o+l 2 ar+ [ 1oalle (Foll 1621+ 100 0 ) i
0 0
3 [t~
+5 [ 1Blim e+ Pir
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Substituting (4.22), (4.23), (4.26), and (4.27) into (4.21), we obtain

1 D [t M t 3 [t~
7/(¢i+¢i)dx+—/ /¢§xdxd7+f/ /wixdxdfqtf/ /V@(¢§+w§)dxd7
2 2 Jo 2 Jo 2 Jo

<5 NG00 P+ (1 (60, vo) P +1)
<C([[(g0, o)l +1),

which implies (4.19). Then we complete the proof of Lemma 4.7. a0
With the above lemmas in hand, we now prove Theorem 2.2.

Proof.  Proposition 4.5 follows from Lemmas 4.6 and 4.7. Then using Proposition
4.4 and Proposition 4.5, we can derive Proposition 4.3 by the continuity argument.
From Proposition 4.3, one has |(¢,%)(-,t)|| <C and ||(¢z,¢z)(-,t)|| >0 as t—oo.
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Clearly, if ¢ € H2, then ¢ € H? because w > 1. Define

N(t):= sup ([|¢(,7)ll2,w+ ¥ (7)l2,0)-
T€[0,t]

By the Sobolev embedding inequality, one has

Tzl[lé)t]{H(b('»T)HLoo,H¢z('77)||L°°7||¢('77)HL°°asz('ﬂ')”Lw} <SN().  (5.3)

Then Theorem 2.4 is a consequence of the following theorem.

THEOREM 5.1. Let (2.23) hold, and let D> . Then there exists a positive constant
€1, such that if N(0)<ei, then the Cauchy problem (5.1)-(5.2) has a unique global
solution (¢,1) € X3(0,00) satisfying

t
||¢(7t)||%,w+ ”w(»t)”%w—'_‘/o (H(bz(vT)”%,w + H/(/)Z(ﬂ—)”%,w)dT

(5.4)
<C(I160l13.. + 14ol13.., ) < CN?(0)
for any t€[0,+00). Moreover, it follows that
sup|(éz,v¢.)(2,t)] =0 as t—oo. (5.5)
z€R

The global existence of (¢,1) announced in Theorem 5.1 follows from the local
existence of solutions and the a priori estimates, which are given below.

PROPOSITION 5.2 (Local existence). For any €2 >0, there exists a positive con-
stant Ty depending on 2 such that if (¢o,v0) € H2 with N(0)<ez, then the problem
(5.1)
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Proof.  Multiplying the first equation of (5.1) by ¢/U and the second by ¢ /U,
integrating the resultant equations with respect to z and adding them, we obtain

th/¢2+w2d +D/¢Zdz+u/wzdz

1)) e [0, () o

PP 1/1/) (¢ +92)
— | ——dz— - | —EF—%4d 5.7
/ U Y2 v (5.7
Using (2.18) and the fact that us =0, it can be checked that
D -V 2U.
The combination of (2.18) and the facts U, <0, V, <0, s—V >0, U>0, and D>p
gives
1] s—=V D—pu (s—=V)U,
= — = ——= ] <0. .
(7).. ( U ) DU (VZJF g )=0 (5:9)

Substituting (5.8) and (5.9) into (5.7) and integrating the equation with respect to ¢,
with the fact ||(¢,9)(,t)|| o <N(t), we derive

/¢2+¢2d +D/ /¢Zdzd7+u/ /wzczsz
+ﬁ/o /[—VZ+S_UV )} dzdr
_;/«ﬁéyédz_/t/wzwzdm_1/t/w(¢§+w§)dzd7
e e TUE
/¢°+¢°d +N( //¢Zdzdr+zv //desz

which yields that

/‘Z’zwzd +2(D-N(t //¢zdzd7+2 //%dd </¢%;¢gdz.
(

5.10)
Then using the assumption N (¢) <min{u,D} and Remark 2.3, we obtain (5.6) from
(5.10). O

LEMMA 5.5 (H'-estimates). L@ the assumptions of Lemma
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where C >0 is a constant.

Proof.  'We differentiate (5.1) with respect to z to get

(5.12)

¢zt = D¢zzz - Vzd)z + (3 - V)d)zz - Uzwz - U'lpzz - (Qszwz)zv
wzt = /J'wzzz - Vzwz + (S - V)wzz - Uz¢z - U¢zz - %(¢§ +¢§)z

Multiplying the first equation of (5.12) by ¢, /U and the second by /U, after some
algebra, we have

2dt/¢2+¢ dz +D/¢szz+u/w”dz

/(7)) (F) Jetaes / [<5>Z;(S;V)j i

- V 2 zZz ZY¥zY¥zz zz
T N
72/?@%(127/ (o5 +v2) U . (5.13)

where (5.8) and (5.9) have been used. Using (2.20) and the facts s=v_, 0=u4+ <U <
u_, and v+ <V <w_, it is easy to check that

V- — U+
- D

D

_‘V—s

V.| < ‘—V+ (U2 +V?)+ n <C. (5.14)

Integrating (5.13) in ¢ and using the fact 92 < % and (5.3), we obtain from (5.13)
and (5.14) that

/¢2+¢ dz +2D/ /(bzzdsz—kZ/L/ /%Zdsz
S/¢°Z+¢°Zdz+ ‘5”*/ /Uwﬁdzdr
LU= /¢§dzd +C//¢2+wzdzd
Lo (//wz 2 s +//¢2+¢zzdd +/t/¢iz+¢2
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where we have used the fact % <Chw(z) forall zeR (see Remark 2.3). The
combination (5.6) and (5.15) gives that

/¢2+¢2d LaD- Nt // ¢zzdzd7_+2u N(t // %zdsz (5.16)

<C (lgoll3,, + lIvoll,.)-

Using the fact Crw(z) < ﬁ for all z€R (see Remark 2.3) and the assumption
N(t) <min{p, D}, we obtain (5.11) from (5.16). d

Next, we give the estimates of the second order derivative of (¢,1)).

LEMMA 5.6 (H2-estimates). Let the assumptions of Lemma 5.4 hold. Then there
exists a constant C >0 such that

t t
o t)I[3. o, + 10,13, + D /0 = (- 7)5 AT + 1 /0 s (-, 7)I[3,, dr
<C (IIgoll3, + ol ) -

(5.17)

Proof. We differentiate (5.1) with respect to z twice to get

¢zzt = D¢zzzz - zz(ZSz - 2‘/z¢zz + (5 - V)¢zzz - Uzzd}z - 2Uz1//zz

- Uwzzz - ((bzwz)zza
wzzt = ,Uwzzzz - szwz - 2‘/zwzz + (8 - V)wzzz - Uzz¢z - 2Uz¢zz (518>

- U¢zzz - %(Qﬁ + ¢§)zz

Multiplying the first equation of (5.18) by ¢.,/U and the second equation by .. /U,
using the facts

¢zzzz zz = (szzz 7) - d)?]zz - %( 52(%> ) +%(%> gzv
z z/ z zZz

(S - )¢zzz : P2z
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The combination of (5.19) and (5.20) yields that
2 = / 0ot D Z2dz4p dz

zz ‘/Z Uzz

74/7@2%@7/#@75/#@ (5.21)

Using (2.18), (5.14), and the facts 0=u+ <U <wu_ and v+ <V <wv_, one can derive
that

149

D D ’
(V—=s)U.+UV,| _ (v_—v+)u_ u_
= < —< :
U ' D < D2 +C- 5 <G, (5.22)
PRELELIL IS

Then we have the following estimates by using (5.22) and the Cauchy-Schwarz in-
equality:

2z |¢z ¢zz +¢zwz2|
et o)z <C [ 1020 el

2 2
SC/<z>z+¢z+U<z> %,

[Vt [Etty,

(5.23)
2 4 2
7/UZZ (wz¢2z+¢z¢zz dZ<C/¢ =tV +U¢ +w22d
_4/ U ¢zzwzzd2<c/¢ sz
Using (5.3), (5.14), and the Cauchy-Schwarz inequality, we have
st
(d)Z’l/)Z)ZQSZZZ (qssz)Zd)ZZUZ
- [t sz
<N( /‘wZZ¢ZZZ+¢ZZ¢ZZZ‘ — /¢ +|wZZ¢ZZ
3u_ —3v++D /¢de LU= mvedD —v++D /wzzd NG /gbmd
(5.24)
and

1 [ (@2412):1
S
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B (24 1p2).1p.. U, (2 +12). wm
o 2/ U2 ~dz +2/ U

S — — U+ /‘(bz(bzzwzz"’_wz zz|d +/‘¢z¢zzwzzz+wzwzzwzzz|
<ty [ gy BOme) gy [V, NO) (R0,
e /wm .
< _U++D /¢zzd g v 3’U++D /wzzd +N /wzzzdz
(5.25)
Inserting (5.23), (5.24), and (5.25) into (5.21), one has
2dt/¢ ZZd _"_ D N /¢ZZZdZ+ /wZZZd
» (5.26)

- —2v++D zz ¢§+¢§+¢ '(/)zz
SDN(t)/(U U)d +c U dz.

Integrating (5.26) with respect to ¢, then using (2.35), Lemma 5.5, and the assumption
N(t) <min{p, D}, we obtain (5.17). Then the proof of Lemma 5.6 is completed. 0O

5.3. Proof of Theorem 5.1. Now we are in a position to prove Theorem 5.1.
In fact we only need to prove (5.5). From the global estimate (5.4) which has been
indicated by lemmas 5.4-5.6, we have

(6= (8), %= ))l1, =0 as T— 00 (5.27)

Hence, for all z € R, we have

02 (2,1) =2 /_ 626 (y:)dy

1/2 1/2 (5.28)
§2</ ¢dy) (/ qbzzdy> —0 as t—+4o0.
Applying the same procedure to v, leads to
Y. (2,t) =0 as t—+oo forall zeR. (5.29)

Thus (5.5) is proved.
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