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Global dynamics of a tumor invasion model with/without logistic source

Jiawei Chu, Hai-Yang Jin@® and Linjie Xiong

Abstract. In this paper, we shall study the following tumor invasion model

ut = V- (7(w)Vu) — xV - (uVv) + au — bu?, €N, t>0,

vy = Av + wz, rz€eQ, t>0,
wt = —wz, €, t>0,
zt = Az —z+u, rzeQ, t>0,
du _ Qv _ Oz __

Gu = v — 22—, r €N, t>0,
(’LL,’U,’LU,Z)(Q?,O) = (’LLO,U(],’LUO’Z())(-'E), x €K,

where Q@ C R™(n > 1) is a bounded domain with smooth boundary. The function ~(w) satisfies the hypothesis: v(w) €
C?([0,00)) with y(w) > 0 for all w > 0 and 7/ (w) < 0. Based on energy estimates, we first establish the existence of global
bounded solution for 1 < n < 3 if a = b = 0. If the logistic source is included (i.e., a > 0,b > 0), we prove that the global
classical solution exists with uniform-in-time bound for all dimensions (i.e., n > 1), which solves an open problem left in
Fujie (Discrete Contin Dyn Syst Ser S 13(2):203-209, 2020). Moreover, we also show that all the global bounded solution
will converge to the non-trivial constant steady state exponentially.

Mathematics Subject Classification. 35A01, 35B40, 35B44, 35K57, 35Q92, 92C17.
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1. Introduction and main results

To describe tumor invasion phenomenon with chemotaxis effect of Chaplain—Anderson type, Fujie et al.
[9] proposed the following model

ur =V - (D(u,w)Vu) — xV - (uVv) + f(u), x e t>0,

ve = Av + wz, x e Q,t>0, (1.1)
Wy = —wW2, € Q,t>0, '
2zt = Az — z + u, reQ,t>0,

where Q C R™(n > 1) is a bounded domain with smooth boundary. In this model, the functions u,v, w, z
denote the density of tumor cells, active extracellular matrix, extracellular matrix (ECM) and matrix
degrading enzymes (MDE), respectively. The coefficient D(u,w) describes the random motility depending
on the density of tumor cells and ECM. y > 0 is the chemotactic sensitivity rate of tumor cells to active
ECM, and f(u) is the logistic source. The system (1.1) was proposed based on the hypothesis of certain
substance called active ECM, which is produced by the biochemical reaction between ECM and MDE.

The main feature of (1.1) is that the tumor cell moves toward the chemotactic cue (active ECM),
which is not released by the cells themselves (such mechanism is called indirect chemotaxis) in contrast
to the classical Keller-Segel chemotaxis model
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(1.2)

ur = Au— xV - (uVz) + f(u), z €N t>0,
2= Az — 2+ u, x e t>0,

whose solution behaviors including boundedness [28-30,38,41], blow-up [14,16,34,43] and large time
behavior [26,44] as well as pattern formation [24,32] have been studied. (One can also see some related
review papers [2,13,15] for more details.) More precisely, for the system (1.2) without logistic source
(i.e., f(u) = 0), it has been proved that the global classical solution exists with uniform-in-time bound if
n =1 [30]. If n > 3, Winkler has proved that there exists some solution that blows up in finite time for
any fQ uodz > 0 [40,43]. In two-dimensional spaces, a critical mass phenomenon appears, that is there

exists a critical mass m, = 47" such that the global boundedness of solution exists if fQ uodz < m, [28],

while the solution will blow up if [, ugdz > m, [14]. The logistic source has a damping effect which can
prevent the blow-up of solution. In fact, for the system (1.2) with f(u) = pu(1 — ), it has been proved
that the global boundedness solution exists for any p > 0 if n < 2 [29] and for large p if n > 3 [41].
Moreover, the global bounded solution will converge to the constant state (1, 1) for large p [44]. However,
we should point out that the blow-up of solution is still possible in the presence of logistic-like growth
[42,45]. In fact, if the logistic source f(u) = au — bu*, it has been proved in [45] that there exist some
initial data such that the corresponding solutions blow up in finite time in an n-dimensional ball (n > 3)
for the simplified parabolic—elliptic chemotaxis growth model provided

{7 if ne{34},

6
1 .
1—|—m if n>5.

Compared with Keller—Segel chemotaxis model (1.2), the indirect chemotaxis model has many in-
teresting and different phenomena [11,12,17,37]. For example, the indirect chemotaxis can prevent the
blow-up of solution and improve the regularization of solution. In fact, for the system (1.1) with linear
diffusion (i.e., D(u,w) = Dy > 0), based on the semigroup estimates, the existence of global boundedness
and large time behavior of solution have been established in the case of 1 < n <
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Based on the above questions, we shall study the system (1.1) with D(u, w) = v(w) and f(u) = au — bu?,
that is
ut = V- (y(w)Vu) — xV - (uVv) + au — bu?, re, t>
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Remark 1.4. In Theorems 1.1 and 1.3, we only assume that (w) satisfies the assumptions (HO) including
the case y(w) = 1. Hence, our results cover the previous results with linear diffusion [6,8]. Moreover, our
results solve an open problem proposed in [6] by obtaining the boundedness of solution for any dimensions
with logistic source. Furthermore, we show the solution will exponentially converge to the non-trivial
constant steady state.

2. Local existence and preliminaries

We first give the local existence of solutions of (1.3), which can be proved by the fixed point theorem and
regularity theorem similar as [7] (also cf. [4]). We omit the details of proof for convenience.

Lemma 2.1. (Local existence) Let @ C R" (n > 1) be a bounded domain with smooth boundary. Assume
that the initial data (ug, v, wo, zo) satisfy (1.4), and suppose the hypothesis (H0O) holds. Then there exists
Timax € (0,00] and a unique classical solution (u,v,w,z) of (1.3) satisfying

u € C(Q x [0, Tnax)) N C*HQ x (0, Trnax)),
CAS O( X [0, Tinax)) N c* 1( % (0, Timax)) N Lige ([0, Tinax); WI'OO(Q))a
w € C(Q x [0, Tmax)) N CUH(Q x (0, Tiax)),
2 € C(Q % [0, Tmax)) N C*HQ x (0, Timax))-

Moreover, if Ty« < oo, then

i ([JuC, e + o Bllwe + 120 D lwee) = oo

Lemma 2.2. Let (u,v,w,z) be the classical solution of (1.3) obtained in Lemma 2.1. Then for all ¢ €
(0, Thnax ), ONe has

l|uollLt, it a=b=0,
[ul Ol < Myi= {||u0|||_1 R L T ) (2.1)
and
(s D)ller + lw( )l = llvoller + [lwoller, (2.2)
as well as
0 < w(z,t) < ||wollLe 1= M. (2.3)

Proof. Integrating the first equation of (1.3) over € and using the homogeneous Neumann boundary

conditions, one has
1 u+b/u2=a/u. (2.4)
Q Q Q

If a = b = 0, then one has ||u(-,t)||L1 = |luo||L1, and hence (2.1) follows directly. On the other hand, if
a,b > 0, then using Young’s inequality, we have

(1+a)/u§b/u2+(1+a)2|9|’

4b
Q Q

/u+/u§(1+:b)2|g. (2.5)
Q

Q

which substituted into (2.4) gives

&~
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Then applying the Gronwall’s inequality to (2.5) gives (2.1) in the case of a,b > 0. Adding the second
and third equations of the system (1.3), and integrating the result over 2, one has

d
— =0
+&/w ’
Q

which gives (2.2) directly. At last, the third equation in (1.3) shows the function
t= flw(, )=
is decreasing, which implies (2.3). O

Now we will show some LP-L9 estimates of the Neumann heat group in €2, which can be found in [40,
Lemma 1.3].

Lemma 2.3. Let (¢'2)¢>( be the Neumann heat semigroup in 2, and let A\; > 0 denote the first nonzero
eigenvalue of —A in ©Q under Neumann boundary conditions. Then there exist some positive constants
oi (i =1,2,3) depending only on 2 such that:

(i) If 1 < ¢ <p< oo, then

1 Flly < o (1 +f%(3,;)) MY £l for all £ >0 (2:6)

holds for all f € L9(Q) satisfying [, f =
(if) If 1 < ¢ <p < o0, then

Ve fllLr < o2 (1 + tﬁ*%(%*;)) e MY fllLa forall t >0 (2.7)

is valid for all f € L9(Q).
(iii) If 2 < ¢ <p < o0, then

Ve fllr < o3 (1 +t"(’")) e MYV f|L for all £ > 0 (2.8)
is true for all f € W1P(Q).

To study large time behavior of solution, we shall introduce the following useful lemma, which has
been proved in [40, Lemma 1.2].

Lemma 2.4. ([40]) Let a; < 1, and §; and & be positive constants such that d; # d2. Then there exists a
constant o4 > 0 such that

t
/ 1_|_ t_ S 0(1)6761(1:73) . 67623d5 < 0'467 min{61,62}t
0

for all ¢ > 0.

Based on properties of Neumann heat semigroup shown in Lemma 2.3, one can use the similar argu-
ments as in [8, Lemma 3.1 and Lemma 3.2] to obtain the following results.

Lemma 2.5. Let (u,v,w,z) be the classical solution of (1.3) obtained in Lemma 2.1. Then we have the
following properties:

(i) If % — % < 2 and 1 < p,q < oo, then there exists a constant M3 > 0 independent of ¢ such that

[[z(-, ) ]|Le < M3(1+ 51(1p)||u( s)||Lr) for each t € (0, Tinax), (2.9)
0,t

and
lo(-,t)]|Le < Ms(1+ sup ||z(-,s)||Lr) for each t € (0, Tinax)- (2.10)
se(0,t)
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(i) If 5 — 5 <5 and 1<p,q< oo, then

IVz(-,t)||Le < My(1+ sup |lu(-,s)|lLr) for each ¢ € (0, Thax), (2.11)
se(0,t)
and
IVu(-,t)||Le < My(1+ sup ||z(-,s)||L») for each ¢ € (0, Thax), (2.12)
se(0,t)

with some constant M, > 0 independent of ¢.

3. Global existence: Proof of Theorem 1.1

In this section, we shall show the existence of global classical solution. To this end, we first establish the
criterion of boundedness of solutions of the system (1.3) as follows.

Lemma 3.1. (Boundedness criterion) Suppose that the assumptions in Lemma 2.1 hold. Let (u, v, w, z) be
the classical solution of (1.3) which is defined on its maximal existence time interval [0, Ty.x). Let M > 0
be a constant independent of ¢, and if there exists k£ > J such that

llu(-8)||[x < M, for all t € (0, Tiax), (3.1)
then one can find a constant M5 > 0 independent of ¢ such that
uC, )llee + lol Ollwree + [[w( D)L + [[2(, ) lwree < Ms, for all t € (0, Tinax). (3.2)

Proof. First, we show the following statement:
(A) If (3.1) holds, then there exists » > max{n, 2} such that

IVu(-, t)||Lr < ¢, for all t € (0, Thax)- (3.3)
In fact, assume (3.1) holds, then by (2.9) in Lemma 2.5, we can derive that
[z(-,t)]lLe < M3(1 4 M) for all t € (0, Tynax), (3.4)

with

1<g< o, if k> 3.
If £ > O, then we have ||z(-,t)||Le < M3(1 + M) and |[|[Vo(-,¢)||Le < My(1 + M3(1 4+ M)) follows by

2
using (2.12) in Lemma 2.5. Hence, the statement (A) holds for £ > 3. On the other hand, if § <k < 3,
one can derive that =2 > 2 which implies |[2(-,#)||La < M3(1+ M) for max{1, 2} < ¢; < =" Then
using (2.12) in Lemma 2.5 again, we can obtain (3.3) directly. Hence, the statement (A) holds for all
k>4
Next, we shall show that (3.2) holds with the statement (A). In fact, multiplying the first equation of
(1.3) by uP~! with p > 1, and integrating the result by parts over { and using the Young’s inequality,

we end up with

{1§q<n”§k7 it k<3,

%% uP + (p— 1)/’y(w)up*2|Vu|2 +b/up+1
) ) )
zx(p—l)/up_1Vv-Vu+a/up
o) o)
p— -2 2, (P )XZ/ 2 /
< w)uP ™= | Vul* + uP|Vol* +a [ P
[t EEC [y
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which together with the facts 0 < v1 := y(||wol|Le) < v(w), Holder’s inequality and (3.3), gives

—1
d p+ p(p . )71 /up_2|Vu|2+bp/up+1

dt
Q Q
—1)v2
< p(p27)x/up|Vv|2+ap/up
bR Q
(p— 2 o (3.5)
< p 17271 X /ur”_z Vol t)||2 - +ap/up
Q Q
1—2
—1 2.2 or
< plp — xel 27)X a /uf2 +ap/up
' Q Q
Then we can use the GagliardoNirenberg inequality, Young’s inequality and the fact ||u? || 2= ||u|\§1 <
M"‘ to find two constants ;1 = 51 T €(0,1) and 2 = gfii; € (0,1) such that
1—2
p(p — D)x’ci /urp_g _pp—1)x*ct 12| »
21 21 L2
Q
< £ 2e1 L 2(1—€1) B 22
<o (It 22 I 2472+ 12, 6
< oo (VU2 02050 4 )
-1
< pp—Um 1 el /up72|Vu|2+c3
Q
1 —
with ¢z := ¢y ' MP(1 —&1) {ﬁ] " + oM} and
(ap-+1) [ = (ap-+ 1) Ju
Q
<o (IVu 1P 4 a2, ) (3.7
Lp Lp
-1
< pp—Um 1 el /up_2|Vu\2+C57

Q
1 2
T—< T—ep
where ¢5 1= ¢, > MP(1 — &) [ﬁ} + s MP.
Substituting (3.6) and (3.7) into (3.5), we get
d

En up—|—/up§03—|—65,

Q Q

which together with Gronwall’s inequality gives ||u(-,t)||Lr < cg for all ¢ € (0, Tiax). Using the Moser
iteration procedure (cf. [1]), one has

lu(-;t)||Lee < 7, forall t € (0, Tinax)- (3.8)
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Then applying the parabolic regularity to the second and fourth equations of the system (1.3), we can
obtain

[z(-, ) lwiee + |Jo(-, B)]lwiee < cs, forall t € (0, Trax)- (3.9)
The combination of (2.3), (3.8) and (3.9) gives (3.2). Hence, the proof of Lemma 3.1 is completed. [

For the system (1.3), it holds [Ju(-,)|[L: < M; (see (2.1)). Hence, as a direct consequence of Lemma
3.1, we can obtain the boundedness of solution for 1 < n < 3 as follows.

Lemma 3.2. Let Q CR" (1 <n <3)
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Next, we state the boundedness of solution for the system (1.3) with logistic source in all dimensions.

Lemma 3.5. Let @ C R" (n > 1) be a bounded domain with smooth boundary. Suppose the assumptions
(HO) hold and the initial data (ug, v, wo, zo) satisfy (1.4). Assume that a,b > 0, then the system (1.3)
has a unique classical solution with uniform-in-time bound for any dimensions.

Proof. When 1 < n < 3, the global boundedness of solutions has been established as in Lemma 3.2.
Hence, in the following , we shall show the global boundedness of solution in the case of n > 4. First,

multiplying the first equation of (1.3) by uP~! (p > max % 2—1’3 ), and integrating it by parts, we end
up with
1d
dt uP +(p—1) /fy(w)upfz\vmz + b/up+1 =xp-1) /up*IVv -Vu+ a/up
b
¢ ¢ ( 19) ¢ (3.15)
A /upAv+a/up
p
Q Q
Then using Holder inequality and Young’s inequality, one has
-1 b
— X(pi)/upAv < §/up+1 +cl/|Av|p+1, (3.16)
g Q Q
p+1
with e i= 1 (2)° (XB52)" and
1 b
<ap+ p;) /up < Ep/u‘”rl +co (3.17)
Q Q
. p+1
with o = (3)° (22285)" [0
Substituting (3.16) into (3.15) and using (3.17), we can derive that
d
Py — ptl /up < clp/ |Av[PT! 4 . (3.18)
dt 2
Q Q

p+1

Multiplying (3.18) by e5 and then integrating the result with respect to time variable directly, one
has

t

/up ) < cipe” (g /e(ﬁ’;)r /\Av(-,7)|p+1
Q

to
t
+ coe” e /ewﬂ)f pél(t*tg)/up(',to)
t() Q
) . (3.19)
(p+1)t +1)f (p+1)T
<epe " / o / [Av(, )P 2 luls to) I
P+ p+1
to
t
< epe- (1)t /ewt})r /‘ )P+ e,

1o Q
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where t € (to, Tmax) With to = min{l, %Tmax}. On the other hand, applying the maximal Sobolev
regularity (see [3,39]) to the following system
ve=Av —v+wz+ o, reN,t>0,
% =0, z € 00t >0,
v(z,0) = vy (x), x €,

we have
t

/67(”21)7 /IAv\p“
to Q

(p+1)T (p+1)
<o | [ [lorwlPtt s (o o) L + Avt w25 ).
to

which substituted into (3.19) gives

t
/up('at) < Clc4pe_pT+lt /epT_HT/w(.’T) + (wz)('a7)|p+1
Q Q

(p+1)(t (p+1)(t=tg)

+ cicape” (Il to) 175 + IAv (-, to)lIT3) + e (3.20)

< 016419‘9_17;%/epTJr1T / (-, 7) + (wz)("7)|p+1 + ¢s,
t() Q

for all t € (t9, Tmax), Where we have used the fact Hv(~,t0)||ﬁfi1 + ||Av(-, t0)||p|_i§i1 < ¢g. Next, we shall

show the term [ |v(-,7) + (wz)(-,7)[P*! can be controlled by ||u(-,t )H(p+1)e for some 6 € (0,1). In fact,
Q

using (2.3) and (2.10), for all 7 € (to,t) and t € (0, Tinax), one has

[t @At <2 ot 2agt [aenpn
Q Q Q (3.21)
< 2PPMET + MET) sup |z (- 8) P +4PMET,
s€(0,t)

where we have used the following basic inequality
(X + V)P < 2P(XPHL 4 YPTY) forall X,Y > 0and p > 0. (3.22)

Before estimating the terms on the right-hand side of (3.21), we give some relations on the parameters.

Since p > max{Z, 22}, we know that for any 2 < ¢, < 2%, one has p+ 1 > ¢, and 2pg. > n. Then

n-—-2’
after some calculations, one has

1 1 1 1 1 1

1
g (3.23)
p n o np pe n op+l
which entails us to find a constant r > 1 satisfying
11 1 1 1 1
-——<-Z - — (3.24)
p nor nop P4«
such that
1 1
- +1
6= % € (0,1) (3.25)
0 n r
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and
1< (p+1)8<p.
Since b > 0 and n > 4, from Lemma 3.4, one has
2
20, )][Ler < Mg, for all ¢ € (0, Toax) and 2 < g, < %
Then we can use the Gagliardo-Nirenberg inequality and (3.27) to obtain
i
126 9)IP5h < er (19206 IE V20, ) IEED 4 )1z, 9) 171

< or (MPHVOO T2 (, ) B+ M),

for all s € (0,t) with ¢t € (to, Tmax). Moreover, using (2.11), (3.22) and noting the fact % -

derive

oM, )(P+1)8
V2@ < CMITTR ) o ) B8
2 ne(o,s)

(p+1)8

< AT 7 <1+ sup ., )II“’“”’)

2
ne(o,t)

Combining (3.21), (3.28) and (3.29), one has

[¢]
/w )+ wz(- )P < eg sup [ul )|+
ne(o,t)

where
cs i= 2P (PP 4 METH) M PTIUO 2p,) (P10
and (0418
2M,)(P _
co 1= APMPTY 4 cr2P (2P AP 4 pBTY (Mg+1 4 MR 4)2 Mo ‘”) :

We substitute (3.30) into (3.20) to obtain

t
( )T
/Mﬁfﬁﬁ@p&sﬁmﬂw 50+ )a“?”/eﬂl+%

e(0,t
5 ne(o,t) 4

2pcieqcs (-, )H(p+1)e 2pcieycg
p+1 ne(o,t) p+1

Hence,

Swl/MﬁW<qOGw€@JWM | & ¢ )
te(0,T) 5 n

=cio | sup |ju(-, )]s (p+1)8 +1| forall T € (to, Tmax)s
te(0,T)

by letting ¢y : — 2pcica(Cs ':;ial) +C5(p+1)

that

Vi
[u( )llLe < 2ey T

(p+1)6
p—(p+1)0 [2(19 + 1)9} e

p p
n nt2

Since p > max{7}, 155

results.

Proof of Theorem 1.1. Theorem 1.1 is a consequence by combining Lemmas 3.2 and 3.5.

+ ¢5 for all t € (to, Tinax)-

, forall t € (0, Tnax)-

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

. Using the fact (p + 1)8 < p and Young’s inequality, we can derive

}, then using the boundedness criterion in Lemma 3.1, we obtain the desired

O
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Remark 3.6. With some appropriate modifications of the arguments in Sect. 3, we can establish the exis-
tence of global classical solution in any dimensions for the following Fujie-Senba-type indirect chemotaxis
system [11,12] with x = 1:

ur = Au — V- (uVo) + u(l — u¥), x e t>0,
ve = Av — v+ w, x e t>0, (3.31)
we = Aw — w + u, reQ,t>0.

In fact, if K > T — % and n > 2, by using the semigroup estimates method, the boundedness of solution
for the system (3.31) has been established in [46]. Compared with the results obtained in [46], we need a
smaller value of k if n > 6 but a larger value of k if 4 < n < 5, to obtain the boundedness of solution.
Hence, it is an interesting question to consider whether or not there exists an optimal value of k, to
ensure the global existence of classical solution for the system (3.31) for all dimensions.

4. Global stabilization: Proof of Theorem 1.3

In this section, we shall show that the solution (u,v,w,z) obtained in Theorem 1.1 will exponentially
converge to the unique constant state as t — oo. First, we improve the regular properties of solution as
follows.

Lemma 4.1. Let (u,v,w,z) be the solution of system (1.3) obtained in Theorem 1.1. Then there exist
o € (0,1) and M7 > 0 such that

0Dl g @ eary + 106 Dllgrernet sy + 120D lgrernst @penyy < Mr (A1)
forall ¢t > 1.
Proof. Theorem 1.1 entails us that there exists a constant Cy > 0 independent of ¢ such that
0 < u(z,t) <Coy, 0<wv(x,t) <Cyand0<|Vu(z,t)] <C for all (z,t) € Q x (0,00).
We rewrite the first equation of (1.3) as
ut = VO(x,t,u, Vu) + ¥(x,t,u) for all z € Q and ¢t > 0,
where
@ (x,t,u, Vu) := y(w)Vu — yuVv
and
U(z,t,u) = au — bu’.
Using the Young’s inequality and the fact 0 < v1 := y(||wo||L=) < y(w) < ¥(0), one has
®(z,t,u, Vu) - Vu = y(w)|Vul* = xuVo - Vu
> y(w)|Vul* = xu|Vu||Vy|
> 71| Vaul* = xu|Vul[Vo|

ge! X (42)
> = |Vu? = Z2—u?|Vo]?
2 2m
204
Z £|VU|2 _ X O’
2 21

and
|® (2, t,u, Vu)| < v(0)|Vu| + xCZ, (4.3)
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as well as

|U(x,t,u)| < aCy + bCE. (4.4)
Thus, according to (4.2)—(4.4), we can use the Holder regularity of quasilinear parabolic equations [33,
Theorem 1.3] to derive that [lu(-,t)||-o.g @xer S €L for all £ > 1. And applying the standard parabolic
regularity theory [25] to the fourth equation of (1.3), one has [|2(-,t)||c2+a1+5 @xfter) < €2 for all t > 1.
Similarly, we can obtain ||v("t)”CH"’lJr%(QX[t,tJrl]) < ¢3 for all ¢ > 1. Hence, we complete the proof of
Lemma 4.1. 0

To show the convergence rate of solution u in L°°-norm, we shall use the following lemma.

Lemma 4.2. Let (u,v,w, z) be the solution obtained in Theorem 1.1. Assume that there exists some ¢y > 1
such that

(IVw(-,t)||Le < Mg for all ¢ > t, (4.5)

then it holds that
IVu(-,t)||Lzn < My for all ¢ > ¢, (4.6)

where M; > 0 (i = 8,9) are constants independent of ¢.

Proof. Differentiating the first equation of (1.3) once and multiplying the result with |Vu|?*"~2Vu, we

have
1 d

%a/\w?n :/|Vu|2”_2Vu~V(V-('y(w)Vu))
Q Q
_ x/\vu|2“*2vu-V(v.(uvu))
Q

+ / |Vu|*""2Vu - V(au — bu?)
)
= J1+ Jy + Js.

First, we can use the identity VAu - Vu = JA|Vu|? — [D?ul? to estimate the term J; as follows

Sy = _/|Vu|2n_2AuV-(7(w)V“) —/VWUIQ”‘Q-VW-(W(IU)W)
Q Q

= /'y(w)\Vu|2”_2VAu -Vu — /’y’(w)V|Vu|2n_2 -VuVu - Vw
Q Q
1 _ _
=5 [ @IV AN — [ w)Tupn? DR
Q Q

- (n—-1) /7’(w)\Vu\2n*4V|Vu|2 -VuVu - Vw

Q

1 O|Vul|?

_ n—1 -
=5 [rwivapr22as - B [l 9 vapp

[?}9) Q

1
+ < n> /’y'(w)|Vu|2n*2V|Vu|2~wa/’y(w)\Vu\2"*2|D2u|2.
Q )

2
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On the other hand, using the facts |Ju||_< + |Jv|jw1.- < Co (see Theorem 1.1) and |Au| < /n|D?u|, we
can estimate Js as follows

:X/V|Vu|2”—2 ~VW~(qu)+x/\Vu|2“—2Auv- (uVv)
Q Q

< x(n=1Co [ [VuP"S|VITuP|(1+ [Vl + o) (19)
Q
+ xv/nCq / |Vu|?" 2| D?u|(1 + |Vu| + |Av]).
Q

At last, using the nonnegative of u, we have

:/|Vu|2n_2Vu - V(au — bu?) < a/|VU\2n- (4.10)

Q Q

Moreover, using the boundedness of w and the hypothesis v(w) € C?([0, o)), one can find some positive
constants vj > 0 (i = 1,2,3) such that

O<m<yw) <y and  [Y/(w)] <93 (4.11)
Then substituting (4.8)—(4.10) into (4.7), and using (4.11) and the Young’s inequality, we end up with

1d —1
/|V ‘2n ( 5 )71 /|Vu|2(n’2)|V|Vu|2|2+71/|Vu\2(n*1)|D2u|2

2n dt
Q Q
2
<3 / v<w>|w|2(”*”a§7mds ~(n—3) / Y ()| V"DV - V|Vl
a9 @

+ x(n — l)C’o/|Vu\2n’3|V|Vu|2|(1+ |Vu| + |Av|)
+ Xﬁco/\w%*%p?m(u|VU|+|AU|)+a/|vu|2"
< [ [VuPRas + (n = 3)a [ [Val™2VITuP] - [Tu V)
+ x(n—1)Cy / |Vu|" 2|V [Vul?| - [Vu[" (1 + [ Vau| + |Av])
+ X\/ECO/\Vu|”_1|D2u\ Va1 4 [Vl +|Av|)+a/|w2n

S’YQC/|VU|2ndS+(7%/|V |2n 2) |V|V |2‘2 ’Yl/|v |2(n 1) |D2u|2

220
+X0(
71

4x%(n — 1
+ (a+ X (n )CO + X nOO)/|vu|2n
Y1 2

/ VuOD(1 1 |Avf?) A0 / Vul |V

ga!
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2
where we have used the inequality 6|§:I < 2¢|Vu|? with some constant ¢ > 0 on 92 ([27, Lemma 4.2]),
and the above inequality can be simplified as

d -1
&/|VU|2n+ n(n )7
Q
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where 5 := ¢3 + ¢4 + 2+ caMZ and cg := ("=1)"7" &L 4|0, Using the fact [[u(-,t)||L~ < Co and the

n
2~2
Young’s inequality again, one can find a positive constant c¢; := % such that

(c5 +1) / |Vu? = (c5 + 1) / |Vu|*""2Vu - Vu
Q Q

=(cs+1) —(n—1) /U|VU|2n74V|VU|2 v /U|Vu|2n72Au
Q Q

§(65+1)(n—1)co/|vu\2“* ul v Qo
Q
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ur =V - (y(w)Vu) — xV - (uVv), x e, t>0,

ve = Av 4+ wz, e, t>0,

Wt wz, xell, t >0, (4.18)
=Az—z+u, reN, t>0,

gu_ v _aw_3dz_y, x €00, t>0,

(u,v,w, z)(x,0) = (ug, vo, wo, 20)(x), r € Q.

Then, we have the following results on the large time behavior of solution of the system (4.18).

Theorem 4.3. Let (u,v,w, z) be the solution of (4.18). Then there exist two positive constants K and &
independent of ¢, such that for all ¢ > 0

||(u,v,w,z)(-,t) - (ﬂo,@o + 11707071]0)”L°C < KeiKtv
where 1y = ﬁfg Uy, Vg = ﬁ fQ v and wg = ﬁ fQ wo.

Remark 4.4. For the system (4.18) with y(w) = 1, the convergence and decay rate of solution have
been established in [9] and [20] based on the semigroup estimates method. However, when v(w) is not a
constant, the semigroup estimates method cannot be used directly to obtain the converge properties of
u. Instead, we shall use the energy estimate to obtain the convergence properties of solution in L?-norm.
Then using the regularity of Vu and Gagliardo-Nirenberg inequality, we can obtain the decay information
in L°-norm.

First, we show the decay properties of w.

Lemma 4.5. Suppose the conditions in Theorem 4.3 hold. Then for all ¢ > 0, we have
(-, 6)llL= < Kie <, (4.19)

and
V(- t)[Le < Kae™ 2T, (4.20)
where K1, Ko and k, are positive constants independent of .

Proof. Integrating the first equation of (4.18) and using the homogeneous Neumann boundary conditions,

one has
/UZ/UO.
Q Q

On the other hand, applying the variation-of-constants formula to the fourth equation of (4.18), it follows
that

t
2(t) = et tAzo—i—/e (t=9)o(t=9)8,(5)ds.

Then using the similar arguments as in [5, Lemma 2.2], we can find a constant x; > 0 independent of ¢
such that

inf z(x,t) > K1 > 0 for all t > 0. (4.21)
XEQ

From the third equation of (4.18), we have

- ; zds
w(z,t) =wo(x)e o (4.22)
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which combined with (4.21) gives (4.19). Using (4.22) and the facts wo € C*(Q), (4.21) and ||Vz||L~ < Co,
one has

t t
— [ z(x,s)ds — [z(x,s)ds
Va0l = [Fwge 7 —uge [0 ashis

< | Vwol|Lee ™™t + Coljwol|Lee ™™ - £,

which implies (4.20). Then the proof of this lemma is completed. O

Lemma 4.6. Suppose the conditions in Theorem 4.3 hold. Let \; > 0 be the first nonzero eigenvalue of
—A in ©Q under Neumann boundary conditions and 0 < ko < min{A1, k1 }. Then one can find a positive
constant K3 independent of ¢ such that

[0(:,t) = o — WollLe < Kze™ =t £ > 0. (4.23)

Proof. Noting the fact that oy = wz and using the variation-of-constants, we can from second equation
of (4.18) obtain
t

0( 1) — () = eAt(vy — 7o) + / A=) ((wz)(~, 5) — m(s))ds. (4.24)
0
Then, using the facts [(vo — vo) = [(wz —wz) = 0, ||2(-,t)||L= < Co,v9 € WH(9), (4.19) and (2.6),
o) O

one can derive that

lo(,8) = o(t)l|Le < fle*(vo — Do)l +

eAt=s) ((wz)(7 s) — W(s)) HLOO ds
0

<o fJvoll=e ™ 4201 [ MO [(wz)(-, 5) — wE(s)[|L=ds

< 4o fJooll=e ™+ doy [ e M (-, 5) | |2(-, 8) L= ds

o, O —_

t
< 4oy ||vo||Le e M4 40Oy K, /efxl(tfs)ef'(lsds

0
t

< doq]|vo||Le e MUy 4o O K, /67K2(t75)67K13d5
0

(4.25)

t
= 4oy ||vo||lLee ™M + 4oy Co K e "2t / e~ (Ki—K2)s 14

0
40’100K1 €_K2t

< 40’1||U0|||_oo6_)\1t +
K1 — K2

On the other hand, from (2.2), one has

T)(t) =V + wo — w(t),
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which together with (4.25) and the fact (4.19) gives

[[o(-,2) = (V0 + wo)|[Lee < [Jv(+,t) = Dl + ||V — (To + wo)[|L>
)\1t_|_ 40’100K1 67K2t

< doi|vofL=e” p— + [[w(®) [
=
401Co K
< 4oy ||vo||Lee Mt + %e”ﬁt + Kje "t

< (40100||L<><> + + Kl) e et
K1 — K2

and hence (4.23) follows. Then we complete the proof of Lemma 4.6. O
Next, we shall show the convergence properties of u. More precisely, one has the following results.

Lemma 4.7. Suppose the conditions in Theorem 4.3 hold. Then it holds that

(-, t) — gL < Kqe st for all t > 0, (4.26)
where K, and k3 are positive constants independent of ¢.
Proof. From the first equation of (4.18), one has

(u—19)t = V- (y(w)Vu) — xV - (uVw). (4.27)
Using the fact ||w(+,t)||Le < ||wp||Le and the properties of y(w), one has 0 < ;1 < (w). Then multiplying

(4.27) by u — 1o, integrating the resulting equation by parts and using the fact ||u(-,t)||Le < Cp (see
Theorem 1.1) and the Young’s inequality, we end up with

1d
St (u — g)* 2—/7(w)|VU|2+X/qu-Vu
Q Q Q
§771/|Vu|2+Cox/|Vu||Vv\
Q Q
g 2 CSXZ/ 2
< - = \Y% \Y%
<=2 [1vup+ 25 oo
Q Q
which yields
d 02 2
= (w =) +m/ IVul? < Oix/ww. (4.28)
de "
Q Q Q

On the other hand, noting the fact f (u— 1p) = 0, and using the Poincaré inequality, we can derive that

lu—aol? < 1 [ |V(u— o). (4.29)
[rowren]

Substituting (4.29) into (4.28), one has

d/ — 2 ’71/ — 12 Cng/ 2
— u— Ug|” + — u — Ug|” <—— Vol“.
a J | ol o J | ol n Vvl (4.30)
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Moreover, using the variation-of-constants method and (2.7), (2.8), the fact ||z(-,t)||L~ < Cj as well as
(4.19), one derives that

t
Vo, 8) e < [[Veuol|L2 +/||ve<t*S>Aw(.,s)Z(.,s)Hdes
0

< 203 MYV L2 + 0 (1 (- s)*%) e M) (., 5)2(-, 5) || Lo ds

o

t (4.31)
< 205" MY V|2 + Coon K1 |02 / (1 (- s)*%) e M(t=s) g —Kis g
0
-t 1 — min{Ki,Kz }t
< 203e ||V’Uo|||_2 + C()O’QK1|Q|20'4€

< (205]|Vo||Lz + Cooa K1 |QZoy)e <2t

S 026_K2t7

where we have used Lemma 2.4 and the fact ko < min{Ay, x1}.
Then combining (4.30) and (4.31), and letting y(t) := [, |u — @o|?, one has

2.2.2
' () + Ly(t) < Me%m?
€1 04!
n{2L 2
which make us to find two constants pg := M and ¢3 > 0 such that
C2+202 !
y(t) < e ty(0) + X2 / o THE8) 2k
il

0

t
2,22
< Jlug|Zse” B 4 C0X°2 / o—Ho(t=s) ,—2Kas ¢
ga!
0 (4.32)

1 2122
< uoPae 4 COXBT1
2m

C2x2c3o,
< (Iluoll?» + L0X oMot
(1ol + 2327

S CBeiu()t?
t
where we have used Lemma 2.4 to derive that fe*“O(t*S)e*QKzsds < &t Then using the definition of

0
y(t), from (4.32) one obtains

1 .
u(-,t) — T2 < cfe” 3, (4.33)
On the other hand, using (4.20), from Lemma 4.2, we can derive that
IVu(-,t)||L2n < My, forallt > 1. (4.34)
Then noting (4.33) and (4.34), and using the Gagliardo—Nirenberg inequality, one has
_n_ _1_
[u(-,t) = tollLoe < sl V(u — o) |50 lu — Goll "5 + callu — tol| L2

_n_ _1
= cal| V| '3 lu — toll'a" + callu — @2
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_n_ _1
< Mg lu = ol + callu — Tol|L2
n_ 1 1
< (eaMg ™ es" Y +ciey)e” st for all ¢ > 1,

and thus (4.26) follows by letting k3 = ﬁ and noting the boundedness of ||u(-,t)||Ls. O

At last, we shall use the semigroup method to give the large time behavior of z. More precisely, we
have the following result.

Lemma 4.8. Suppose the assumptions in Theorem 4.3 hold. Then for all ¢ > 0, it follows that
12(-,) = GoflLe < Kze ™t (4.35)
where K5 and x4 are positive constants independent of ¢.

Proof. Applying the variation-of-constants methods to the fourth equation of (4.18), one can derive that
t
z@ofmpwﬁﬂmwfmﬁ+/dmﬂWﬁ@@gf%m&
0

Then we can use the semigroup estimate, (4.26) and Lemma 2.4 to find a k4 := w such that

t
[12(-,t) — oL~ SIVJA‘lﬁ(Zo-ﬂo)HLw‘+ /wk4A‘1Mt*$(u(u8)-ﬂo)HLde
0

t
< eft”eAt(Zo - ﬂO)HLOO 1204 /6*0\1+1)(t73)“u(.75) _ ﬂO”L‘X’dS
0

t
< e7t||ZO — || + 201K4/8*K4(t*5)67K33d8
0
< (”ZO”LOO + ||u0|||_ac)€_t + 0'1K40’4(3_K4t

< (lzollLee + [luollLee + o1 Kaoa)e ™,
which gives (4.35). Hence, the proof of Lemma 4.8 is completed. g

Proof of Theorem 4.3. Theorem 4.3 is a consequence of the combination of Lemmas 4.5-4.8.

4.2. Large time behavior: a,b > 0

In this section, we shall study the large time behavior in the case of a > 0 and b > 0. More precisely, we
have the following results.

Theorem 4.9. (Global stabilization: a,b > 0) Suppose the conditions in Theorem 1.1 hold. Then the
solution (u,v,w, z) of (1.3) will converge to the constant state (%,170 + 10, 0, %) exponentially.

Next, we shall prove Theorem 4.9 based on the following Lemmas.

Lemma 4.10. Let the conditions in Theorem 4.9 hold. Then there exist a constant v, > 0 such that

[lo(-,t) — villwze — 0 as t — oo. (4.36)
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Proof. Integrating the third equation of (1.3), one can derive that

oo
//’UJZ<OO
0

Then we can use the similar arguments as in [8, lemma 4.3] to obtain the results. We omit the details for
convenience.

Lemma 4.11. Let the conditions in Theorem 4.9 hold. Then the solution (u,v,w, z) satisfy
() = lli= — 0 as ¢ — oo, (4.37)
and
W@ﬂf%MwHOM;ﬂﬁm. (4.38)
Proof. The first equation of (1.3) can be rewritten as
uy = V - (y(w)Vu) — xVo - Vu — xyulv + au — bu?. (4.39)
From (4.36), we have ||Av|L~ — 0 as t — oo, which implies for any € > 0, there exists ¢; > 0 such that
|Av||Le < e, for all t > t;. (4.40)

Then, based on some ideas in [6], we can show (4.37) hold. In fact, for € Q and ¢ > t1, from (4.39) one
can derive that

uy < V- (y(w)Vu) — xVou - Vu + (a + xe)u — bu?. (4.41)
and
V- (7(w)Vu) — xVov - Vu + (a — xe)u — bu? < ug (4.42)
Let ¢(t) be a solution of the following system
'(t) = —bg?, t>t
1) = (atx2)o b, 1> 1 i
o(t1) = [lul-; t1)llLe,
then noting (4.41) and using the comparison principle, one has
u(z,t) < ¢(t) forall x € Q,t > ty, (4.44)
which gives
lim sup sup u(z, t) < limsup ¢(t) = lim ¢(t) = @t Xg,
t—oo XxXEN t—o00 t—oo b
and hence a
lim sup sup u(z, t) < — (4.45)
t—oo xeQ b
due to the arbitrary of e. Similarly, using (4.42) one can derive that
lim sup inf u(z,t) > - (4.46)

t—oo XEQ b’
Then the combination of (4.45) and (4.46) gives (4.37).

Next, we shall show (4.38) holds. To this end, letting ¥ (x,t) = 2(x,t) — &, then from the fourth
equation of (1.3), one has

e =AY+ =u—F, e, t>0,
v —, x €90t >0, (4.47)

Y(x,0) = to(z) = 20(x) — &, e
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Let ¢*(t) be the solution of the following ODE problem
Pr(t) + ¢ (t) = [lu— §llL=,t >0,
P(0) = [[vo]lL=.

Then applying the comparison principle, one can show that *(¢) is a super-solution of problem (4.47)
and satisfies

(4.48)

P(x,t) <P*(t) forall € Q¢ > 0.
Similarly, one can show that ¢ (z,t) > —¢*(¢) for all = € Q,¢ > 0. Hence, one has

[t(z,t)| < *(t) for all x € Q,t>0. (4.49)
Since [Ju(-,t) — &L~ — 0 as t — oo, then from (4.48) we have

P () =0 as t — oo,
which combined with (4.49) gives
J8) = 2l =[98l < v*(E) =0 as ¢ —oc,

and hence (4.38) follows.

Lemma 4.12. Let the conditions in Theorem 4.9 hold. Then for all ¢ > 0, one has
[w (- 1)L < Cre™ (4.50)
and
[o(:,t) = T — wollL= < Cae™ 2", (4.51)
where the constants Cj, ¢ > 0(¢ = 1,2) are independent of ¢.
Proof. From (4.38), we know that there exists 77 > 0 such that for ¢ > T7, it holds that
a 3a
— < =.
2b — 2b
Then from the third equation of the system (1.3), one has

< z(-1t) (4.52)

- ft z(x,s)ds
w(x7t) = w(val)e n s

which, combined with the boundedness of w and (4.52), gives
lw(, )L < [lw(-, T1)|L=e” 5T for all ¢ > Ty,

and then (4.50) follows by noting the boundedness of ||w(-,t)||Ls. Moreover, using the similar arguments
in Lemma 4.6, one can obtain (4.51) directly. O

Next, we shall show the convergence rate of v and z.
Lemma 4.13. Let the conditions in Theorem 4.9 hold. Then for all ¢ > 0, it holds that
() = il < Coe™ %, (4.53)

and
a
[2(- 1) — EHLOO < Cyem 1, (4.54)

where the constants Ci, ¢; > 0 (i = 3,4) are independent of ¢.
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Proof. We first show (4.53) holds. To this end, we multiply the first equation/of /1.3) by U;%, integrate

it by parts, and apply the Young’s inequality to obtain

d a a2 a |Vul? Vu
& (“‘51““)”/(“‘5) —‘5/““’) 2 VY
Q Q
4.55
/ |V’U|2 ( )
- 4b
which combined with the fact & [ [2In2 — 2] =0, and the estinyaf¢/0 < 1 < y(w), one has
d a bu a 2 9
dt/(u_b_bl a>+b/<U—b 'ylevHLz' (4.56)
Q Q

On the other hand, defining ¢(¢) = ¢ — § In¢, then one has ¢

b U .
(8- T

: ey

where (. > 0 between u and §. Since u(-,t) — & fo, there exists some to > 1 such that for all

t > to it holds that

which, combined with (4.57), implies that

b a\? a
AT L T 4.
5 (473) Su-3 (4.58)
Then the combination of (4.56) and (4.58) g
d a
< e 4.
gy <u A (4.59)
Q
for all ¢ > t5. Moreover, noting (4.50) )|Le < Cp (see Theorem 1.1) , we can use (2.7) and

Vo, e < [[VePuolla IIVe(t_S)AwC 5)2(-;5)||L2ds

t
< 203|| Vol fe M + 2/ 1+ (t—s) %>eS)‘l(t_S)Hw(-,s)z(-,s)”uggls
0

<03 .
< 203N 0||L%_)\1t+0200C1|Q‘§/<1+(t—8)t

0 e
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Letting Z(t) := u—2a -2 ln , then combining (4.59) and (4.60), one has for all ¢ > ¢y that
b
Q

axc —on,
Z'(t) + aZ(t) < pote M,

which, together with the Gronwall’s inequality and the fact (4.58), gives a constant po := % such
that (see the similar arguments as in (4.32))

b 2 2.2
30 (u — %) < Z(t) < (Z(O) + CW) e M2t < oMt for all ¢ > ¢,
Q

and hence

3acs\?
lu(-t) — %HLQ < ( (202> e 7 forall t>ty. (4.61)

Next, we shall show the convergence rate in L>°-norm. Using the nonnegative of z and the fact ||Vz||Le <
Cy (see Theorem 1.1), from the third equation of (1.3), one has

t t t
— (z(-,s)d — [z(-,8)d
V(e 8| = [Vage 807 Z e 4709% /vZ 5)ds|L o

0 (4.62)
< |[Vwo||Le + Collwo ||t

S 63(1 + t),

for all ¢ > 0. On the other hand, using (4.38), we can find a fixed t3 > 0 such that
% < 2(2,t) < % for all £ > t5 > 1. (4.63)

Then using the third equation of (1.3) again and noting the facts (4.63) and [|Vz|L~ < Cp, one can
derive that

— [ 2(8)ds - fz xs)ds
[Vw(:,t)||Le = [|[Vw(-,t3)e *2 —w(-,t3)e / s)ds]| Lo
ts
< V(- ts) || e 3 8 4 Cyflwp||Lee (t — t3)e™ 25 (1) (4.64)
<cs(l+tg)e” 35 (t— t3)+Co||on|_oo(t—t3) 8 (tts)
< ¢y,

for all t > ¢35 > 1. Then applying Lemma 4.2 and (4.64), one has ||[Vu|| 2. < My for some t > t4 >
max{ts,t2} > 1. Then using the Gagliardo—Nirenberg inequality and (4.61), one has

a a. . —n_ a
= Gl < sV = P u = GIET + el - Gl
1 1

[N

s D z
<cs lM;*l (3abc2> + (36202> ‘| e it

for all ¢ > t4, which gives (4.53) by noting the boundedness of ||u— £|[L~. At last, applying the comparison
principle as in Lemma 4.11, one has (4.54). Then the proof of this lemma is completed.

Proof of Theorem 4.9. The combination of Lemmas 4.12 and 4.13 gives the results in Theorem 4.9. O
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4.3. Proof of Theorem 1.3

Theorem 1.3 is a consequence of Theorems 4.3 and 3.2.
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