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In this paper, we consider the following dual-gradient chemotaxis model
=Au—V-(xuVv)+ V- ({f(w)Vw), z€Q,t>0,

Tivt = Av + au — [, xz € Q,t>0,

Towt = Aw + yu — dw, x € Q,t>0,

with f(u) = ™ for m > 1 and f(u) = u(u + 1)™"! for 0 < m < 1, where Q is a
bounded domain in R"(n > 2) with smooth boundary, m > 0,x > 0,£ > 0,,3,7,6 > 0
and 71,72 € {0,1}. The model was proposed to interpret the spontaneous aggregation
of microglia in Alzheimer’s disease due to the interaction of attractive and repulsive
chemicals released by the microglia. It has been shown in the literature that, when
m = 1, the solution of the model with homogeneous Neumann boundary conditions
either blows up or asymptotically decays to a constant in multi-dimensions depending
on the sign of § = xa — &7, which means there is no pattern formation. In this paper, we
shall show as m > 1, the uniformly-in-time bounded global classical solutions exist in
multi-dimensions and hence pattern formation can develop. This is significantly different
from the results for the case m = 1. We perform the numerical simulations to illustrate
the various patterns generated by the model, verify our analytical results and predict
some unsolved questions. Biological applications of our results are discussed and open
problems are presented.

Keywords: Dual-gradient; spontaneous aggregation; chemotaxis; attraction-repulsion;
boundedness; higher dimensions; pattern formation.

Mathematics Subject Classification 2010: 35A01, 35B40, 35B44, 35K57, 35Q92, 92C17

*Corresponding author.

307


http://dx.doi.org/10.1142/S0219530517500087

308 H. Y. Jin & Z. A. Wang

1. Introduction and Main Results

Alzheimer’s disease (AD) is a devastating neurodegenerative disease characterized
by the presence of numerous senile plaques in the brain tissue [41], whose major
components are extracellular deposits of g-amyloid protein that build up in the
spaces between nerve cells. It was found in the brains of patients with AD that
activated microglia, which are the most abundant of the resident macrophage pop-
ulations in the central nerve system [39], are associated with g-amyloid deposit
and concentrated in regions of compact amyloid deposit, where they surround and
infiltrate into the S-amyloid plaques [37]. When activated from resting state upon
environment stimulation (like injury, infection and inflammation of the nervous sys-
tem), microglia will secrete proteases, cytokines, and reactive oxygen species which
cause the production of 3-amyloid and encourage the aggregation of 3-amyloid [37].
The growing size of these plaques in turn triggers the action of even more microglia,
which then secrete more cytokines, proteases, and oxygen species, thus amplifying
the neurodegeneration [22].

Despite enormous e orts and progress made in the past, the mechanism of
pathogenesis of AD still remains poorly understood. While conventional experi-
mental approaches have been unable to identify critical underlying causes for AD
due to its highly complex and dynamic interactions occurring among multiple cell
types throughout the aging process, mathematical models can serve as powerful
tools to help understand the molecular and cellular processes regulating complex
diseases [6]. Indeed, there have been a few mathematical approaches to model the
formation of senile plaques (marker of AD) such as PDE approach in [7] and kinetic
method in [24, [26], and the intertwined cross-talks among microglia, astroglia and
neurons by ODE approach in [40]. Recently, an integral-di erential model describ-
ing the progression of AD with focus on the role of prions in memory impairment
was proposed and analyzed in [10].

While the cause of Alzheimer’s disease is incompletely known to date, it has
been widely accepted that microglial activation has a central role in the formation
of B-amyloid plaques [7} [9, 39]. Among other things, this paper will be devoted to
understanding the dynamics of microglia whose density in the brains of patients
with AD has been found to be much higher than those in the brains of healthy
individuals [16]. Particularly, microglia density distribution of the midbrain sub-
stantia nigra compacta is uneven and significantly higher than other regions [21].
Since microglia cells are strongly associated with g-amyloid deposit in the central
nerve system as mentioned above, understanding the mechanism of aggregates of
microglia will be an essential step to untangle the pathogenesis of AD. It is generally
believed that high density of microglia results from spontaneous aggregation rather
than proliferation [30]. One hypothesis is that chemicals (cytokines) secreted by
microglia including chemoattractant (i.e. Interleukin-15 protein) and chemorepel-
lent (i.e. tumor necrosis factor-«) might interact to produce the localized aggregates
of microglia. Hence a key question is what type of interactions between microglia
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and their secreted chemical factors would lead to localized aggregates of microglia.
Our present work will be concentrated on this question and explore the possible
mechanism leading to aggregates of microglia as a result of the combined interaction
of attraction and repulsion with microglia.

Toward the question raised above, Luca, Chavez-Ross, Edelstein-Keshet and
Mogilner proposed the following dual-gradient system in [30]:

ur = ADu — V- (xuVo)+V - (EuVw),
vy = Dv + au — [, (1.1
Towy = Aw + yu — Jw,

where u denotes the density of microglia, v denotes the concentration of chemoat-
tractant (like Interleukin-15
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a unique global classical solution which converges to a unique constant steady state
asymptotically in two or higher dimensions. The same result holds for 7, = =1
in two dimensions; (2) if 6 > 0, then there exists a threshold number ¢ = 87”
such that the solution of (TI) with 7, = » = 0 or ; = » = 1 may blow-up
(or globally exists) in two dimensions if initial cell mass is larger (or smaller) than
the threshold number o. These results together provided a basic picture for the
behavior of solutions of (TI) with 3 = 4: for large initial cell mass, the solution
of (@I.I) either blows up or converges to a constant steady state asymptotically,
which implies aggregation pattern does not exist. For the case 3 # ¢, the available
results are the following: (i) if < 0, it was shown in [45] that for any large initial cell
mass, the model (II) admits a unique global classical solution which is uniformly
bounded in time for m; = » = 0 and time-dependent for ; = 75 = 1. This result
was improved recently in [18][25] showing that if < 0, the global solution of (1)
with 3 = 7, = 1 is also uniformly bounded in time. Furthermore in [27, 28], the
convergence of solutions to constant steady states is established for small initial cell
mass; (ii) if & > 0, it was shown in [8, B3] that there is a threshold humber same
as o mentioned above such that the solution of (TI) with 7, = 75 = 0 may blow
up (or globally exists) in two dimensions if the cell mass is larger (or smaller) than
o. The same result was extended to the case 71 = 1,7 = 0 in [20] by the authors.
The boundedness, blow-up and large time behavior of solutions have been recently
carried over to the whole space in [19, [42]. We find from the existing results that
the solution behavior of (TI) for 5 = § is the same as for 5 # ¢ except the case
71 = 7o = 1 remain unjustified. In the last section of this paper, we shall confirm
this case numerically. Hence one can conclude that for large cell mass, the solution
of the model (I.T)) either blows up or converges to a constant asymptotically for any
parameter values. The bounded but not asymptotically constant solutions are ruled
out from the system (LI). This entails that the model (1) cannot fully interpret
the aggregates of microglia observed in Alzheimer’s disease.

Due to the failure of generating aggregation patterns, the model (I.I) is unable
to testify the hypothesis that the interaction of chemotactic attraction and repulsion
with microglia may lead to the aggregates of microglia in the brains of patients
with Alzheimer’s disease [30]. Naturally, one will ask whether this failure comes
from the model or the hypothesis. If we presume that it is due to the model, we
need to modify the model (@I). In this paper, we consider a modification of the
model (TI) as follows:

up = Du— V- (xuVo)+V - (§f(u)Vw),
v = Ao + au — Po, (1.2)

Towy = Aw + yu — dw,

u form>1,
fu) = { (1.3)

w(u+1)""t for0<m< 1.

where
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When m = 1, the model (I.2) becomes (L.I) which says that the chemotactic

(-

N N Y



312 H. Y. Jin & Z. A. Wang

where f(u) satisfies (T.3). The repulsive chemotaxis system (L5) has not been
completely understood to date. The first result was obtained for m = 1 in [5] where
the existence of global classical solutions for n = 2 and weak solutions for n = 3,4
of (%) with » = 1 was obtained. The existence of global classical solutions for
n > 3 still remains open. As m # 1 it was shown in [43] if m is suitably small such
that 0 < m < niw, then (LH) with = = 1 has a unique global classical solution for
n>2.Asm > niw, it is conjectured that the same result would hold. In this paper,
we shall show for the simplified parabolic-elliptic version of (I.5), global classical
solutions exist with uniform-in-time bound for any m > 0 and n > 2. Precisely, we

have the following results.

Proposition 1.2. Let Q be a bounded domain in R™ with smooth boundary. Assume
0 < up € WH(Q). Then for any m > 0 and n > 2, the system (LB) with 7 =0
admits a unique global classical solution (u,w) € C°(Q x [0,00)) N C?1(Q x (0, 0))
which is uniformly bounded in time.

The results for the full parabolic model (T2) (i.e. 1 = 7 = 1) with x,£ > 0
largely remain open. However, if 5 = ¢ and % = 2, we can reduce the model @2
into a volume-filling chemotaxis model [36], 47] and the following result is estab-
lished.

Theorem 1.3. Let Q be a bounded domain in R™ with smooth boundary. Assume
B =06 and 0 < (ug,vo, wp) € [WH(Q)]? with 2 = % Then for any m > 1
and n > 2, the system (L2)-(L4) with 71 = 72 =1 has a unique classical solution
(u,v,w) € C%Q x [0,00)) N C?1(Q x (0,0)). Moreover, if 0 < ug < (%)ﬁ, it
follows that

1

m—1
0<u<<>§<—a> for all t > Q.
vy

2. Local E¥istence and Preliminaries

In this section, we shall present some basic facts and results that will be used later.
The existence of local solutions of the problem (I.2)-(T.4) can be proved by the
fixed point theorem and maximum principle along the same lines shown in [45] 46].
Hence we only present the local existence result without proof below.

Lemma 2.1. Assume that 0 < (ug, T1vo, Towp) € [WH>(Q)]?. Then there exists
Tmax € (0,00] such that the model [L2)-(LA) has a unique nonnegative classical
solution (u,v,w) € C(Q x [0, Tmax); R3) N C%1(Q x (0, Tinax); R?). Moreover, u > 0
in Q x (0, Thax) and

if Tmax < 00, then |[u(-,)|| 0 — 00 ast /" Tmax. 2.1)

Integrating equations in (I.Z) and using the boundary condition in (TZ), the
following results can be readily obtained.
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Lemma 2.2. The solution (u,v,w) of (T.2)-(@.4) satisfies the following properties:
[uC, )y = [luol[z1,

o
oG Al < mllvollz + Flluollzr,

vy
[w(, D)1 < m2llwolpr + 5 lluollzs

The following inequalities are well known. We present them here for the conve-
nience of quotation later.

Lemma 2.3 ([23]). Let Q be a bounded domain in R™ with smooth boundary.
Assume there is a constant C > 0 such that

llull ;s <C  forallt e (0,T).

If v € WH°(Q), then there exists some constant Cy such that for every t € (0,7
and 1 < s < n, the solution of the problem

0
vy = Dv + au — [u inQ,—UZO on 0Q

ov

satisfies

[v@® 10 < Cq (2.2)
for all g < 2. If s = n, then @2) holds for all ¢ < oo, and if s > n, (Z2) holds
for g = oo.

Lemma 2.4 (Gagliardo Nirenberg inequalik ). Let Q be a bounded domain
in R™ with smooth boundary. Let 1 < p,q < oo satisfying (n — kq)p < nq for some
k>0 and r € (0,p). Then, for any h € Wk4(Q) N L"(Q), there exist two constants
c1 and co depending only on Q,q, k,r and n such that

IAllze < 1| D*R||Gallhll e + c2llBl cr, (2.3)
where a € (0,1) fulfilling
1 1 1
(ot
D qg n r

We should remark the original Gagliardo—Nirenberg inequality (e.g. see [35]) is
stated only for » > 1, but this condition can be easily relaxed to r € (0, p) by using
the Holder’s inequality (cf. [48] Lemma 3.2] or [45]).

3. Proof of Theorem [L.1]i)

From the blow-up criterion given in Lemma 2] it su ces to derive ||ul|p~ < oo
for all ¢ > 0 to extend the local solution to the global one. To this end, we first
show the boundedness of ||u||ze for p > n as a starting point. Hereafter, we use ¢;
to denote a generic constant which may vary in the context.
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We first give an inequality that will be frequently used later. The proof of this
inequality is inspired from [45]. For completeness, we present it here.

Lemma 3.1. Let Q be a bounded domain in R™ with smooth boundary. For any
e >0 and p > 1, there exists a constant C' > 0 such that for each u € L'(Q), the
solution of the problem

—Aw+dw =~vyu inQ, ‘3—“’:0 on 0Q (3.1)
v

/wpdxgs/updx+0.
Q Q

Proof. First, we apply the Agmon-Douglis—Nirenberg LP-estimates [1, 2] to the
linear elliptic problem ([@I) with zero Neumann boundary condition, and find a
constant ¢; > 0 such that

||’lU('7t)Hw2,p < ClHu('7t)HLD' (32)

Then we use the Gagliardo-Nirenberg inequality in Lemmas[2.2 and 24 and @B.2)
to get some constants ¢, > 0 and c3 > 0 such that

satisfies

—0
‘/iwpd$::HUAﬁp < eol| D?w|[ 5 ]| 75 7 + caflw][]
Q

< cgllulfh + e,

where

1
1-=
— p
0:= — 1€ 0,1)
1+——-
nop
due to p > 1. Furthermore, noting the fact 6 € (0,1), the Young inequality entails
that

/ wPde < esl|ul% + ez < £ JquPdx + c4(e), (3.3)
Q
which completes the proof. |

Lemma 3.2. Let m > 1. Then for any p > max{%,1}, there exists a constant
C' > 0 such that the solution of LC2)-L4) with 71 = 7o =0 satisfies

/ uPde < C for all t € (0, Tmax)-
Q

Proof. Multiplying the first equation of (T2) by pu?~!, integrating by parts and
employing the second and the third equations in (LZ) with 7, = » = 0, we end up
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with
i/ uPdx + p(p — 1)/ uP 2| Vul?dr + M uP " dy
dt Q Q D= 1+m Q
-1
<(p- 1)Xa/ uPdr + M/ uP I Mad. 3.4)
Q p—1+m Jgo
Since m > 1, then using the Young’s inequality, we have
o p+1 p(p - l)f’}/ p+m
(p 1)Xa/9u dx§47(p—l+m) Qu dx + cy. (3.5)

Furthermore, by the Holder inequality and the Young’s inequality, we can find two
constants cs, ¢c3 > 0 such that

—1)&6 -1
pi(p ) uP I Myde < 7]3(]3 )&y uPTMdy + cz/ wPT™dg

p—1+m Jq d(p—1+m) Jo Q (3.6)
p(p—l)f'y p+m ; .
2(p—1+m) Qu du e,

where Lemmal[3.1l has been used. Then substituting (35) and @.8) into (3.4), one

has

d _ p(p — )¢y

—_ p _ p—2 2 P\ ST
dt/gu dz + plp 1)/Qu Vel der4(p—l+m) Q

With the following inequality resulting from the Young’s inequality

uPTdx < ¢ +c3. (3.7)

p(p 1)5 Y +
P < p+m ]
/ uPdx 7m) (% dx + Cyq, (3 8)

we have from @7) and (Z38) that

i/updx+/updx§05.

This, together with Gronwall’s inequality, yields

/updxg/ugdx+05.
Q Q

Then the proof of Lemma[32]is completed. O

Similarly, for the system (L) with » = 0, we have the following results.

Lemma 3.3. Let m > 0. Then for any p > max{%,1}, there exists a constant
C > 0 such that the solution of (LX) with 2 = 0 satisfies

/ uPde < C  for allt € (0, Tnax)- 3.9
Q

Proof. We first consider the case m > 1 and hence f(u) = u™. In this case, we
multiply the first equation of (LH) by puP~!, integrate by parts and then use the
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second equation of (T.B) with 7, = 0. Then we get
i/ uPdx + p(p — 1)/ uP~2|Vul?dx
= —p(p— 1)§/ uP~H"y - Vwdr
Q

_ pp =& / w1y~ PO D[ g, (349
Q

p—1+m p—1+m Jq
Then substituting (38) into (3I0), one can find a constant ¢; > 0 such that

p(p — 1)y

ptm . <
2p—1+m) Jy =

i/ uPdx + p(p — 1)/ uP | Vul?dx +
dt Jq Q
which together with (338) gives

i/updx+/updx§02. (3.11)

Then applying Gronwall’s inequality to (B.11), one has (3.9) in the case of m > 1.

On the other hand, if 0 < m < 1 one has f(u) = u(u + 1)™~1. In this case,
multiplying the first equation of (L.5) by p(u+1)?~!, and using the similar argument
as the case m > 1, we end up with

i/(u+1)pda:+p(p—1)/(u+1)p_2|Vu|2da:

= —pp—1)¢§ / [(u+ 1)PT™=2 — (u+ 1P 3 Vu - Vwdz

p(pl:)f /( + 1P (w — qu)da

<p(p_1)£5/( + 1P M wdz p(p 1)57/( + 1) " dx

T p—1+m
4 P = 1@p+2m - 3)¢y
(p—1+m)(p—2+m)

= % /Q(u + 1Py + e

—/(u + 1)Pdx + ¢y,
Q

(u+ )Py

which together with the Gronwall’s inequality gives ([33). Hence the proof of
Lemma [33]is completed. O
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We are now in a position to prove Theorem[I(i) and Proposition [I.2]

Proof of Theorem [L.I](i). We apply the Agmon-Douglis-Nirenberg L?-
estimates [1 2] to the following linear elliptic equations under zero Neumann bound-
ary conditions:

—Nv+pv=au, z€Q, te&(0,Tha),

—Nw+ow=~u, v€Q, te&(0,Thax),

ov  Ow

— = —= Q, t Tiax),

e 0, T € 0Q, € (0, )
where 3,6 > 0. Then there exists a constant ¢; > 0 such that

[, W) Dllwze < c1flul, ) e (3.12)

which together with Lemma [3Z] gives

[, W), Dllwe2e < ca. (3.13)

Choosing p > n in (ZI3) and using the Sobolev embedding theorem, we can find a
constant c3 > 0 such that

1(Vo, V), )| < cs.

Then by the well-known Moser—Alikakos iteration procedure (cf. |3, [45]), one can
find a constant ¢, > 0 such that

lu(-, )| e < ca forallt e (0, Tmax)- (3.14)

Then Theorem [LI(i) immediately follows from (@3I4) and Lemma[Z1l O

Proof of Proposition[T.2l The combination of Lemmal[33 and (3I2) gives
[w(, Dwae < e (3.15)

We choose p > n in (8I5) and use the Sobolev embedding theorem to obtain
IVw(, t)||Le < co.

Similarly, by the well-known Moser—Alikakos iteration procedure (cf. [3] 45]), we
can obtain

lu(-, )| o < cg forallte (0, Tmax)- (3.16)

Then the proof of Proposition is completed by combining (BI8) and
Lemmal[ZTl |
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4. Proof of Theorem [T.1](ii)
4.1. Basic energy estimates for n > 2

With 71 =1, 7 = 0 and m > 1, the system (T.2)-(T.4) reads as

ur =Du— V- (xuVo) + V- (Eu"Vw), x€Q, t>0,

vy = A + au — P, reQ, t>0,

0 = Aw + ~yu — dw, reQ, t>0, (4.1)
ou _0Ov _ Ow _

W, =0 r€0Q, t>0,

U(LU,O) = ’U/Q({I?)7’U(.’E7O) = ’Uo(.’E)7 x € Q.

Lemma 4.1. Assume that 0 < (ug,vg) € [WH°(Q)?. If there exists a constant
c1 > 0 such that

llulle < e for all p > n, 4.2)

then there exists a unique triple (u,v,w) of nonnegative functions belonging
to C(Q x [0,00)) N C*1(Q x (0,00)) which solves @) classically such that
lluC, )| Lo < ca, where ¢y is a constant independent of t.

Proof. If (Z2) holds, from Lemmal[Z3] we can find a constant ¢; > 0 such that
Voo < [[o]lwre < e1. (4.3)
Furthermore, the combination of (ZI2) and (&2) gives
lw|lwzr <co forall p>n,
which together with the Sobolev embedding theorem gives
IVl < cs. (4.4)

Then it follows from (&3), (Z4) and the well-known Moser—Alikakos iteration pro-
cedure (cf. [3]) that there exists a constant ¢, > 0 such that

|u(, )| e < ca forallt e (0, Timax)- (4.5)

This completes the proof of Lemma[1 by combining (&5) and Lemma [ZT] O

Now, it is the key to show (£2)) holds in order to prove Theorem[LILii). Inspired
by [43] [44], we shall establish a combined estimate of [, u”dz+ [, |V 252 d for
t > 0 to obtain the boundedness of solutions, instead of [, u”dxz alone. As a starting
point toward this aim, we shall use the condition m > 1 to derive the boundedness

of | Vo 2.
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Lemma 4.2. Letm > 1 and 0 < (ug, vo) € [WH(Q)]?. Then the solution of @I)
satisfies

/ |Vo|? dz < C, (4.6)
Q
where C' > 0 is a constant independent of t.

Proof. Multiplying the first equation of (@.I) by Inu and integrating the result
over Q yield that

i ulnudx+/ [Vl
dt O o) u

We multiply the second equation of (@.1I) by —Aw and integrate the resulting equa-
tion by part over Q to obtain

;jt/lv K dx+/\Av| dx+5/|w\ dx—a/Vu Voudz.  (4.8)

Furthermore, using the third equation of (@) and boundary conditions, we can
derive that

—§/ m=1Ivy - Vwdr = éh/ u" Awdr = >— /u wdx — & u™tdz. (4.9)
m

m Jq

2

dx = X/ Vu - Voudr — §/ u" W - Vwdr. (4.7)
Q Q

The combination of (&7), (£8) and (&3) gives

d 1 °
— <u|nu+—Vv|2) da:+/ ﬂd
dt Q 2 Q (A
+/ |Av\2dx+ﬂ/ |Vv\2dx+§l/um+ldx
mJa

=—(x+ a)/ ulDvdx + > u "wdx

(X+Oé) / e+ = /|Av\d + 8 /u wdz,

which, together with the inequality 2/ [, uInudxz < 23 [, u®dz, yields that

2
i/ ulnu+1|Vv|2 dx+/ ﬂalx+1/ |Av|2dx
dt 2 (7 2 Q

+ﬁ/ IVo)? da:+25/ Inudx + fFy/um“ah:
Q

+a)2+4
< w/ u?dx + Q/ uwdz. (4.10)
2 Q m Jo
With m > 1, using the Young’s inequality, we have
+a)’+4
70( 02 s / wlde < 2L 57 um e + ey (4.12)
Q
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Furthermore, applying the Hglder inequality and Young’s inequality to the last
term in (@I0), one has

@/ v wdr < f_’y um+1dx+02/ wmtdy
m Jo 4m Q Q
(4.12)

L&

< ™ dr + e,
2m Q

where Lemma[ZTlhas been used due to m+1 > 1. Set y(t) := [, (ulnu+1|Vv|?)dz.

Substituting (E11) and @I2) into (&I0), one has
y'(t) +20y(t) < c1 + cs,
which implies
y(t) < y(0)+cy forall ¢t € (0, Trnax)- (4.13)

Noting the facts —uInu < 1 for all u > 0 and the definition of y(¢), then from @I3),
we have
1

1
—/ |VU\2da:§/u0|nugdx+—/ |VUO\2da:—/u|nudac+C4
2 Jq Q 2 Ja Q

1 Q
< /uglnugdx+—/ |VUO\2da:+u+C4,
Q 2 Jo e

which gives (4.8). Then we complete the proof of this lemma.

c
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which yields
_/ WP da +p(p )/ p— Q‘V | dx +p(p )5’7 Up+md$
—1+m Q
< W1 / u?|Vof2ds + P2 DS 1)55 [wtmde. (@15)
2 Q _1+m Q

Furthermore, we can use Young’s inequality and Lemma [3 to estimate the last

term in (@I5) as

—1)é&6 1
p(p )5 Up 14+m wdzx p(p )g,y p+mdx +C1/ wp+mdx
Q

p—1+m _4(p—1+m)
. e (4.16)
p - vy +m
< —" p + co.
S 2 —1+m) Qu dr + ¢
Substituting (.16) into (#.15), one has
d 2(p—-1) Po p(p — 1)y
— p 4+ - 7 5 4 M IS T pt+m
dt/Qu dx 5 /Q|Vu |“dx 20 —1+m) Qu dx
)02
< w/ uP|Vo|2dz + cy. (4.17)
Q

We di erentiate the second equation of system (4.I) and multiply the results by
2Vw to obtain

(|Vv|?); = 2Vv - VAw + 2aVu - Vo — 23|Vo|?
(4.18)
= A|Vo]? — 2|D?*v|? + 2aVu - Vo — 26|Vo|?,

where we have used the identity A|Vv|? = 2Vv - VAv + 2| D?v|%. Multiplying the
equation (@I8) by ¢|Vv|??=2(q > 2), integrating the result by parts, one has

d
& [ IvePids+ a0 [ [9uPr VTP
+2q/ |Vv\2q_2\D2v|2dx+2qﬂ/ |Vo|*da

Q Q

2
Zq/ |Vo|24~ 28|Vv| dS+2qa/ |Vo[24 2V - Vodz
o0

< q(q4—1)/ |Vv\2q*4\V\Vv|2\2dx+2qa/ |Vo[2472Vy - Vodr + c3,
Q Q

(4.19)

where we have used the following estimate (see [15] inequality, (3.10)] for details)

due to

O|Vul|? -1
q/ a2 2VeE o o ala )/ IV o[24=4 |V Vo[2 2da + cs.
o0 aV 4 Q
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Next, we estimate the second term on the right-hand side of (4.19) as follows
2qo¢/ |Vu|?"2Vu - Vode
Q
= —2q¢(q — 1)a/ u| Vo244V - V| Vol ?dr — 2qa/ u| Vo242 Avda
Q Q
-1
< %/ |Vo|?? 4|V |Vo|?|2dx + 4q(q — l)ozz/ u?| V|27 2dx
Q Q
2 2
+ —q/ IVu[20-2| Av|2dz + %/ w?| V|21 2dz. (4.20)
nJa 2 Jo
Substituting (#-20) into (#.19), one has
G e+ CD [ guprtoveppas

< _q/ \Vv|2q*2|Av\2dx—2q/ \Vv|2q*2|D2v|2dx
n Ja Q

2
+ (nqza +4q(q — 1)a2> / u?| V|27 2dx + c3
Q

2
< (nqza +4q(q — 1)(12) / u?| Vo2 2ds + c3, (4.21)
Q
where we have used the inequality
2
_q/ Vo292 | Av|?de < Zq/ Vo[22 D?v|?d,
nJa Q

by noting the fact |Av|> < n|D?v|. The combination of (#I7) and #2I)
yields (@:I4). Then we complete the proof of this lemma. O

Next, we will show the boundedness of solutions of system (&I). To this end, we
only need to show the boundedness of ||u|/zr for p > n by Lemma Il We proceed
with cases n = 2 and n > 3 separately in the following.

4.2. Boundedness for n = 2

We first present the L2-estimate as follows.

Lemma 4.4. Let m > 1 and n = 2. Then there exists a constant C3 > 0 such that
the solution of (@) satisfies

[uC, D)Lz < Cs for all t € (0, Tnax)- (4.22)
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Proof. Choosing p =2,q =2 in Lemma[3, one has

4 /qux+/ \Vol*da +/ \Vu|2dx+/ \V\Vv|2\2dx+§—7/u2+mdx
dt \Ja Q Q Q 1+m Jq

< cl/ u?|Vo|?dz + co. (4.23)
Q

Using the Holder inequality and Young’s inequality, and noting the fact m > 1, we

have
cl/ u?|VolPde < ¢ </ 3dx> (/ Vv|6dx>
Q

< ul|Vo||§e + esllulls (4.24)

& m
< p||Vol|gs + 200+ m) QU2+ dx + cy.

Furthermore, we can use the Gagliardo-Nirenberg inequality and the fact
[IVv]?||Lr = ||[Vv||2. < C in @B) to obtain that
IVole = V0?72 < esl|VIVOP (|22 ll[Vol? ]| 2+ es[[[ Vol (4.25)
< col|VIVOP3: + 7. |

Substituting (#Z4) and (@2Z5) into (Z2Z3)), and taking p = ﬁ one has

cCth(/ 2dx+/|Vv4dx> /\Vu|2dx

1 \V4 2|2 ) / 2+
m < . 4.
+2 / | |‘7U| | dx + ( m) U dx c8 ( 26)

Using the Gagliardo—Nirenberg inequality and Young’s inequality together with
Lemmal[Z2 and #.6) give

/Quzdx < co(||Vull g2l|ull o2 + [[ul22) < [|VulZ: + cio (4.27)
and
/Q Vol*de < e (IVIVol? | L2 Vo[l o2 + [[[Vo?][7:) < 1IIVIWIQHiz + c12.
(4.28)

Let z(t) = [, u?dz+ [, |Vv|*dz. Then the combination of (@.28), (ZZ7) and #28)
gives

2'(t) + 2(t) < s,
which implies there exists a constant ¢4 > 0 such that

z(t) = / u2dx+/ \Vo|tdr < ci4. (4.29)
Q Q

Then the proof of Lemma &4l is completed. |
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Lemma 4.5. Let m > 1,n = 2. For p > 2, there exists a constant C independent
of t such that the solution (u,v,w) of ([@I) satisfies

[ulle < C. (4.30)

Proof. Multiplying the first equation of (&1) by pu?~*, and integrating the equa-
tion with respect to = over Q, we arrive at the following inequality (see also (11))

d 2(p—1) B2 p(p — 1)éy +
Py + 5 + p+m
dt/Qu dx /Q|Vu |“dx > T+ m) Qu dx

< cl/ uP |Vo|2dz + co. (4.31)
Q

Using the Hdlder inequality and Young’s inequality, we have

b _m_
ptm m p+m
cl/ uf |VolPde < ¢; </ up+mdx> (/ |Vv\2—(p:m )dx>
Q Q Q

p(p — 1)&y
“4p—-1+m) Jq

(4.32)

2(p+m)
up+mda:+63/\VU| m dx.
Q

Combining Lemma Z3 and (&2Z2) and noting n = 2, we can find a constant ¢4 > 0
such that

/ (Vo S dr < . (4.33)
Q
The combination of (#31), (¢:32) and (4.33) gives

i/upda:+/upda:§65, (4.34)

where we have used the following inequality:
2(p—1
/upda: < M/ |VU§|2dJZ+CG,
Q p Q

which is obtained by the Gagliardo—Nirenberg inequality. Integrating (@34)
yields (Z30) and the proof of Lemma E5lis completed. |

4.3. Boundedness for n > 3

Lemma 4.6. Let m > 2 and n > 3. Then for all m < p < oo, there exists a
constant C > 0 independent of t such that the solution of @I) satisfies

lu(G, t)|le < C,  for all t € (0, Timax) (4.35)
and

||Vv(-,t)||ngp+m2 < C, forallte 0, Tmax)- (4.36)
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Proof. For 2 <m < p < oo and ¢ = E2 > 2, from Lemma B3, we can find two
constants ¢; > 0 and ¢» > 0 such that

d (/ updx+/ |Vv2qu> +M/ Vb [2de
dt QO Q p Q

+ 220 [ 19vuppas + SEZDE0 [ i
q Q

2(p—1+m) Jg
< cl/ uP |Vo|?dx + cl/ u?| Vo2 2ds + co. (4.37)
Q Q
Using the Holder inequality, we can choose ¢ = ™2 > 2 and A = pﬁ;’”’; > 1 such
that
_b 1
p+m q
/up|Vv\2da: < (/ up+mda:> . (/ VU|2quZ) (4.38)
Q Q Q
and

o :
/ u?|Vol?12dx < (/ up“"da:) . (/ VU|2(q1)/\da:> . (4.39)
Q Q Q

Moreover, we use the Gagliardo-Nirenberg inequality to obtain

) 3 2 20, 2(1-0;) 2
( [ 1wl Qda:) = 9005, < sl DIVOlLS - [0l a7+ el [Vel)
Q La La
(4.40)

where

|
N =

0, =
T

2
The combination of (4.6) and (4.40) gives

€ (0,1).

+ N

S

N =

q_
2

a ER s I
(/ |Vv2qu> < ey (/ |V|Vv|q2dx> 2tne + 4. (4.41)
Q Q

q_p+m-2

Similarly, defining 65 = % and using the Gagliardo—Nirenberg inequality

and ([&5), we can find a constant ¢; > 0 such that

1
v 2(q—1))\d x _ v p 2(CICI—l)

‘ U| €z - |H U| H 2(g—1)A
Q L a

2(d-1)
= 1901l T

prm—2

ol

2(a=1)8; 2(9=1)(1-05) 2(a-1)
< os|[VIVOlTll * IVl F e[Vl S
La La
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2(q—1)0o
e 2 1(1—-6 1
<esl|VIVol ). T -Vl RO 4 g w2
@-1 3-2EE=2
<06</|V|Vv|q2dx> T 4. (4.42)
Q

The combination of (@38), (£39), (€21) and (@42) entails that
cl/ uf |Vol2dx +cl/ u?|Vo|? 2 dx
Q Q

q_
2

P 1
prm TTT
< cieq </ up+mdx> </ |V|Vv|q2dx> 2o
Q Q

[3)

2
p+ p+m
+cicq uPT™dg + cicq uPT™mdx
Q Q

ptm-—2

ol

1
2

q_
@=1 2

X (/ VVv|q|2dx) + ¢1cq (/ up+mda:> . (4.43)
Q

Since ¢ = 2™ one can check that

q 1 q 1
. Tz q_ =2
P 4= 2 2 - P , ™ 2 2 _ _ (4.44)
p+m ¢ ¢,1 1 p+rm p+m ¢ 1 1
2 n 2 2 n 2
Moreover, if ¢ = E£™ and m > 2, it holds that
q ptm-2
2 -1 2
+1-1.2 2 1 (4.45)
ptm g g,1 1
2 n 2

By the Young’s inequality, one can readily derive that for any e > 0 and X,Y >0
there exists a constant C' > 0 such that

XYl <e(X+Y)+C, (4.46)

where ¢ > 0 and b > 0 are constants such that a« + b < 1. Applying (£.408) to (£.43)
with the facts (£44) and ([@45), we have

cl/ uP | Vo2 de + cl/ uw?|Vol* 1 2dr < ¢ (/ uP T dx +/ VVv|q|2dx> +cr.
Q Q Q Q

(4.47)
Substituting (EZ7) into (&E317) and choosing ¢ = mm{qq ,ﬁ’%ﬁj} one has

2(p—1 -1
4 (/ updx+/ |V02qdaj) +M/ |vu§|2da;+q—)/ |V|Vo|?|d

p(p — )¢y m
4(p — m) 5 uP+ dr < cg. (448)
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Using the Gagliardo-Nirenberg inequality, we have

/ Vol de = [[Vol|3: < ol VIVel?Z2 - [1V0]t*5 7" + eoll 7ol 5.
Q

(4.49)
where
q 1
63 = % S (0,1)
2 n 2
Noting |||VU|qHL§ = [Vol[|9. < c10 (see @F)), we have from (£249) that
/ Volds < S0 |VT0je)2, + ey, (4.50)
Q

Furthermore, using the Holder inequality and Young’s inequality, we can derive
that

p(p — )&y +
P < —— 72> ° P e + . 451
/Qde_4(p—1+m) Qu dxr + c19 (4.51)

Substituting (#:49), (¢50) and (@5]) into (#48) gives

d
— (/ updx+/ |Vv2qu> +/updx+/ Vol?ldz < e13,
dt \Ja Q Q Q

which implies there exists a constant c¢;4 such that

/updx+/ Vol?ldz < c14,
Q Q

which gives (@35) and @&36) by noting that ¢ = ZX™ Then we complete the proof
of Lemma O

4.4. Proof of Theorem [L1I(ii)
Theorem [LI(ii) is a direct consequence of Lemmas 1] &5 and

5. Proof of Theorem [1.3]

In this section, we will study the model (C2)-T32) with 1, = » = 1. With the
conditions given in Theorem [L.3, we can transform the system (C2)-(4) into a
generalized volume-filling chemotaxis model. We are now in a position to prove
Theorem L3

Proof of Theorem [I.3l Letting s = £ — 2 and using the conditions 8 = ¢,
=7 =1and © = <¢, from the second and third equations of ([2)-(T4), we
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can derive that

st = As — (s, reQ, t>0,
@20, x€eIQ, t>0,
v
s(x,0) = so(x) :ZU—O—EZO, x € Q,

a oy

w = 2 into the first equation of system (L.2), one has

up =0Du—kV - (u(l —um V), z€Q, t>0,

vy = Av + au — B, rzeQ, t>0,
ou _ Ov _ (5.1)
5_5_07 redQ, t>0,

u(z,0) = ug(x), v(z, 0) = vo (), r e Q,

where [ = %m = . The reduced model (&) is a type of the volume-filling
chemotaxis model proposed in [36] and generalized in [47]. As m = 2, the existence
of global classical solutions of (&I) has been studied in [50], where the bounded-
ness of solutions was proved in [I2Z] by energy estimates and in [50] by a sophisti-
cated constructive approach. The asymptotic behavior of solutions was later studied
in [17, BI]. Although the method of [12] (50] is applicable to the case m > 1, here
we shall present a much simpler method maximum principle to derive the bound-
edness of solutions to (&) for any m > 1. To this end, we first note that the strong
maximum principle employed to the first equation of (5.1) gives that u(z,t) > 0 for
all ¢ > 0 since uo(z) > 0. Then we set U = — v™~! < [ and substitute it into the
first equation of (5.I). After some tedious calculations, we find that U(z, t) satisfies
the equation

2 1
Uy=0U+""2 2 |\YU]2+ k(m — 1)U — U)do
m-—11-U
+w(m — 1)(l — U)VUVo — kUVU V. (5.2)

Noting that Uy(z) = I —uj*~' > 0 by the condition ug < (¥2)m= = [m—T and
U satisfies the Neumann boundary conditions. Then the strong maximum princi-
ple and Hopf’s lemma applied Eq. (52) yield U(x,t) > 0 for all ¢ > 0. That is
0 < u(x,t) < [meT, Finally, we remark that the local existence of classical solu-
tions of the generalized volume-filling chemotaxis model (5.1)) can be proved by the
standard fixed point theorem (e.g. see [12] 47] for m = 2). This, together with the
boundedness derived above, finishes the proof of Theorem .3 |

Remark 5.1. With the conditions given in Theorem[13, the system (L2) is trans-
formed into the system (&I). Furthermore, if m = 1, the system (&) become the



O

(|
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where 7 denote the transpose and

u—u 1 —xu &u™ 0 0 o0
O=|v—v |, A=|0 1 0|, B=|la -5 0
w—w 0 o0 1 ~ 0 —¢

Let Yi(x) denote the eigenfunction of the following eigenvalue problem:
AY(z) + E*Yi(2) =0,  (v-V)Yi(x) =0,

where k is called the wavenumber. Since the problem (E1) is linear, we look for
solutions ©(x, t) in the form of

O(x,t) = Z cre Yy (z). (6.2)

k>0
Substituting (62) into (&), for each £ > 0, we have
\Y,(z) = —k?AYy(z) + BY; ().
This implies X is the eigenvalue of the following matrix:
—k? yuk?  —fumk?

My=| a —k*-p 0
~y 0 )
After some algebra, one can find that the eigenvalue X\ of the matrix M, satisfies
X%+ as(x, k)N + a1 (x, KA + ao(x, k) =0, (6.3)

where
as(x, k?) =3k + 3+ 6,
a1(x, k%) = 3k* + [2(8 + 8) + Eyu™ — axulk® + 67,
ao(x, k?) = k° + [3 + 6 + Eqyu™ — axulk® + [B6 + GEyu™ — daxulk®.

If the matrix Mj has eigenvalues with positive real part, then the homogeneous
steady state (u, v, w) is unstable and the spatial pattern formation can be expected.
In fact, using the well-known Routh-Hurwitz criterion (see [32]), we have the fol-
lowing results on the stability/instability of (u, v, w).

Proposition 6.1. Let (u,v,w) be the homogeneous steady state of (C2)—(2),
where a, B,7,6,& > 0. Then the following results hold.

Q) (u,v,w) is locally asymptotically stable with respect to the system (L2)-(T24) if
x > 0 and satisfies

x < %qu min {%, %} (6.4)
@) (u,v,w) is unstable with respect to (L2A)-AD) if ax is large enough.
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Initial distribution u(x,y,0) Initial distribution u{x,y,0)

1.015
1.01

11.005

(a) >0 (b) 6 <0

Fig. 1. Numerical illustration of solution component w(z,y,t) of the system (C2)—(CZ) with
m =1 and 71 = 7 = 1 in two dimensions for the case § > 0 and 6 < 0 where 8 = xya — £vy. The
initial data is set as a perturbation of the homogeneous background state (u, v, w) = (a, %ﬁ, %ﬂ),
namely ug = 4+ r,v9 = U+ r,wp = W+ r, where r is a 2% small perturbation of the background
state (@, 0, @) in (a) and a 20% perturbation of the background state (@, o, @) in (b). The parameter
values are: (a) u =1,x =8,{=4,a=v=0=1,=2(b)a=1,x=8,E=10,a=v=0=
1,6 =2.

choose 3 = ¢ and 22 = Uvi to make the numerical results comparable with the
theoretical results obtained in Theorem [L.3. From the parameter values chosen in
Fig. [2, one derives that the solution component u(x,y,t) satisfies that 0 < u < 2
according to the results in Theorem [L.3] This is exactly verified by our numerical
results shown in Fig. 2. We remark if 3 # §, the model (T.2)-(T.4) will generate
the qualitatively same pattern formations as for the case 5 = ¢ (not shown here for
brevity).

Next, we examine the possible pattern formations generated from the case m > 1
and 6 < 0. The numerical patterns of the solution component u(z, y,t) were shown
in Fig. B It is found the solution does not converge to a constant, which is signif-
icantly di erent from the case m = 1 and ¢ < 0 shown in Fig. di(b). Furthermore,
the pattern variety is similar to the case ¢ > 0 where three classes of patterns
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Time=0

(a) (b) (c)

Fig. 2. Numerical patterns formed by the solution component u(z,y,t) to the system [[C2}-(T2)
with m > 1 in two dimensions for the case § = xa—&vy > 0. The initial data is set as a perturbation
of the homogeneous background state (u, v, w) = (1, %ﬂ, %ﬂ), namely ug = u+7,v0 = 0+71,wo =
w + r, where 7 is a 2% small perturbation of the homogeneous background state (@, v, w). The
parameter values are m =2,x =8, { =4,a=v=F=0=1and 2 = 0.25 in (a), 2 = 0.5 in (b)
and @ = 0.75 in (c).

(aggregates, strips and reversed aggregates) are also generated depending on the
value of the background states (u, v, w) around which the initial data is prescribed.
By a simple calculation, it is easy to see that the results of Theorem [[3 are consis-
tent with the numerical results. We furthermore stress that the numerical results
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(a) (b) (c)

Fig. 3. Numerical patterns of the solution component u(z,y,t) to the system (TZ)—(Z) with
m > 1 and 71 = 72 = 1 in two dimensions for the case § = ya — &y < 0. The initial data
is set as a perturbation of the homogeneous background state (u,v,w) = (1, %ﬂ, %ﬂ), namely
uyg = u+7,v9 = U+ r,wg = W+ r, where r is a 2% small perturbation of the homogeneous
background state (@, ,w). The parameter values are m = 2,x =8, = 10,a=v=8=60 =1
and @ = 0.25 in (a), 2 = 0.4 in (b) and @ = 0.5 in (c).

for the remaining case ¢ = 0 are qualitatively same as the case § # 0 and they
are not shown here to avoid the repetition. In summary, except verifying our ana-
lytical results on the boundedness of solutions in Theorems [L1 and 3, we can
draw the following conclusions from our numerical results that are not yet proved
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analytically:

(a) The pattern formation of the modified model (T2)-(T4) with m > 1 exists
for any model parameter values irrespective of the sign of § = ya — &y and
solutions will neither blow up nor asymptotically converge to a constant. This
is essentially di erent from the case m = 1;

(b) The variety of patterns is determined by the magnitude of homogeneous back-
ground states (u, v, w), where the initial data is set as a small perturbation of
(u,v,w). The patterns change from aggregates to reserved aggregates as the
initial value is increased and the strips are the intermediate patterns between
them. In other words, the aggregates form only if the magnitude of background
states (u,v,w) of initial values is small. If the magnitude of (u,v,w) is large,
the model will generate patterns like stripe or reversed aggregates instead of
aggregates.

Related to the biological relevance, our results imply that (T2)-4) with m > 1
is able to interpret the spontaneous aggregation of microglia due to its interaction
with the combined attractive and repulsive chemicals. Specifically, if microglia inter-
act with both chemoattractant and chemorepellent linearly (namely m = 1), then
the aggregation cannot occur. However, if microglia interact with chemoattractant
linearly but with chemorepellent super-linearly (namely m > 1), the aggregation
pattern will arise if the background states (u,v,w) of initial values are suitably
small.

As & = 0 (i.e. no repulsion), the model (T2) becomes the classical Keller-
Segel model which does not admit pattern formation in multi-dimensions due to
its blow-up nature (e.g. see [T} 13, 14} 3T, 33} 34} 49]). As x = 0 (i.e. no attrac-
tion), the model ([T2) becomes the repulsive chemotaxis model () which has no
pattern formation either since its solution asymptotically converges to a constant
(see [5) [43, 45]). Therefore, the modified model (TZ) with m > 1 (super-linear
repulsive sensitivity) o ers us a possible mechanism to test the hypothesis that
the aggregate of microglia is due to the combined interaction of attraction and
repulsion, and neither of them is dispensable. However, we should remark that our
revision might not be the only (or unique) way to modify the attraction—repulsion
chemotaxis model (I.I)) to generate pattern formation from the modeling point of
view. For instance, one can try incorporating the volume-filling e ect [36, [47] into
the model (1) as done in [38]. However, if so, the resulting model can gener-
ate aggregates without repulsion and hence the repulsion becomes dispensable for
the aggregation pattern formation. This, however, is not desirable for testing the
hypothesis. In this sense, our revision m > 1 for the model provides a valuable
perspective to model the aggregation caused by the combined interaction of attrac-
tion and repulsion although experiment results or date have not been available to
support it by far. This in turn reflects the role of mathematical modeling for com-
plex biology. But we by no means exclude other possible ways to modify the model
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such as the sensitivity related to attraction, which indeed imposes an interesting
question for the further study but exceeds the scope of this paper.

From the analytical point of view, there are various unsolved questions remain-
ing in our study due to the technical di culty as listed below:

(1) The boundedness of solutions for the full model (L2)-(4) with m > 1 and
71 = 7o =1 in two or higher dimensions;

(2) The existence of nonconstant stationary solutions of the system (C2)-(4) with
m > 1;

(3) The large time behavior of solutions of the system (L2)-(CZ) with m > 1;

In the paper, we only consider the model (T.2)-(1.4) for the case m > 1. The
case for m < 1 is not investigated in this paper. But we conjecture the solution of
the system (T.2)-(T4) with m < 1 will blow-up regardless of the sign of 6. However,
this is a challenging problem and will be left for future pursue.
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