
Z. Angew. Math. Phys.          (2021) 72:181 
c© 2021 The Author(s), under exclusive licence to Springer Nature

Switzerland AG
https://doi.org/10.1007/s00033-021-01611-w

Zeitschrift für angewandte
Mathematik und Physik ZAMP

Global dynamics of a tumor invasion model with/without logistic source

Jiawei Chu, Hai-Yang Jin and Linjie Xiong

Abstract. In this paper, we shall study the following tumor invasion model

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

ut = ∇ · (γ(w)∇u) − χ∇ · (u∇v) + au − bu2, x ∈ Ω, t > 0,

vt = Δv + wz, x ∈ Ω, t > 0,

wt = −wz, x ∈ Ω, t > 0,

zt = Δz − z + u, x ∈ Ω, t > 0,
∂u
∂ν

= ∂v
∂ν

= ∂z
∂ν

= 0, x ∈ ∂Ω, t > 0,

(u, v, w, z)(x, 0) = (u0, v0, w0, z0)(x), x ∈ Ω,

where Ω ⊂ R
n(n ≥ 1) is a bounded domain with smooth boundary. The function γ(w) satisfies the hypothesis: γ(w) ∈

C2([0, ∞)) with γ(w) > 0 for all w ≥ 0 and γ′(w) ≤ 0. Based on energy estimates, we first establish the existence of global
bounded solution for 1 ≤ n ≤ 3 if a = b = 0. If the logistic source is included (i.e., a > 0, b > 0), we prove that the global
classical solution exists with uniform-in-time bound for all dimensions (i.e., n ≥ 1), which solves an open problem left in
Fujie (Discrete Contin Dyn Syst Ser S 13(2):203–209, 2020). Moreover, we also show that all the global bounded solution
will converge to the non-trivial constant steady state exponentially.

Mathematics Subject Classification. 35A01, 35B40, 35B44, 35K57, 35Q92, 92C17.
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1. Introduction and main results

To describe tumor invasion phenomenon with chemotaxis effect of Chaplain–Anderson type, Fujie et al.
[9] proposed the following model

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ut = ∇ · (D(u,w)∇u) − χ∇ · (u∇v) + f(u), x ∈ Ω, t > 0,

vt = Δv + wz, x ∈ Ω, t > 0,

wt = −wz, x ∈ Ω, t > 0,

zt = Δz − z + u, x ∈ Ω, t > 0,

(1.1)

where Ω ⊂ R
n(n ≥ 1) is a bounded domain with smooth boundary. In this model, the functions u, v, w, z

denote the density of tumor cells, active extracellular matrix, extracellular matrix (ECM) and matrix
degrading enzymes (MDE), respectively. The coefficient D(u,w) describes the random motility depending
on the density of tumor cells and ECM. χ > 0 is the chemotactic sensitivity rate of tumor cells to active
ECM, and f(u) is the logistic source. The system (1.1) was proposed based on the hypothesis of certain
substance called active ECM, which is produced by the biochemical reaction between ECM and MDE.

The main feature of (1.1) is that the tumor cell moves toward the chemotactic cue (active ECM),
which is not released by the cells themselves (such mechanism is called indirect chemotaxis) in contrast
to the classical Keller–Segel chemotaxis model
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{
ut = Δu − χ∇ · (u∇z) + f(u), x ∈ Ω, t > 0,

zt = Δz − z + u, x ∈ Ω, t > 0,
(1.2)

whose solution behaviors including boundedness [28–30,38,41], blow-up [14,16,34,43] and large time
behavior [26,44] as well as pattern formation [24,32] have been studied. (One can also see some related
review papers [2,13,15] for more details.) More precisely, for the system (1.2) without logistic source
(i.e., f(u) = 0), it has been proved that the global classical solution exists with uniform-in-time bound if
n = 1 [30]. If n ≥ 3, Winkler has proved that there exists some solution that blows up in finite time for
any

∫

Ω
u0dx > 0 [40,43]. In two-dimensional spaces, a critical mass phenomenon appears, that is there

exists a critical mass m∗ = 4π
χ such that the global boundedness of solution exists if

∫

Ω
u0dx < m∗ [28],

while the solution will blow up if
∫

Ω
u0dx > m∗ [14]. The logistic source has a damping effect which can

prevent the blow-up of solution. In fact, for the system (1.2) with f(u) = μu(1 − u), it has been proved
that the global boundedness solution exists for any μ > 0 if n ≤ 2 [29] and for large μ if n ≥ 3 [41].
Moreover, the global bounded solution will converge to the constant state (1, 1) for large μ [44]. However,
we should point out that the blow-up of solution is still possible in the presence of logistic-like growth
[42,45]. In fact, if the logistic source f(u) = au − buκ, it has been proved in [45] that there exist some
initial data such that the corresponding solutions blow up in finite time in an n-dimensional ball (n ≥ 3)
for the simplified parabolic–elliptic chemotaxis growth model provided

κ <

{
7
6 if n ∈ {3, 4},

1 + 1
2(n−1) if n ≥ 5.

Compared with Keller–Segel chemotaxis model (1.2), the indirect chemotaxis model has many in-
teresting and different phenomena [11,12,17,37]. For example, the indirect chemotaxis can prevent the
blow-up of solution and improve the regularization of solution. In fact, for the system (1.1) with linear
diffusion (i.e., D(u,w) = D0 > 0), based on the semigroup estimates, the existence of global boundedness
and large time behavior of solution have been established in the case of 1 ≤ n ≤
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Based on the above questions, we shall study the system (1.1) with D(u,w) = γ(w) and f(u) = au− bu2,
that is ⎧

⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

ut = ∇ · (γ(w)∇u) − χ∇ · (u∇v) + au − bu2, x ∈ Ω, t >
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Remark 1.4. In Theorems 1.1 and 1.3, we only assume that γ(w) satisfies the assumptions (H0) including
the case γ(w) = 1. Hence, our results cover the previous results with linear diffusion [6,8]. Moreover, our
results solve an open problem proposed in [6] by obtaining the boundedness of solution for any dimensions
with logistic source. Furthermore, we show the solution will exponentially converge to the non-trivial
constant steady state.

2. Local existence and preliminaries

We first give the local existence of solutions of (1.3), which can be proved by the fixed point theorem and
regularity theorem similar as [7] (also cf. [4]). We omit the details of proof for convenience.

Lemma 2.1. (Local existence) Let Ω ⊂ R
n (n ≥ 1) be a bounded domain with smooth boundary. Assume

that the initial data (u0, v0, w0, z0) satisfy (1.4), and suppose the hypothesis (H0) holds. Then there exists
Tmax ∈ (0,∞] and a unique classical solution (u, v, w, z) of (1.3) satisfying

u ∈ C(Ω̄ × [0, Tmax)) ∩ C2,1(Ω̄ × (0, Tmax)),

v ∈ C(Ω̄ × [0, Tmax)) ∩ C2,1(Ω̄ × (0, Tmax)) ∩ L∞
loc([0, Tmax);W 1,∞(Ω)),

w ∈ C(Ω̄ × [0, Tmax)) ∩ C0,1(Ω̄ × (0, Tmax)),

z ∈ C(Ω̄ × [0, Tmax)) ∩ C2,1(Ω̄ × (0, Tmax)).

Moreover, if Tmax < ∞, then

lim
t↗Tmax

(‖u(·, t)‖L∞ + ‖v(·, t)‖W 1,∞ + ‖z(·, t)‖W 1,∞) = ∞.

Lemma 2.2. Let (u, v, w, z) be the classical solution of (1.3) obtained in Lemma 2.1. Then for all t ∈
(0, Tmax), one has

‖u(·, t)‖L1 ≤ M1 :=

{
‖u0‖L1 , if a = b = 0,

‖u0‖L1 + (1+a)2|Ω|
4b , if a, b > 0,

(2.1)

and
‖v(·, t)‖L1 + ‖w(·, t)‖L1 = ‖v0‖L1 + ‖w0‖L1 , (2.2)

as well as
0 ≤ w(x, t) ≤ ‖w0‖L∞ := M2. (2.3)

Proof. Integrating the first equation of (1.3) over Ω and using the homogeneous Neumann boundary
conditions, one has

d
dt

∫

Ω

u + b

∫

Ω

u2 = a

∫

Ω

u. (2.4)

If a = b = 0, then one has ‖u(·, t)‖L1 = ‖u0‖L1 , and hence (2.1) follows directly. On the other hand, if
a, b > 0, then using Young’s inequality, we have

(1 + a)
∫

Ω

u ≤ b

∫

Ω

u2 +
(1 + a)2|Ω|

4b
,

which substituted into (2.4) gives

d
dt

∫

Ω

u +
∫

Ω

u ≤ (1 + a)2|Ω|
4b

. (2.5)
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Then applying the Grönwall’s inequality to (2.5) gives (2.1) in the case of a, b > 0. Adding the second
and third equations of the system (1.3), and integrating the result over Ω, one has

d
dt

∫

Ω

v +
d
dt

∫

Ω

w = 0,

which gives (2.2) directly. At last, the third equation in (1.3) shows the function

t 
→ ‖w(·, t)‖L∞

is decreasing, which implies (2.3). �

Now we will show some Lp-Lq estimates of the Neumann heat group in Ω, which can be found in [40,
Lemma 1.3].

Lemma 2.3. Let (etΔ)t≥0 be the Neumann heat semigroup in Ω, and let λ1 > 0 denote the first nonzero
eigenvalue of −Δ in Ω under Neumann boundary conditions. Then there exist some positive constants
σi (i = 1, 2, 3) depending only on Ω such that:

(i) If 1 ≤ q ≤ p ≤ ∞, then

‖etΔf‖Lp ≤ σ1

(
1 + t−

n
2 ( 1

q − 1
p )

)
e−λ1t‖f‖Lq for all t > 0 (2.6)

holds for all f ∈ Lq(Ω) satisfying
∫

Ω
f = 0.

(ii) If 1 ≤ q ≤ p ≤ ∞, then

‖∇etΔf‖Lp ≤ σ2

(
1 + t−

1
2− n

2 ( 1
q − 1

p )
)

e−λ1t‖f‖Lq for all t > 0 (2.7)

is valid for all f ∈ Lq(Ω).
(iii) If 2 ≤ q ≤ p < ∞, then

‖∇etΔf‖Lp ≤ σ3

(
1 + t−

n
2 ( 1

q − 1
p )

)
e−λ1t‖∇f‖Lq for all t > 0 (2.8)

is true for all f ∈ W 1,p(Ω).

To study large time behavior of solution, we shall introduce the following useful lemma, which has
been proved in [40, Lemma 1.2].

Lemma 2.4. ([40]) Let α1 < 1, and δ1 and δ2 be positive constants such that δ1 �= δ2. Then there exists a
constant σ4 > 0 such that

t∫

0

(1 + (t − s)−α1)e−δ1(t−s) · e−δ2sds ≤ σ4e
− min{δ1,δ2}t

for all t > 0.

Based on properties of Neumann heat semigroup shown in Lemma 2.3, one can use the similar argu-
ments as in [8, Lemma 3.1 and Lemma 3.2] to obtain the following results.

Lemma 2.5. Let (u, v, w, z) be the classical solution of (1.3) obtained in Lemma 2.1. Then we have the
following properties:

(i) If 1
p − 1

q < 2
n and 1 ≤ p, q ≤ ∞, then there exists a constant M3 > 0 independent of t such that

‖z(·, t)‖Lq ≤ M3(1 + sup
s∈(0,t)

‖u(·, s)‖Lp) for each t ∈ (0, Tmax), (2.9)

and
‖v(·, t)‖Lq ≤ M3(1 + sup

s∈(0,t)

‖z(·, s)‖Lp) for each t ∈ (0, Tmax). (2.10)
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(ii) If 1
p − 1

q < 1
n and 1 ≤ p, q ≤ ∞, then

‖∇z(·, t)‖Lq ≤ M4(1 + sup
s∈(0,t)

‖u(·, s)‖Lp) for each t ∈ (0, Tmax), (2.11)

and
‖∇v(·, t)‖Lq ≤ M4(1 + sup

s∈(0,t)

‖z(·, s)‖Lp) for each t ∈ (0, Tmax), (2.12)

with some constant M4 > 0 independent of t.

3. Global existence: Proof of Theorem 1.1

In this section, we shall show the existence of global classical solution. To this end, we first establish the
criterion of boundedness of solutions of the system (1.3) as follows.

Lemma 3.1. (Boundedness criterion) Suppose that the assumptions in Lemma 2.1 hold. Let (u, v, w, z) be
the classical solution of (1.3) which is defined on its maximal existence time interval [0, Tmax). Let M > 0
be a constant independent of t, and if there exists k > n

4 such that

‖u(·, t)‖Lk ≤ M, for all t ∈ (0, Tmax), (3.1)

then one can find a constant M5 > 0 independent of t such that

‖u(·, t)‖L∞ + ‖v(·, t)‖W 1,∞ + ‖w(·, t)‖L∞ + ‖z(·, t)‖W 1,∞ ≤ M5, for all t ∈ (0, Tmax). (3.2)

Proof. First, we show the following statement:
(A) If (3.1) holds, then there exists r > max{n, 2} such that

‖∇v(·, t)‖Lr ≤ c1, for all t ∈ (0, Tmax). (3.3)

In fact, assume (3.1) holds, then by (2.9) in Lemma 2.5, we can derive that

‖z(·, t)‖Lq ≤ M3(1 + M) for all t ∈ (0, Tmax), (3.4)

with {
1 ≤ q < nk

n−2k , if k ≤ n
2 ,

1 ≤ q ≤ ∞, if k > n
2 .

If k > n
2 , then we have ‖z(·, t)‖L∞ ≤ M3(1 + M) and ‖∇v(·, t)‖L∞ ≤ M4(1 + M3(1 + M)) follows by

using (2.12) in Lemma 2.5. Hence, the statement (A) holds for k > n
2 . On the other hand, if n

4 < k ≤ n
2 ,

one can derive that nk
n−2k > n

2 , which implies ‖z(·, t)‖Lq1 ≤ M3(1+M) for max{1, n
2 } < q1 < nk

n−2k . Then
using (2.12) in Lemma 2.5 again, we can obtain (3.3) directly. Hence, the statement (A) holds for all
k > n

4 .
Next, we shall show that (3.2) holds with the statement (A). In fact, multiplying the first equation of

(1.3) by up−1 with p > 1, and integrating the result by parts over Ω and using the Young’s inequality,
we end up with

1
p

d
dt

∫

Ω

up + (p − 1)
∫

Ω

γ(w)up−2|∇u|2 + b

∫

Ω

up+1

= χ(p − 1)
∫

Ω

up−1∇v · ∇u + a

∫

Ω

up

≤ p − 1
2

∫

Ω

γ(w)up−2|∇u|2 +
(p − 1)χ2

2

∫

Ω

1
γ(w)

up|∇v|2 + a

∫

Ω

up
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which together with the facts 0 < γ1 := γ(‖w0‖L∞) ≤ γ(w), Hölder’s inequality and (3.3), gives

d
dt

∫

Ω

up +
p(p − 1)γ1

2

∫

Ω

up−2|∇u|2 + bp

∫

Ω

up+1

≤ p(p − 1)χ2

2γ1

∫

Ω

up|∇v|2 + ap

∫

Ω

up

≤ p(p − 1)χ2

2γ1

⎛

⎝

∫

Ω

u
pr

r−2

⎞

⎠

1− 2
r

‖∇v(·, t)‖2
Lr + ap

∫

Ω

up

≤ p(p − 1)χ2c2
1

2γ1

⎛

⎝

∫

Ω

u
pr

r−2

⎞

⎠

1− 2
r

+ ap

∫

Ω

up.

(3.5)

Then we can use the Gagliardo–Nirenberg inequality, Young’s inequality and the fact ‖u
p
2 ‖

L
2
p

= ‖u‖
p
2
L1 ≤

M
p
2
1 to find two constants ε1 =

p
2 − r−2

2r
p
2 + 1

n − 1
2

∈ (0, 1) and ε2 =
p
2 − 1

2
p
2 + 1

n − 1
2

∈ (0, 1) such that

p(p − 1)χ2c2
1

2γ1

⎛

⎝

∫

Ω

u
pr

r−2

⎞

⎠

1− 2
r

=
p(p − 1)χ2c2

1

2γ1
‖u

p
2 ‖2

L
2r

r−2

≤ c2

(

‖∇u
p
2 ‖2ε1

L2 ‖u
p
2 ‖2(1−ε1)

L
2
p

+ ‖u
p
2 ‖2

L
2
p

)

≤ c2

(
‖∇u

p
2 ‖2ε1

L2 M
p(1−ε1)
1 + Mp

1

)

≤ p(p − 1)γ1

4

∫

Ω

up−2|∇u|2 + c3

(3.6)

with c3 := c
1

1−ε1
2 Mp

1 (1 − ε1)
[

pε1
(p−1)γ1

] ε1
1−ε1 + c2M

p
1 and

(ap + 1)
∫

Ω

up = (ap + 1)‖u
p
2 ‖2

L2

≤ c4

(

‖∇u
p
2 ‖2ε2

L2 ‖u
p
2 ‖2(1−ε2)

L
2
p

+ ‖u
p
2 ‖2

L
2
p

)

≤ p(p − 1)γ1

4

∫

Ω

up−2|∇u|2 + c5,

(3.7)

where c5 := c
1

1−ε2
4 Mp

1 (1 − ε2)
[

pε2
(p−1)γ1

] ε2
1−ε1 + c4M

p
1 .

Substituting (3.6) and (3.7) into (3.5), we get

d
dt

∫

Ω

up +
∫

Ω

up ≤ c3 + c5,

which together with Grönwall’s inequality gives ‖u(·, t)‖Lp ≤ c6 for all t ∈ (0, Tmax). Using the Moser
iteration procedure (cf. [1]), one has

‖u(·, t)‖L∞ ≤ c7, for all t ∈ (0, Tmax). (3.8)
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Then applying the parabolic regularity to the second and fourth equations of the system (1.3), we can
obtain

‖z(·, t)‖W 1,∞ + ‖v(·, t)‖W 1,∞ ≤ c8, for all t ∈ (0, Tmax). (3.9)
The combination of (2.3), (3.8) and (3.9) gives (3.2). Hence, the proof of Lemma 3.1 is completed. �

For the system (1.3), it holds ‖u(·, t)‖L1 ≤ M1 (see (2.1)). Hence, as a direct consequence of Lemma
3.1, we can obtain the boundedness of solution for 1 ≤ n ≤ 3 as follows.

Lemma 3.2. Let Ω ⊂ R
n (1 ≤ n ≤ 3)
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Next, we state the boundedness of solution for the system (1.3) with logistic source in all dimensions.

Lemma 3.5. Let Ω ⊂ R
n (n ≥ 1) be a bounded domain with smooth boundary. Suppose the assumptions

(H0) hold and the initial data (u0, v0, w0, z0) satisfy (1.4). Assume that a, b > 0, then the system (1.3)
has a unique classical solution with uniform-in-time bound for any dimensions.

Proof. When 1 ≤ n ≤ 3, the global boundedness of solutions has been established as in Lemma 3.2.
Hence, in the following , we shall show the global boundedness of solution in the case of n ≥ 4. First,
multiplying the first equation of (1.3) by up−1 (p > max{n

4 , n+2
n−2}), and integrating it by parts, we end

up with

1
p

d
dt

∫

Ω

up + (p − 1)
∫

Ω

γ(w)up−2|∇u|2 + b

∫

Ω

up+1 = χ(p − 1)
∫

Ω

up−1∇v · ∇u + a

∫

Ω

up

= −χ(p − 1)
p

∫

Ω

upΔv + a

∫

Ω

up.

(3.15)

Then using Hölder inequality and Young’s inequality, one has

− χ(p − 1)
p

∫

Ω

upΔv ≤ b

2

∫

Ω

up+1 + c1

∫

Ω

|Δv|p+1, (3.16)

with c1 := 1
p

(
2
b

)p
(

χ(p−1)
p+1

)p+1

and
(

ap +
p + 1

2

)∫

Ω

up ≤ bp

2

∫

Ω

up+1 + c2 (3.17)

with c2 :=
(

2
b

)p
(

2ap+p+1
2(p+1)

)p+1

|Ω|.
Substituting (3.16) into (3.15) and using (3.17), we can derive that

d
dt

∫

Ω

up +
p + 1

2

∫

Ω

up ≤ c1p

∫

Ω

|Δv|p+1 + c2. (3.18)

Multiplying (3.18) by e
(p+1)t

2 and then integrating the result with respect to time variable directly, one
has

∫

Ω

up(·, t) ≤ c1pe− (p+1)t
2

t∫

t0

e
(p+1)τ

2

∫

Ω

|Δv(·, τ)|p+1

+ c2e
− (p+1)t

2

t∫

t0

e
(p+1)τ

2 + e− p+1
2 (t−t0)

∫

Ω

up(·, t0)

≤ c1pe− (p+1)t
2

t∫

t0

e
(p+1)τ

2

∫

Ω

|Δv(·, τ)|p+1 +
2c2

p + 1
+ ‖u(·, t0)‖p

Lp

≤ c1pe− (p+1)t
2

t∫

t0

e
(p+1)τ

2

∫

Ω

|Δv(·, τ)|p+1 + c3,

(3.19)
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where t ∈ (t0, Tmax) with t0 := min
{
1, 1

2Tmax

}
. On the other hand, applying the maximal Sobolev

regularity (see [3,39]) to the following system
⎧
⎪⎨

⎪⎩

vt = Δv − v + wz + v, x ∈ Ω, t > 0,
∂v
∂ν = 0, x ∈ ∂Ω, t > 0,

v(x, 0) = v0(x), x ∈ Ω,

we have
t∫

t0

e
(p+1)τ

2

∫

Ω

|Δv|p+1

≤ c4

⎛

⎝

t∫

t0

e
(p+1)τ

2

∫

Ω

|v + wz|p+1 + e
(p+1)

2 t0(‖v(·, t0)‖p+1
Lp+1 + ‖Δv(·, t0)‖p+1

Lp+1)

⎞

⎠ ,

which substituted into (3.19) gives

∫

Ω

up(·, t) ≤ c1c4pe− p+1
2 t

⎛

⎝

t∫

t0

e
p+1
2 τ

∫

Ω

|v(·, τ) + (wz)(·, τ)|p+1

⎞

⎠

+ c1c4pe− (p+1)(t−t0)
2 (‖v(·, t0)‖p+1

Lp+1 + ‖Δv(·, t0)‖p+1
Lp+1) + c3

≤ c1c4pe− p+1
2 t

t∫

t0

e
p+1
2 τ

∫

Ω

|v(·, τ) + (wz)(·, τ)|p+1 + c5,

(3.20)

for all t ∈ (t0, Tmax), where we have used the fact ‖v(·, t0)‖p+1
Lp+1 + ‖Δv(·, t0)‖p+1

Lp+1 ≤ c6. Next, we shall
show the term

∫

Ω

|v(·, τ) + (wz)(·, τ)|p+1 can be controlled by ‖u(·, t)‖(p+1)θ
Lp for some θ ∈ (0, 1). In fact,

using (2.3) and (2.10), for all τ ∈ (t0, t) and t ∈ (0, Tmax), one has
∫

Ω

|v(·, τ) + (wz)(·, τ)|p+1 ≤ 2p

∫

Ω

v(·, τ)p+1 + 2pMp+1
2

∫

Ω

z(·, τ)p+1

≤ 2p(2pMp+1
3 + Mp+1

2 ) sup
s∈(0,t)

‖z(·, s)‖p+1
Lp+1 + 4pMp+1

3 ,

(3.21)

where we have used the following basic inequality

(X + Y )p+1 ≤ 2p(Xp+1 + Y p+1) for all X,Y > 0 and p ≥ 0. (3.22)

Before estimating the terms on the right-hand side of (3.21), we give some relations on the parameters.
Since p > max{n

4 , n+2
n−2}, we know that for any 2 ≤ q∗ < 2n

n−2 , one has p + 1 > q∗ and 2pq∗ > n. Then
after some calculations, one has

1
p

− 1
n

<
1
n

+
1
p

− 1
pq∗

<
1
n

+
1

p + 1
, (3.23)

which entails us to find a constant r ≥ 1 satisfying
1
p

− 1
n

<
1
r

<
1
n

+
1
p

− 1
pq∗

(3.24)

such that

θ =
1
q∗

− 1
p+1

1
q∗

+ 1
n − 1

r

∈ (0, 1) (3.25)
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and
1 < (p + 1)θ < p. (3.26)

Since b > 0 and n ≥ 4, from Lemma 3.4, one has

‖z(·, t)‖Lq∗ ≤ M6, for all t ∈ (0, Tmax) and 2 ≤ q∗ <
2n

n − 2
. (3.27)

Then we can use the Gagliardo–Nirenberg inequality and (3.27) to obtain

‖z(·, s)‖p+1
Lp+1 ≤ c7

(
‖∇z(·, s)‖(p+1)θ

Lr ‖z(·, s)‖(p+1)(1−θ)
Lq∗ + ‖z(·, s)‖p+1

Lq∗

)

≤ c7

(
M

(p+1)(1−θ)
6 ‖∇z(·, s)‖(p+1)θ

Lr + Mp+1
6

)
, (3.28)

for all s ∈ (0, t) with t ∈ (t0, Tmax). Moreover, using (2.11), (3.22) and noting the fact 1
p − 1

r < 1
n , we

derive

‖∇z(·, s)‖(p+1)θ
Lr ≤ (2M4)(p+1)θ

2

(

1 + sup
η∈(0,s)

‖u(·, η)‖(p+1)θ
Lp

)

≤ (2M4)(p+1)θ

2

(

1 + sup
η∈(0,t)

‖u(·, η)‖(p+1)θ
Lp

)

.

(3.29)

Combining (3.21), (3.28) and (3.29), one has
∫

Ω

|v(·, τ) + wz(·, τ)|p+1 ≤ c8 sup
η∈(0,t)

‖u(·, η)‖(p+1)θ
Lp + c9, (3.30)

where
c8 := c72p−1(2pMp+1

3 + Mp+1
2 )M (p+1)(1−θ)

6 (2M4)(p+1)θ

and

c9 := 4pMp+1
3 + c72p(2pMp+1

3 + Mp+1
2 )

(

Mp+1
6 +

(2M4)(p+1)θ

2
M

(p+1)(1−θ)
6

)

.

We substitute (3.30) into (3.20) to obtain
∫

Ω

u(·, t)p ≤ c1c4p

(

c8 sup
η∈(0,t)

‖u(·, η)‖(p+1)θ
Lp + c9

)

e− (p+1)t
2

t∫

t0

e
(p+1)τ

2 + c5

≤ 2pc1c4c8

p + 1
sup

η∈(0,t)

‖u(·, η)‖(p+1)θ
Lp +

2pc1c4c9

p + 1
+ c5 for all t ∈ (t0, Tmax).

Hence,

sup
t∈(0,T )

∫

Ω

u(·, t)p ≤ c10

(

sup
η

∈ (0, T )‖u(·, η)‖(p+1)θ
Lp + 1

)

= c10

(

sup
t∈(0,T )

‖u(·, t)‖(p+1)θ
Lp + 1

)

for all T ∈ (t0, Tmax),

by letting c10 := 2pc1c4(c8+c9)+c5(p+1)
p+1 . Using the fact (p + 1)θ < p and Young’s inequality, we can derive

that

‖u(·, t)‖Lp ≤ 2c
p

p−(p+1)θ
10 · p − (p + 1)θ

p
·
[
2(p + 1)θ

p

] (p+1)θ
p−(p+1)θ

, for all t ∈ (0, Tmax).

Since p > max{n
4 , n+2

n−2}, then using the boundedness criterion in Lemma 3.1, we obtain the desired
results. �

Proof of Theorem 1.1. Theorem 1.1 is a consequence by combining Lemmas 3.2 and 3.5.
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Remark 3.6. With some appropriate modifications of the arguments in Sect. 3, we can establish the exis-
tence of global classical solution in any dimensions for the following Fujie–Senba-type indirect chemotaxis
system [11,12] with κ = 1:

⎧
⎪⎨

⎪⎩

ut = Δu − ∇ · (u∇v) + u(1 − uκ), x ∈ Ω, t > 0,

vt = Δv − v + w, x ∈ Ω, t > 0,

wt = Δw − w + u, x ∈ Ω, t > 0.

(3.31)

In fact, if κ > n
4 − 1

2 and n ≥ 2, by using the semigroup estimates method, the boundedness of solution
for the system (3.31) has been established in [46]. Compared with the results obtained in [46], we need a
smaller value of κ if n ≥ 6 but a larger value of κ if 4 ≤ n ≤ 5, to obtain the boundedness of solution.
Hence, it is an interesting question to consider whether or not there exists an optimal value of κ∗ to
ensure the global existence of classical solution for the system (3.31) for all dimensions.

4. Global stabilization: Proof of Theorem 1.3

In this section, we shall show that the solution (u, v, w, z) obtained in Theorem 1.1 will exponentially
converge to the unique constant state as t → ∞. First, we improve the regular properties of solution as
follows.

Lemma 4.1. Let (u, v, w, z) be the solution of system (1.3) obtained in Theorem 1.1. Then there exist
σ ∈ (0, 1) and M7 > 0 such that

‖u(·, t)‖
Cσ, σ

2 (Ω̄×[t,t+1])
+ ‖v(·, t)‖

C2+σ,1+ σ
2 (Ω̄×[t,t+1])

+ ‖z(·, t)‖
C2+σ,1+ σ

2 (Ω̄×[t,t+1])
≤ M7, (4.1)

for all t ≥ 1.

Proof. Theorem 1.1 entails us that there exists a constant C0 > 0 independent of t such that

0 < u(x, t) ≤ C0, 0 < v(x, t) ≤ C0 and 0 < |∇v(x, t)| ≤ C0 for all (x, t) ∈ Ω × (0,∞).

We rewrite the first equation of (1.3) as

ut = ∇Φ(x, t, u,∇u) + Ψ(x, t, u) for all x ∈ Ω and t > 0,

where

Φ(x, t, u,∇u) := γ(w)∇u − χu∇v

and

Ψ(x, t, u) = au − bu2.

Using the Young’s inequality and the fact 0 < γ1 := γ(‖w0‖L∞) ≤ γ(w) ≤ γ(0), one has

Φ(x, t, u,∇u) · ∇u = γ(w)|∇u|2 − χu∇v · ∇u

≥ γ(w)|∇u|2 − χu|∇u||∇v|
≥ γ1|∇u|2 − χu|∇u||∇v|

≥ γ1

2
|∇u|2 − χ2

2γ1
u2|∇v|2

≥ γ1

2
|∇u|2 − χ2C4

0

2γ1
,

(4.2)

and
|Φ(x, t, u,∇u)| ≤ γ(0)|∇u| + χC2

0 , (4.3)
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as well as

|Ψ(x, t, u)| ≤ aC0 + bC2
0 . (4.4)

Thus, according to (4.2)–(4.4), we can use the Hölder regularity of quasilinear parabolic equations [33,
Theorem 1.3] to derive that ‖u(·, t)‖

Cσ, σ
2 (Ω̄×[t,t+1])

≤ c1 for all t > 1. And applying the standard parabolic
regularity theory [25] to the fourth equation of (1.3), one has ‖z(·, t)‖

C2+σ,1+ σ
2 (Ω̄×[t,t+1])

≤ c2 for all t > 1.
Similarly, we can obtain ‖v(·, t)‖

C2+σ,1+ σ
2 (Ω̄×[t,t+1])

≤ c3 for all t > 1. Hence, we complete the proof of
Lemma 4.1. �

To show the convergence rate of solution u in L∞-norm, we shall use the following lemma.

Lemma 4.2. Let (u, v, w, z) be the solution obtained in Theorem 1.1. Assume that there exists some t0 ≥ 1
such that

‖∇w(·, t)‖L∞ ≤ M8 for all t ≥ t0, (4.5)

then it holds that

‖∇u(·, t)‖L2n ≤ M9 for all t ≥ t0, (4.6)

where Mi > 0 (i = 8, 9) are constants independent of t.

Proof. Differentiating the first equation of (1.3) once and multiplying the result with |∇u|2n−2∇u, we
have

1
2n

d
dt

∫

Ω

|∇u|2n =
∫

Ω

|∇u|2n−2∇u · ∇(∇ · (γ(w)∇u))

− χ

∫

Ω

|∇u|2n−2∇u · ∇(∇ · (u∇v))

+
∫

Ω

|∇u|2n−2∇u · ∇(au − bu2)

=: J1 + J2 + J3.

(4.7)

First, we can use the identity ∇Δu · ∇u = 1
2Δ|∇u|2 − |D2u|2 to estimate the term J1 as follows

J1 = −
∫

Ω

|∇u|2n−2Δu∇ · (γ(w)∇u) −
∫

Ω

∇|∇u|2n−2 · ∇u∇ · (γ(w)∇u)

=
∫

Ω

γ(w)|∇u|2n−2∇Δu · ∇u −
∫

Ω

γ′(w)∇|∇u|2n−2 · ∇u∇u · ∇w

=
1
2

∫

Ω

γ(w)|∇u|2n−2Δ|∇u|2 −
∫

Ω

γ(w)|∇u|2n−2|D2u|2

− (n − 1)
∫

Ω

γ′(w)|∇u|2n−4∇|∇u|2 · ∇u∇u · ∇w

=
1
2

∫

∂Ω

γ(w)|∇u|2n−2 ∂|∇u|2
∂ν

dS − n − 1
2

∫

Ω

γ(w)|∇u|2n−4|∇|∇u|2|2

+
(

1
2

− n

)∫

Ω

γ′(w)|∇u|2n−2∇|∇u|2 · ∇w −
∫

Ω

γ(w)|∇u|2n−2|D2u|2.

(4.8)
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On the other hand, using the facts ‖u‖L∞ + ‖v‖W 1,∞ ≤ C0 (see Theorem 1.1) and |Δu| ≤ √
n|D2u|, we

can estimate J2 as follows

J2 = χ

∫

Ω

∇|∇u|2n−2 · ∇u∇ · (u∇v) + χ

∫

Ω

|∇u|2n−2Δu∇ · (u∇v)

≤ χ(n − 1)C0

∫

Ω

|∇u|2n−3|∇|∇u|2|(1 + |∇u| + |Δv|)

+ χ
√

nC0

∫

Ω

|∇u|2n−2|D2u|(1 + |∇u| + |Δv|).

(4.9)

At last, using the nonnegative of u, we have

J3 =
∫

Ω

|∇u|2n−2∇u · ∇(au − bu2) ≤ a

∫

Ω

|∇u|2n. (4.10)

Moreover, using the boundedness of w and the hypothesis γ(w) ∈ C2([0,∞)), one can find some positive
constants γi > 0 (i = 1, 2, 3) such that

0 < γ1 ≤ γ(w) ≤ γ2 and |γ′(w)| ≤ γ3. (4.11)

Then substituting (4.8)–(4.10) into (4.7), and using (4.11) and the Young’s inequality, we end up with

1
2n

d
dt

∫

Ω

|∇u|2n +
(n − 1)γ1

2

∫

Ω

|∇u|2(n−2)|∇|∇u|2|2 + γ1

∫

Ω

|∇u|2(n−1)|D2u|2

≤ 1
2

∫

∂Ω

γ(w)|∇u|2(n−1) ∂|∇u|2
∂ν

dS − (n − 1
2
)
∫

Ω

γ′(w)|∇u|2(n−1)∇w · ∇|∇u|2

+ χ(n − 1)C0

∫

Ω

|∇u|2n−3|∇|∇u|2|(1 + |∇u| + |Δv|)

+ χ
√

nC0

∫

Ω

|∇u|2n−2|D2u|(1 + |∇u| + |Δv|) + a

∫

Ω

|∇u|2n

≤ γ2ζ

∫

∂Ω

|∇u|2ndS + (n − 1
2
)γ3

∫

Ω

|∇u|n−2|∇|∇u|2| · |∇u|n|∇w|

+ χ(n − 1)C0

∫

Ω

|∇u|n−2|∇|∇u|2| · |∇u|n−1(1 + |∇u| + |Δv|)

+ χ
√

nC0

∫

Ω

|∇u|n−1|D2u| · |∇u|n−1(1 + |∇u| + |Δv|) + a

∫

Ω

|∇u|2n

≤ γ2ζ

∫

∂Ω

|∇u|2ndS +
(n − 1)γ1

4

∫

Ω

|∇u|2(n−2)|∇|∇u|2|2 +
γ1

2

∫

Ω

|∇u|2(n−1)|D2u|2

+
2χ2C2

0 (5n − 4)
γ1

∫

Ω

|∇u|2(n−1)(1 + |Δv|2) +
2(n − 1

2 )2γ2
3

(n − 1)γ1

∫

Ω

|∇u|2n|∇w|2

+
(

a +
4χ2(n − 1)C2

0

γ1
+

χ2nC2
0

γ1

)∫

Ω

|∇u|2n
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where we have used the inequality ∂|∇u|2
∂ν ≤ 2ζ|∇u|2 with some constant ζ > 0 on ∂Ω ([27, Lemma 4.2]),

and the above inequality can be simplified as

d
dt

∫

Ω

|∇u|2n +
n(n − 1)γ
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where c5 := c3 + c4 + 2 + c2M
2
8 and c6 :=

(
n−1

n

)n−1 cn
1
n + |Ω|. Using the fact ‖u(·, t)‖L∞ ≤ C0 and the

Young’s inequality again, one can find a positive constant c7 := (c5+1)2C2
0 (5n−4)

2nγ1
such that

(c5 + 1)
∫

Ω

|∇u|2n = (c5 + 1)
∫

Ω

|∇u|2n−2∇u · ∇u

= (c5 + 1)

⎧
⎨

⎩
−(n − 1)

∫

Ω

u|∇u|2n−4∇|∇u|2 · ∇u −
∫

Ω

u|∇u|2n−2Δu

⎫
⎬

⎭

≤ (c5 + 1)(n − 1)C0

∫

Ω

|∇u|2n−· Ωu|2¦002197(+659 -4.0562 TD
.2752 0 TD
(→ 1 Tf
25.600099563 0 TD
0 Tc
(c)Tj
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/F12773 754 0 0 487.81554 0 0 06.1260070895 549.5670166 Tm
(0)Tj
/F7 1 Tf
9.17 1 6.904276447 1 76.9927739.391006469 564.614990234 Tm
(→)Tj
/F17 1 975484 0.4681  Tf
6.9707.639999389 610.010986328 Tm
(∇)Tj
/F15 1 Tf
9.994713Tf075685483.3Tf
6TD7851.009994506 551.060974121 Tm
-.0004 Tc
(|∇)Tj
/F13 1 Tf
1.1103 0 TD
0 Tc
(u)Tj
/F15 1 Tf
.5727 0 TD
(|)Tj
/F162566f
6.9738487.42f
6.9770.540008544 555.174072265 Tm
(2)Tj
/F14 1 Tf
.5691 0 TD
(n)Tj
/F18 1 Tf
.7059 0 TD
(−0008544 122 588.71698 Tm
(2)Tj
/F15 1 Tf
9.962599754 0 040 073809738 40.190002441 672.9929807534 T7 365
(2)Tj
/F14 1 Tf
.754 04 TD
(−)Tj
/F6 1 Tf
.7778 0 TD
(()Tj
/F13 1 Tf
.3885
0 Tc
(n)Tj
/F15 1 Tf
.8239 0 TD
(−)Tj
/F6 1 Tf
1 0 TD
-.0004 Tc
(1))Tj
≤Tj
/F15 1 Tf
.5727 0 TD
(|)Tj
/F2047 .7 92797 4)-335758f
985836uj
/F21 1 Tf
0 -1.016(�)57546.938481299690 1 281.682006842599354 4875.481994628 cm93 549.5670166 Tm
(5)Tj
/F6 1 Tf
9.983.59754 0 0 440305.9738 350.8u8006347 669.552004 9 0 TD7TD
(−)Tj
/F7 1 Tf
1 1.3614 TD
(→)Tj
/F210 T36.0735
043957 758f
985836u9997558 536.049072265 Tm
(∇)Tj
/F15 1 Tf
9.9231 36.02127 40 073809738 40.109994506 551.060974121 Tm
-.0004 Tc
(|∇)Tj
/F13 1 Tf
1.1103 0 TD
0 Tc
(u)Tj
/F15 1 Tf
.5727 0 TD
(|)Tj
/F14 1 61001580 450061058f
9858360999402197(206 662.2921142570001 Tc
((5)Tj
/F14 1 Tf
1.0157 0 TD
0 Tc
(n)Tj
/F18 1 Tf
.7059 0 TD
(−)Tj
/F17 12/F6 1 Tf
.8049 0072265 Tm
(∇)Tj
/F15 1 Tf
9.97 1097543417 40 073809738 40.19t)2t8Tj

/F15 1 30 1 20 Tc
(·∇)Tj
/F13 1 Tf
1.3325 0 TD
0 Tc
(u)Tj
/F15 1 Tf
.5727 0 TD
(|)Tj
/F975 TD
(1)Tj
E450061058f
98583640008544 122 588.71698 Tm
(2)Tj
/F15 1 Tf
9.9047177 04 1240 073809738 40.19tF13 1 Tf
.888 0 TD
0 Tc
(C)Tj
/F306599754 0 0 450061058f
98583640008544 655.713012695 Tm
(7)Tj
/F6 1 Tf
9.96256229858D
040 073809738 40.19.435997 672.9929811934 T7 365
(2≤Tj
/F15 1 Tf
.5727 0 TD
(|)Tj
/F.97599Tf
6.97 4)-335758f
985836uj
/F2cm
569.601013183 Tm
(∇)Tj
/F13 1 Tf
9.934.4754917 455185suc)27.82.40n
.8931 0 TD
-.0003247 .39868 18481299690 1 281.682006815625997979990234 cm
0 0 m 655.713012695 Tm
(7)Tj
/F6 1 Tf
9.93 0 94))Tj
440305.9738 350.8u21 Tf
1 0 TD
-.0314 00 TD7TD
(−)Tj
/F7 1 Tf
1 1.3614 TD
(→)Tj
/F34 1161010742043957 758f
985836u9997558 536.049072265 Tm
(∇)Tj
/F15 1 Tf
9.n)-38 0 42|∇u|

(c5+ 1)

∫⎧|∇u|
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

ut = ∇ · (γ(w)∇u) − χ∇ · (u∇v), x ∈ Ω, t > 0,

vt = Δv + wz, x ∈ Ω, t > 0,

wt = −wz, x ∈ Ω, t > 0,

zt = Δz − z + u, x ∈ Ω, t > 0,
∂u
∂ν = ∂v

∂ν = ∂w
∂ν = ∂z

∂ν = 0, x ∈ ∂Ω, t > 0,

(u, v, w, z)(x, 0) = (u0, v0, w0, z0)(x), x ∈ Ω.

(4.18)

Then, we have the following results on the large time behavior of solution of the system (4.18).

Theorem 4.3. Let (u, v, w, z) be the solution of (4.18). Then there exist two positive constants K and κ
independent of t, such that for all t > 0

‖(u, v, w, z)(·, t) − (ū0, v̄0 + w̄0, 0, ū0)‖L∞ ≤ Ke−κt,

where ū0 = 1
|Ω|

∫

Ω
u0, v̄0 = 1

|Ω|
∫

Ω
v0 and w̄0 = 1

|Ω|
∫

Ω
w0.

Remark 4.4. For the system (4.18) with γ(w) = 1, the convergence and decay rate of solution have
been established in [9] and [20] based on the semigroup estimates method. However, when γ(w) is not a
constant, the semigroup estimates method cannot be used directly to obtain the converge properties of
u. Instead, we shall use the energy estimate to obtain the convergence properties of solution in L2-norm.
Then using the regularity of ∇u and Gagliardo–Nirenberg inequality, we can obtain the decay information
in L∞-norm.

First, we show the decay properties of w.

Lemma 4.5. Suppose the conditions in Theorem 4.3 hold. Then for all t > 0, we have

‖w(·, t)‖L∞ ≤ K1e
−κ1t, (4.19)

and
‖∇w(·, t)‖L∞ ≤ K2e

− κ1
2 t, (4.20)

where K1,K2 and κ1 are positive constants independent of t.

Proof. Integrating the first equation of (4.18) and using the homogeneous Neumann boundary conditions,
one has

∫

Ω

u =
∫

Ω

u0.

On the other hand, applying the variation-of-constants formula to the fourth equation of (4.18), it follows
that

z(t) = e−tetΔz0 +

t∫

0

e−(t−s)e(t−s)Δu(s)ds.

Then using the similar arguments as in [5, Lemma 2.2], we can find a constant κ1 > 0 independent of t
such that

inf
x∈Ω

z(x, t) ≥ κ1 > 0 for all t ≥ 0. (4.21)

From the third equation of (4.18), we have

w(x, t) = w0(x)e
−

t∫

0
zds

, (4.22)
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which combined with (4.21) gives (4.19). Using (4.22) and the facts w0 ∈ C1(Ω̄), (4.21) and ‖∇z‖L∞ ≤ C0,
one has

‖∇w(·, t)‖L∞ = ‖∇w0e
−

t∫

0
z(x,s)ds − w0e

−
t∫

0
z(x,s)ds ·

t∫

0

∇z(·, s)ds‖L∞

≤ ‖∇w0‖L∞e−κ1t + C0‖w0‖L∞e−κ1t · t,

which implies (4.20). Then the proof of this lemma is completed. �

Lemma 4.6. Suppose the conditions in Theorem 4.3 hold. Let λ1 > 0 be the first nonzero eigenvalue of
−Δ in Ω under Neumann boundary conditions and 0 < κ2 < min{λ1, κ1}. Then one can find a positive
constant K3 independent of t such that

‖v(·, t) − v̄0 − w̄0‖L∞ ≤ K3e
−κ2t, t > 0. (4.23)

Proof. Noting the fact that v̄t = wz and using the variation-of-constants, we can from second equation
of (4.18) obtain

v(·, t) − v̄(t) = eΔt(v0 − v̄0) +

t∫

0

eΔ(t−s)
(
(wz)(·, s) − wz(s)

)
ds. (4.24)

Then, using the facts
∫

Ω

(v0 − v̄0) =
∫

Ω

(wz − wz) = 0, ‖z(·, t)‖L∞ ≤ C0, v0 ∈ W 1,∞(Ω), (4.19) and (2.6),

one can derive that

‖v(·, t) − v̄(t)‖L∞ ≤ ‖eΔt(v0 − v̄0)‖L∞ +

t∫

0

∥
∥
∥eΔ(t−s)

(
(wz)(·, s) − wz(s)

)∥
∥
∥

L∞
ds

≤ 4σ1‖v0‖L∞e−λ1t + 2σ1

t∫

0

e−λ1(t−s)‖(wz)(·, s) − wz(s)‖L∞ds

≤ 4σ1‖v0‖L∞e−λ1t + 4σ1

t∫

0

e−λ1(t−s)‖w(·, s)‖L∞‖z(·, s)‖L∞ds

≤ 4σ1‖v0‖L∞e−λ1t + 4σ1C0K1

t∫

0

e−λ1(t−s)e−κ1sds

≤ 4σ1‖v0‖L∞e−λ1t + 4σ1C0K1

t∫

0

e−κ2(t−s)e−κ1sds

= 4σ1‖v0‖L∞e−λ1t + 4σ1C0K1e
−κ2t

t∫

0

e−(κ1−κ2)sds

≤ 4σ1‖v0‖L∞e−λ1t +
4σ1C0K1

κ1 − κ2
e−κ2t.

(4.25)

On the other hand, from (2.2), one has

v̄(t) = v̄0 + w̄0 − w̄(t),
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which together with (4.25) and the fact (4.19) gives

‖v(·, t) − (v̄0 + w̄0)‖L∞ ≤ ‖v(·, t) − v̄‖L∞ + ‖v̄ − (v̄0 + w̄0)‖L∞

≤ 4σ1‖v0‖L∞e−λ1t +
4σ1C0K1

κ1 − κ2
e−κ2t + ‖w(t)‖L∞

≤ 4σ1‖v0‖L∞e−λ1t +
4σ1C0K1

κ1 − κ2
e−κ2t + K1e

−κ1t

≤
(

4σ1‖v0‖L∞ +
4σ1C0K1

κ1 − κ2
+ K1

)

e−κ2t,

and hence (4.23) follows. Then we complete the proof of Lemma 4.6. �

Next, we shall show the convergence properties of u. More precisely, one has the following results.

Lemma 4.7. Suppose the conditions in Theorem 4.3 hold. Then it holds that

‖u(·, t) − ū0‖L∞ ≤ K4e
−κ3t, for all t > 0, (4.26)

where K4 and κ3 are positive constants independent of t.

Proof. From the first equation of (4.18), one has

(u − ū0)t = ∇ · (γ(w)∇u) − χ∇ · (u∇v). (4.27)

Using the fact ‖w(·, t)‖L∞ ≤ ‖w0‖L∞ and the properties of γ(w), one has 0 < γ1 ≤ γ(w). Then multiplying
(4.27) by u − ū0, integrating the resulting equation by parts and using the fact ‖u(·, t)‖L∞ ≤ C0 (see
Theorem 1.1) and the Young’s inequality, we end up with

1
2

d
dt

∫

Ω

(u − ū0)2 = −
∫

Ω

γ(w)|∇u|2 + χ

∫

Ω

u∇v · ∇u

≤ − γ1

∫

Ω

|∇u|2 + C0χ

∫

Ω

|∇u||∇v|

≤ − γ1

2

∫

Ω

|∇u|2 +
C2

0χ2

2γ1

∫

Ω

|∇v|2,

which yields

d
dt

∫

Ω

(u − ū0)2 + γ1

∫

Ω

|∇u|2 ≤ C2
0χ2

γ1

∫

Ω

|∇v|2. (4.28)

On the other hand, noting the fact
∫

Ω

(u − ū0) = 0, and using the Poincaré inequality, we can derive that

∫

Ω

|u − ū0|2 ≤ c1

∫

Ω

|∇(u − ū0)|2. (4.29)

Substituting (4.29) into (4.28), one has

d
dt

∫

Ω

|u − ū0|2 +
γ1

c1

∫

Ω

|u − ū0|2 ≤C2
0χ2

γ1

∫

Ω

|∇v|2. (4.30)
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Moreover, using the variation-of-constants method and (2.7), (2.8), the fact ‖z(·, t)‖L∞ ≤ C0 as well as
(4.19), one derives that

‖∇v(·, t)‖L2 ≤ ‖∇etΔv0‖L2 +

t∫

0

‖∇e(t−s)Δw(·, s)z(·, s)‖L2ds

≤ 2σ3e
−λ1t‖∇v0‖L2 + σ2

t∫

0

(
1 + (t − s)− 1

2

)
e−λ1(t−s)‖w(·, s)z(·, s)‖L2ds

≤ 2σ3e
−λ1t‖∇v0‖L2 + C0σ2K1|Ω| 1

2

t∫

0

(
1 + (t − s)− 1

2

)
e−λ1(t−s)e−κ1sds

≤ 2σ3e
−λ1t‖∇v0‖L2 + C0σ2K1|Ω| 1

2 σ4e
− min{κ1,κ2}t

≤ (2σ3‖∇v0‖L2 + C0σ2K1|Ω| 1
2 σ4)e−κ2t

≤ c2e
−κ2t,

(4.31)

where we have used Lemma 2.4 and the fact κ2 < min{λ1, κ1}.
Then combining (4.30) and (4.31), and letting y(t) :=

∫

Ω
|u − ū0|2, one has

y′(t) +
γ1

c1
y(t) ≤ C2

0χ2c2
2

γ1
e−2κ2t,

which make us to find two constants μ0 :=
min{ γ1

c1
,2κ2}

2 and c3 > 0 such that

y(t) ≤ e− γ1
c1

ty(0) +
C2

0χ2c2
2

γ1

t∫

0

e− γ1
c1

(t−s)e−2κ2sds

≤ ‖u0‖2
L2e

− γ1
c1

t +
C2

0χ2c2
2

γ1

t∫

0

e−μ0(t−s)e−2κ2sds

≤ ‖u0‖2
L2e

− γ1
c1

t +
C2

0χ2c2
2σ4

2γ1
e−μ0t

≤
(

‖u0‖2
L2 +

C2
0χ2c2

2σ4

2γ1

)

e−μ0t

≤ c3e
−μ0t,

(4.32)

where we have used Lemma 2.4 to derive that
t∫

0

e−μ0(t−s)e−2κ2sds ≤ σ4
2 . Then using the definition of

y(t), from (4.32) one obtains

‖u(·, t) − ū0‖L2 ≤ c
1
2
3 e− μ0

2 t, (4.33)

On the other hand, using (4.20), from Lemma 4.2, we can derive that

‖∇u(·, t)‖L2n ≤ M9, for all t ≥ 1. (4.34)

Then noting (4.33) and (4.34), and using the Gagliardo–Nirenberg inequality, one has

‖u(·, t) − ū0‖L∞ ≤ c4‖∇(u − ū0)‖
n

n+1

L2n ‖u − ū0‖
1

n+1

L2 + c4‖u − ū0‖L2

= c4‖∇u‖
n

n+1

L2n ‖u − ū0‖
1

n+1

L2 + c4‖u − ū0‖L2
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≤ c4M
n

n+1
9 ‖u − ū0‖

1
n+1

L2 + c4‖u − ū0‖L2

≤ (c4M
n

n+1
9 c

1
2(n+1)
3 + c

1
2
3 c4)e

− μ0
2(n+1) t for all t ≥ 1,

and thus (4.26) follows by letting κ3 = μ0
2(n+1) and noting the boundedness of ‖u(·, t)‖L∞ . �

At last, we shall use the semigroup method to give the large time behavior of z. More precisely, we
have the following result.

Lemma 4.8. Suppose the assumptions in Theorem 4.3 hold. Then for all t > 0, it follows that

‖z(·, t) − ū0‖L∞ ≤ K5e
−κ4t, (4.35)

where K5 and κ4 are positive constants independent of t.

Proof. Applying the variation-of-constants methods to the fourth equation of (4.18), one can derive that

z(·, t) − ū0 = e(Δ−1)t(z0 − ū0) +

t∫

0

e(Δ−1)(t−s)(u(·, s) − ū0)ds.

Then we can use the semigroup estimate, (4.26) and Lemma 2.4 to find a κ4 := min{λ1+1,κ3,1}
2 such that

‖z(·, t) − ū0‖L∞ ≤ ‖e(Δ−1)t(z0 − ū0)‖L∞ +

t∫

0

‖e(Δ−1)(t−s)(u(·, s) − ū0)‖L∞ds

≤ e−t‖eΔt(z0 − ū0)‖L∞ + 2σ1

t∫

0

e−(λ1+1)(t−s)‖u(·, s) − ū0‖L∞ds

≤ e−t‖z0 − ū0‖L∞ + 2σ1K4

t∫

0

e−κ4(t−s)e−κ3sds

≤ (‖z0‖L∞ + ‖u0‖L∞)e−t + σ1K4σ4e
−κ4t

≤ (‖z0‖L∞ + ‖u0‖L∞ + σ1K4σ4)e−κ4t,

which gives (4.35). Hence, the proof of Lemma 4.8 is completed. �

Proof of Theorem 4.3. Theorem 4.3 is a consequence of the combination of Lemmas 4.5–4.8.

4.2. Large time behavior: a, b > 0

In this section, we shall study the large time behavior in the case of a > 0 and b > 0. More precisely, we
have the following results.

Theorem 4.9. (Global stabilization: a, b > 0) Suppose the conditions in Theorem 1.1 hold. Then the
solution (u, v, w, z) of (1.3) will converge to the constant state

(
a
b , v̄0 + w̄0, 0, a

b

)
exponentially.

Next, we shall prove Theorem 4.9 based on the following Lemmas.

Lemma 4.10. Let the conditions in Theorem 4.9 hold. Then there exist a constant v∗ ≥ 0 such that

‖v(·, t) − v∗‖W 2,∞ → 0 as t → ∞. (4.36)
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Proof. Integrating the third equation of (1.3), one can derive that
∞∫

0

∫

Ω

wz < ∞.

Then we can use the similar arguments as in [8, lemma 4.3] to obtain the results. We omit the details for
convenience.

Lemma 4.11. Let the conditions in Theorem 4.9 hold. Then the solution (u, v, w, z) satisfy

‖u(·, t) − a

b
‖L∞ → 0 as t → ∞, (4.37)

and
‖z(·, t) − a

b
‖L∞ → 0 as t → ∞. (4.38)

Proof. The first equation of (1.3) can be rewritten as

ut = ∇ · (γ(w)∇u) − χ∇v · ∇u − χuΔv + au − bu2. (4.39)

From (4.36), we have ‖Δv‖L∞ → 0 as t → ∞, which implies for any ε > 0, there exists t1 > 0 such that

‖Δv‖L∞ ≤ ε, for all t ≥ t1. (4.40)

Then, based on some ideas in [6], we can show (4.37) hold. In fact, for x ∈ Ω and t ≥ t1, from (4.39) one
can derive that

ut ≤ ∇ · (γ(w)∇u) − χ∇v · ∇u + (a + χε)u − bu2. (4.41)

and
∇ · (γ(w)∇u) − χ∇v · ∇u + (a − χε)u − bu2 ≤ ut (4.42)

Let φ(t) be a solution of the following system
{

φ′(t) = (a + χε)φ − bφ2, t > t1

φ(t1) = ‖u(·, t1)‖L∞ ,
(4.43)

then noting (4.41) and using the comparison principle, one has

u(x, t) ≤ φ(t) for all x ∈ Ω, t ≥ t1, (4.44)

which gives

lim sup
t→∞

sup
x∈Ω

u(x, t) ≤ lim sup
t→∞

φ(t) = lim
t→∞ φ(t) =

a + χε

b
,

and hence
lim sup

t→∞
sup
x∈Ω

u(x, t) ≤ a

b
(4.45)

due to the arbitrary of ε. Similarly, using (4.42) one can derive that

lim sup
t→∞

inf
x∈Ω

u(x, t) ≥ a

b
. (4.46)

Then the combination of (4.45) and (4.46) gives (4.37).
Next, we shall show (4.38) holds. To this end, letting ψ(x, t) = z(x, t) − a

b , then from the fourth
equation of (1.3), one has

⎧
⎪⎨

⎪⎩

ψt − Δψ + ψ = u − a
b , x ∈ Ω, t > 0,

∂ψ
∂ν = 0, x ∈ ∂Ω, t > 0,

ψ(x, 0) = ψ0(x) = z0(x) − a
b , x ∈ Ω.

(4.47)
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Let ψ∗(t) be the solution of the following ODE problem
{

ψ∗
t (t) + ψ∗(t) = ‖u − a

b ‖L∞ , t > 0,

ψ∗(0) = ‖ψ0‖L∞ .
(4.48)

Then applying the comparison principle, one can show that ψ∗(t) is a super-solution of problem (4.47)
and satisfies

ψ(x, t) ≤ ψ∗(t) for all x ∈ Ω, t > 0.

Similarly, one can show that ψ(x, t) ≥ −ψ∗(t) for all x ∈ Ω, t > 0. Hence, one has

|ψ(x, t)| ≤ ψ∗(t) for all x ∈ Ω, t > 0. (4.49)

Since ‖u(·, t) − a
b ‖L∞ → 0 as t → ∞, then from (4.48) we have

ψ∗(t) → 0 as t → ∞,

which combined with (4.49) gives

‖z(·, t) − a

b
‖L∞ = ‖ψ(·, t)‖L∞ ≤ ψ∗(t) → 0 as t → ∞,

and hence (4.38) follows.

Lemma 4.12. Let the conditions in Theorem 4.9 hold. Then for all t > 0, one has

‖w(·, t)‖L∞ ≤ C1e
−�1t (4.50)

and
‖v(·, t) − v̄0 − w̄0‖L∞ ≤ C2e

−�2t, (4.51)

where the constants Ci, �i > 0(i = 1, 2) are independent of t.

Proof. From (4.38), we know that there exists T1 > 0 such that for t ≥ T1, it holds that

a

2b
≤ z(·, t) ≤ 3a

2b
. (4.52)

Then from the third equation of the system (1.3), one has

w(x, t) = w(x, T1)e
−

t∫

T1

z(x,s)ds

,

which, combined with the boundedness of w and (4.52), gives

‖w(·, t)‖L∞ ≤ ‖w(·, T1)‖L∞e− a
2b (t−T1) for all t ≥ T1,

and then (4.50) follows by noting the boundedness of ‖w(·, t)‖L∞ . Moreover, using the similar arguments
in Lemma 4.6, one can obtain (4.51) directly. �

Next, we shall show the convergence rate of u and z.

Lemma 4.13. Let the conditions in Theorem 4.9 hold. Then for all t > 0, it holds that

‖u(·, t) − a

b
‖L∞ ≤ C3e

−�3t, (4.53)

and
‖z(·, t) − a

b
‖L∞ ≤ C4e

−�4t, (4.54)

where the constants Ci, �i > 0 (i = 3, 4) are independent of t.
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Proof. We first show (4.53) holds. To this end, we multiply the first equation of (1.3) by u− a
b

u , integrate
it by parts, and apply the Young’s inequality to obtain

d
dt

∫

Ω

(
u − a

b
ln u

)
+ b

∫

Ω

(
u − a

b

)2

= −a

b

∫

Ω

γ(w)
|∇u|2

u2
+

aχ

b

∫

Ω

∇u

u
· ∇v

≤ aχ2

4b

∫

Ω

|∇v|2
γ(w)

,

(4.55)

which combined with the fact d
dt

∫

Ω

[
a
b ln a

b − a
b

]
= 0, and the estimate 0 < γ1 ≤ γ(w), one has

d
dt

∫

Ω

(

u − a

b
− a

b
ln

bu

a

)

+ b

∫

Ω

(
u − a

b

)2

≤ aχ2

4bγ1
‖∇v‖2

L2 . (4.56)

On the other hand, defining φ(ζ) = ζ − a
b ln ζ, then one has φ′ (a

b

)
= 0, φ′′(ζ) = a

bζ2 and

u − a

b
− a

b
ln

bu

a
= φ(u) − φ

(a

b

)
=

φ′′(ζ∗)
2

(
u − a

b

)2

=
a

2bζ2∗

(
u − a

b

)2

, (4.57)

where ζ∗ > 0 between u and a
b . Since u(·, t) → a

b as t → ∞, there exists some t2 > 1 such that for all
t ≥ t2 it holds that

1√
2

a

b
≤ ζ∗ ≤

√
3√
2

a

b
,

which, combined with (4.57), implies that

b

3a

(
u − a

b

)2

≤ u − a

b
− a

b
ln

bu

a
≤ b

a

(
u − a

b

)2

, for all t ≥ t2. (4.58)

Then the combination of (4.56) and (4.58) gives

d
dt

∫

Ω

(

u − a

b
− a

b
ln

bu

a

)

+ a

∫

Ω

(

u − a

b
− a

b
ln

bu

a

)

≤ aχ2

4bγ1
‖∇v‖2

L2 , (4.59)

for all t ≥ t2. Moreover, noting (4.50) and ‖z(·, t)‖L∞ ≤ C0 (see Theorem 1.1) , we can use (2.7) and
(2.8) to find a constant μ1 := min{λ1,�1}

2 such that

‖∇v(·, t)‖L2 ≤ ‖∇etΔv0‖L2 +

t∫

0

‖∇e(t−s)Δw(·, s)z(·, s)‖L2ds

≤ 2σ3‖∇v0‖L2e−λ1t + σ2

t∫

0

(
1 + (t − s)− 1

2

)
e−λ1(t−s)‖w(·, s)z(·, s)‖L2ds

≤ 2σ3‖∇v0‖L2e−λ1t + σ2C0C1|Ω| 1
2

t∫

0

(
1 + (t − s)t 


e

Š 0

2

→

C

)

L2ds

≤σ3‖∇v L2·L2
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Letting Z(t) :=
∫

Ω

(
u − a

b − a
b ln bu

a

)
, then combining (4.59) and (4.60), one has for all t ≥ t2 that

Z ′(t) + aZ(t) ≤ aχ2c2
1

4bγ1
e−2μ1t,

which, together with the Grönwall’s inequality and the fact (4.58), gives a constant μ2 := min{a,2μ1}
2 such

that (see the similar arguments as in (4.32))

b

3a

∫

Ω

(
u − a

b

)2

≤ Z(t) ≤
(

Z(0) +
aχ2c2

1σ4

8bγ1

)

e−μ2t ≤ c2e
−μ2t, for all t ≥ t2,

and hence

‖u(·, t) − a

b
‖L2 ≤

(
3ac2

b

) 1
2

e− μ2
2 t, for all t ≥ t2. (4.61)

Next, we shall show the convergence rate in L∞-norm. Using the nonnegative of z and the fact ‖∇z‖L∞ ≤
C0 (see Theorem 1.1), from the third equation of (1.3), one has

‖∇w(·, t)‖L∞ = ‖∇w0e
−

t∫

0
z(·,s)ds − w0e

−
t∫

0
z(·,s)ds ·

t∫

0

∇z(·, s)ds‖L∞

≤ ‖∇w0‖L∞ + C0‖w0‖L∞t

≤ c3(1 + t),

(4.62)

for all t > 0. On the other hand, using (4.38), we can find a fixed t3 > 0 such that

a

2b
≤ z(x, t) ≤ 3a

2b
, for all t ≥ t3 > 1. (4.63)

Then using the third equation of (1.3) again and noting the facts (4.63) and ‖∇z‖L∞ ≤ C0, one can
derive that

‖∇w(·, t)‖L∞ = ‖∇w(·, t3)e
−

t∫

t3

z(·,s)ds

− w(·, t3)e
−

t∫

t3

z(x,s)ds

·
t∫

t3

∇z(·, s)ds‖L∞

≤ ‖∇w(·, t3)‖L∞e− a
2b (t−t3) + C0‖w0‖L∞(t − t3)e− a

2b (t−t3)

≤ c3(1 + t3)e− a
2b (t−t3) + C0‖w0‖L∞(t − t3)e− a

2b (t−t3)

≤ c4,

(4.64)

for all t ≥ t3 > 1. Then applying Lemma 4.2 and (4.64), one has ‖∇u‖L2n ≤ M9 for some t ≥ t4 ≥
max{t3, t2} > 1. Then using the Gagliardo–Nirenberg inequality and (4.61), one has

‖u − a

b
‖L∞ ≤ c5‖∇(u − a

b
)‖

n
n+1

L2n ‖u − a

b
‖

1
n+1

L2 + c5‖u − a

b
‖L2

≤ c5M
n

n+1
9

(
3ac2

b

) 1
2(n+1)

e− μ2
2(n+1) t + c5

(
3ac2

b

) 1
2

e− μ2
2 t

≤ c5

[

M
n

n+1
9

(
3ac2

b

) 1
2(n+1)

+
(

3ac2

b

) 1
2
]

e− μ2
2(n+1) t

for all t ≥ t4, which gives (4.53) by noting the boundedness of ‖u− a
b ‖L∞ . At last, applying the comparison

principle as in Lemma 4.11, one has (4.54). Then the proof of this lemma is completed.

Proof of Theorem 4.9. The combination of Lemmas 4.12 and 4.13 gives the results in Theorem 4.9. �
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4.3. Proof of Theorem 1.3

Theorem 1.3 is a consequence of Theorems 4.3 and 3.2.
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