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where 2 C R™(n > 1) is a bounded domain with smooth boundary 042, and % denotes the outward normal
derivative on 0{2. The system (1.1) was recently proposed by Fujie et al. [1] to describe a tumor invasion
phenomenon with chemotaxis effect of Chaplain and Anderson type [2]. The unknown functions u, v, w and
z denote the concentration of tumor cells, active extracellular matrix (ECM*), extracellular matrix (ECM)
and matrix degrading enzymes (MDE), respectively. The main feature of system (1.1) is that the chemotactic
cue is not released by the cells themselves, which has been called indirect chemotaxis model [3,4].

It has been proved in [5,6] that the indirect chemotaxis mechanism in system (1.1) has a role in enhancing
the regularity and boundedness properties of solutions. Precisely, when D(u) = 1 and S(u) = u, using the
semigroup estimate method, it has been shown in [5,6] that when n < 3 and the initial data satisfies

(Uo,Vo,Wo,Zo) S CO(D) X Wl’OO(Q) X Cl(D) X CO(D) with Ug, Vo, Wo, Zg > 0, (12)
there exists a unique nonnegative global classical solution (u,Vv,w;z) exponentially corﬁrging to the
equilibriu&I (Up,Vo + Wp,0,Up) as t — +o0o0, where Uy = ﬁ o Uo(X)dx, Vo = ‘—{12' o Vo(X)dx and

Wo = ﬁ o Wo(X)dx. It is different from the direct chemotaxis model [7]

?—V~ (D(u)Vu) — V- (S(u)Vz), X € N,t>0,

Zz—+ Az —z +u, XE N, t>0,

a .
an_0z_,, X €N t>0, (1.3)
oy 0V

(U,2)(x,0) = (Uo, Z0)(X), X € 0,

whose solution will globally exist or blow up in a finite/infinite time depending strongly on the space
dimension when D(u) =1 and S(u) = u (no blow-up in 1-D [8,9], critical mass blow-up in 2-D [10-15] and,
generically blow-up in > 3-D [16,17]).

As pointed out in [18], the chemotaxis model with nonlinear diffusion and cross-diffusion may play a
predominant role in the solution behavior. For the direct chemotaxis model (1.3), the early literature has
already contained some pieces of evidence confirming the intuitive idea that the tendency toward blow-up
can be weakened at large cell densities if either cross-diffusion is inhibited, or diffusion is enhanced. More
precisely, the boundedness or blow-up of solutions strongly depends on the space dimensions and the power

a of the ratio g((t)) ~ U for large values of u. If a > %, then there exist some solutions that will blow up
in finite time or infinite time [19-23], whereas if 0 < a < 2 and

S(u)

—= < Cu+1)® forall u>0, 1.4

S < Clu 1 forall u> (1.4
then the solution will globally exist with D behaves algebraically [24,25] or exponentially [26,27]. The results

in [19-22,24-26] indicate that the power-type asymptotic behavior g((z)) ~ U# for the direct Keller—Segel

chemotaxis model (1.3) is critical.

In contrast to the well-understood direct chemotaxis model (1.3), the theoretical understanding is much
less developed in situations when a chemotactic cue is not released by the cells themselves as system (1.1).
Specially, a complete understanding of the competitive interplay among diffusion, cross-diffusion and indirect
chemotaxis is yet lacking. It is the purpose of the present work to achieve some insight into possible features
of chemotaxis models accounting for indirect signal production mechanisms. More precisely, we will show
how the indirect chemotaxis mechanisms affect the value of a in (1.4) to global classical solution. As in
[24,25], we assume that the nonlinear diffusion D(u) and chemosensitivity S(u) satisfy

D,S € C%([0,00)), D(u) >0 and S(u) >0 forall u>0, (1.5)
and
Ko(u+1)" 1 <D(u) <Ki(u+1M1 forall u>0 (1.6)

for some constants m € R, M € R, Kg > 0 and K; > 0. Then we have the following main results.
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Theorem 1.1. Let 2 be a bounded domain in R™(n > 1) with smooth boundary. Assume (1.2) holds.
Suppose D(U) and S(u) satisfy (1.4)—(1.6) and

L1,
@ﬁ, if 1<n<3,

% if n>4.

n

0<a<

Then there exists a uniquely determined quadruple (U,V, W, Z) of nonnegative functions defined on 2 x [0, )
which solves (1.1) classically and is bounded in the sense that there exists a constant C > 0 such that for all
t=>0

[u(, Ol ooy + IVE Ollwco oy + IWE Yooy + 125 B[ L2y < C. (1.7)
Moreoverl,jhe global solution vV, W,z) will e:vponenti?,ljy converge to (Uog,Vo + Wo,0,Ug) as t — oo with
Uo = 157 oUo(X)dX, Vo = & ,Vo(X)dx and Wo = 57, Wo(X)dx.

Remark 1.1. In this paper, we focus on studying the global existence of classical solution for indirect
chemotaxis system (1.1) with D(u) behaves algebraically. It is interesting to study the same questions in
the case that D(u) behaves exponentially as in [26].

Remark 1.2. We do not know whether or not a = % is critical when n > 4. It would be interesting to
investigate whether or not the indirect chemotactic cross-diffusion could drive blow-up phenomenon if o > %
in the case of N > 4. While, we will leave this for future explorations.

When D(u) = 1 and S(u) = u, one has JL;((Z)) = U, which implies 0 = 1 <1+ % in (1.6). Hence a direct
application of Theorem 1.1 recovers the unconditional boundedness and convergence properties obtained
in [5,6].

Corollary 1.2. Let 1 < n <3, and let D(u) =1 and S(u
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Lemma 2.1. Letn > 1 and 2 C R™ be a bounded domain with a smooth boundary and let the initial
data (Ug, Vo, Wo, Zo) satisfy (1.2). If D(u) and S(u) satisfy (1.4)—(1.6), then there exist Tpae € (0,00] and a
unique, nonnegative, classical solution (U,V,W,z) of (1.1) on 2 X [0, Tymax) Such that

ueC(2x[0,Tmaz)) N C2Y (2 x (0, Tynaz)),

Ve C(2 %[0, Thmaz)) NCHH2 x (0, Traz)) N L ([0, Trnaz); WE2(£2)),

W € C(2 %[0, Tpaz)) NC2H2 x (0, Traz)),

z2€C(2 %[0, Thmaz)) NC2(2 x (0, Traz))-

Furthermore, if Tpar < 00, then

UG Ollzee +IVE Ollwree + IWE Yz + 1120 Ollwree =00 as t =T,

Lemma 2.2. Let (u,v,w,z) be the solution to (1.1) obtained in Lemma 2.1. Then for all t € (0, Tpaz),
one has

[u(, B2 = [[uol[ 2 (2.1)
and

W 1) 2o < IWoll . (2.2)

Proof. Integrating the first equation of (1.1) with respect to X over {2, and using the homogeneous Neumann
boundary conditions, we obtain (2.1) directly. Moreover, noting w and z are nonnegative for t € (0, Tmax),
one has W (X, t) <0, which gives (2.2).

Next, we show some basic estimates which will be later used to prove the boundedness of solutions in
Theorem 1.1.

Lemma 2.3 (/5]). Let (u,v,W,2) be a solution to (1.1) defined on its mazximal existence interval [0, Tpaz)-

Suppose p > 1 and for i =1,2
ppose p = [ 1

If there exists a constant Mg = 0 such that for some T € (0, Tynaa), it holds that
U Bllze < Mo, te(0,T),
then for all t € (0,T), one has
IVz(- )] ar < C.(p,G1,Mo), [2(-t)]|zs2 < C.(p, G2, Mo).

Lemma 2.4 (/5]). Let (u,v,w,2) be a solution to (1.1) defined on its mazximal existence interval [0, Tpmaz)-

Assume that 0o > 1 and suppose
: PP 1

Lok [1,—2) if g <n,

‘n—02
% [1, 0], if go>n.

If there exist My >0 and T € (0, Tmax), such that
lz(-,t)]|za2 < Mg, te (0,T),
then there is a C,(02,03, M1) > 0 such that
[VV(-, 1)Lz < Cy(02,03,M1), te (0,T).
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Next, we state some well-known smoothing L? — L? type estimates for the Neumann heat semigroup in
£2. We list them here for convenience and readers can find them in [16, Lemma 1.3].

Lemma 2.5. Let (€!4);0 be the Neumann heat semigroup in 2 and let Ay > 0 be the first nonzero eigenvalue
of —A with homogeneous Neumann boundary condition. Then there exist some constants ¢;(i = 1,2,3,4)
depending only on §2 such that

(i) If 1<q<p< oo, then

- nel_ 1 -
e F|jp <c1 1+t 2@ e M!|f||q for all t >0 (2.3)
holds for all T € LI(02) satisfying %'f =0.
(i) If 1<q<p<oo, then
I:I 1 _nel1_ 1 I:]
[Ve!“F|lp <cp 1+t 272G D) e tf|Lq for all t=>0 (2.4)
is valid for all F € L1($2).
(iii) If 2<q<p<oo, then
I:I nel 1 I:I
|VetAF||p <cg 1+t 20 e M| VF|Lq for all t >0 (2.5)
is true for all ¥ € WLP(02).
(iv) If 1<q<p<oo, then
1 1

n

1 1_1
2V - Fllp <cs 1+t7272WG" ) e Mt Lq for all t >0

is valid for all £ € (WLP(02))".

3. Proof of Theorem 1.1
3.1. Boundedness of solution

In this section, we will study the boundedness of the solution to system (1.1) as stated in Theorem 1.1.
Precisely, we have following results.

Lemma 3.1. Suppose the conditions in Theorem 1.1 hold. Then system (1.1) has a unique non-negative
global classical solution (u,v,w,z), which satisfies

Ju(- Olfzee + IVC Ollwree + Wz + 1205 Dl < C,

where C > 0 is a constant independent of t.

Before proving our main results on the boundedness of solutions, we first define a test function as follows:

L q k—2
B (o+1)

Then using (1.5), one derives
Ci(u+ DF™M=1 < g(u) < Ca(u+1)F*™=1 forall u>0, (3.2)

where C; and C, are positive constants.
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Lemma 3.2. Suppose the assumptions in Lemma 3.1 hold. Then the solution of system (1.1) satisfies

d 1 - -

— oW += UFDFVuP<C  (u+ 1) Vvf (3.3)
dat o 2 o Q

for all t € (0, Tmax), where @ is given by (3.1), [F K+ 20 — 2 and C is a positive constant independent of t.

Proof. Multiplying the first equation of (1.1) by @'(u), and integrating it over {2 by parts, we end up with
- I

(I
d
g W= V-DUWvue'u)— V- (SuVv)e'(u)
7 2 4
= — D' (WVuP+ Sue"(uVu- Vv (3.4)
I:QIS(U)
= —  (U+D*2vuf® + u+1)2vu. vv.
el S ()
Using (1.4) and the Cauchy—Schwarz inequality, one derives
I:IS(U) (I
—Z(u4+1)"2Vu-Vw<c  (u+1)Fe2vul Wy
o D(u) Q
- 1 (3.5)
< -5 WEDTEVUP e (ud )RR OV
7}

Then substituting (3.5) into (3.4), we obtain (3.3).

3.1.1. A priori estimates: 1 <n <3

When 1 < n < 3, we can use Lemmas 2.3 and 2.4 to obtain enough regularity of v such that the term on
the right hand side of (3.3) can be estimated directly. Hence we split our proof into the cases 1 < n < 3 and
N > 4. In fact, when 1 < n < 3, we have the following results.

Lemma 3.3. Let 1 < n < 3 and suppose the conditions in Lemma 3.1 hold. Assume that
1
a<1+—.
n
Then for all K > 1, there exists a constant C independent of t such that

lu(-, )« <C. (3.6)

Proof. Whenl <n<3anda<1+ %, we combine (2.1), Lemmas 2.3 and 2.4 to find a constant y with
y > n-l-lni—na > 0, SuCh that

IV Ly < ¢y (3.7)

Then using (3.7) and Hoélder’s inequality, from (3.3) one has
1 - 1

d 1
@t o(u) + 3 U+ 1D 2|Vuff <c;  (u+ 1Y Vv]?
2 2 2

LT - II;E LT
<c; UtV oV (3.8)
2 2

[ II;IZ

il
<c3 (u+1)v-2
£
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k
Using the Gagliardo—Nirenberg inequality and noting the boundedness of ||(u 4+ 1)% ||L 2 = Ju-+1[2;, we
obtain
¢ k&
u-+1 = |[(u+1)2
Iu+ D7 oy = ll(u+1) ||Lz?:|y%2
k 2@ K 25¢1—-0) Kk 2
< el VU DEE U+ DT +eallut DI (3:9)
Lk Lk
K 248
< sl V(u+1)2] 2 +ce,
where
= ¢ -2 k 11
M 2-% _2to-l+5-3 € (0.1)
E,1_1 E ., 1_ 1 v
kKo 3+5-3 2T a2
due to y > —="—. Then substituting (3.9) into (3.8) and using Young’s inequality, we end up with
[ [ _
d 2 Kk 2 Kk 2@
oU)+ = [V(u+1)2| <cacsl|V(u+1)2|, 5 +Cace
dt k2
1]
1 Kk 2
<~ |[Vu+1)2| +c7,
ke o
which gives
1 1
4w+ L Ve <c (3.10)
a W = :

Moreover, using (3.2), the Gagliardo—Nirenberg inequality and Young’s inequality, we find a constant
K K

6= % € (0,1) such that
3th-3

[ I (| I

( ) k+m—1 k1 k+m-—1
o(u < cg u -
2 2

k
=Cgll(u+1)
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3.1.2. A priori estimate: N > 4

Next, we will show that (3.6) still holds for n > 4 if a < %. In this case, we cannot directly obtain enough
regularity of v as used in Lemma 3.3. Instead, we will use the coupled energy estimate motivated by [24] to
control the term on the right hand side of (3.3). First, we derive the regularities of the solution on z and v
as follows.

Lemma 3.4. Assume that N > 4 and the conditions in Lemma 3.1 hold. Let (U,v,W,z) be a solution of
system (1.1). Then there exists a constant C > 0 independent of t such that

[12llza + [[VZ]lr + [[VV][r < C (3.13)

forallqe[l,25), re(l,-2g) and ¥ € [1, 25).
Proof. Noting the boundedness of |u + 1]/;1, we obtain (3.13) directly by combining Lemmas 2.3 and
2.4.

For the readers’ convenience, we will use a similar argument as in [24] to show that when n > 4 and
a< %, there exist certain parameters that can be used in Lemma 3.8, appropriately.
(| 1 O 1
Lenﬁa 3.%Pammeters Conditions). Let n > 4 and o < %. Suppose that r € 1,75 ,q¢€ 1,-"5

- e
re 1,% ,K1>n, Ko >n and K > max n,2—m,3—20(,%K1,%K2 . Then we have
_9_ 1 2 _ 1
kK+2a-2 m £—-1+

P <1, 3.14
k+%—1 +%K2+%—1 ( )

1 2med g1
p2 T P2
+ <1 (3.15)
2 2 2 ’
and

2n 1 2(k2—1) 1 1

(n+q)r  p3 r p3
+ <1 3.16
%Kl-i-%—l %Kz-f—%—l ( )

2
where P = 75, P2 = ﬁ and pz = nN.

Proof. Define

1 2 1
k+20-2-2 2-14+1

+ ’
k+2 -1 Zko+2 -1

01(r,q,F, Ky, Kz) =

9_ 1 Am-l) g1
02(r, 0, F, K1, Kz) = 2 P2
2n 1 2(k2—-1) 1
-1 2—1) 14 1
o (n+q)r  p3 T P3
93(r,q, F, Ky, K2) := > 5 +— 2
;Kl“v‘g_l ?K2+g_
| I I | | |
fork>nkKi>nkKx>nre 1,5 ;g€ 1,;%5 andre 1,"5 . Letting
Kl = ik and K2 = ik,
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we have
1 1 1 2(n—1) 1
02 n , L , A VKT K :27E+k7 n 71+5:1 (3.17)
n—-1'n-2"n-3 k+2-1
and
1 1 2n _ 1 _2(n=3) 1
n n n K KE = (n+55) AT P3+k n 1+P3
93 n—l'n—2’n—3, 1 N2 - k_l’_%_l
2(nn—2)+k_2(nn—3)_1 (318)
k+2—
=1.
Furthermore, due to n > 4, after some calculations, we derive
—1 —1
% n n n K
0ky n—1'n—-2"n-3" 12
] 1 ]
Z(nn—l) 2(n 1)K _|_ 1 _Z(nn—l) 2(";1)(K1—1)—1+2(Z§2)
2(” Dy, 42
2(n—1 2(n—1 2 2(n—1 2(n—2
2y @'?'n >u<><*>
n 2Dy, 12
4(n—1 n>—n-+2
= —t— ( ) Q n2+ >0,
n 2(n l)K +
and
1 —1
0k, n—1'n—2'n—3 72
1 ] 1
2(n—3) Z(n 3)K Jr 1 _ 23 2(n73)(K271)71+l
= = P '
Z(n 3) + 1
—1
2(n—3 2(n—3 2(n—3 1
o 20 3) 9’ S T
n 2(71 S)K +
I T I
(n—3) 3
F12-- >0,
n 2(" Dy, 42 n

which together with (3.17) and (3.18) imply that there exist Ky € [2,K}) and Ry € [2,K3), such that taking
K1 € [K1,K7) and Kz € [R2, K3), we have

1 1 1
n n n K Kk <1and n n n
92 n—-1'n-2'n—3 "2 93 n—-1"'n—-2"n-3"

Ky, Ko <.



H.-Y. Jin et al. /7 Nonlinear Analysis: Real World Applications 44 (2018) 18-39 27

Besides, one can check that

h n n . kezatp)-2- LD g1
L L ,K’K -
U H TR n_3 k+2 -1
k+8_-6_1
< n n
k+2—1
=1.

Then applying the continuity argument, we can find some Ki € [Kq, K}) and Kz € [Kz, K3), such that

1 1
n n n K, Ko <1
01 n—1'n—2'n—3 1, K2 .

Again invoking the continuity argument, and choosing r, g and F close enough to "+, "5~ respectively,

we complete the proof.

t, we will show that if g<j %, then (3.6) still holds for n > 4 by studying the coupled energy estimate
o Ou)+ |Vz|?1 |VV\2’/v2 . To this end, we first establish the following two basic inequalities (3.19) and
(3.26) by using similar arguments as in [24,25].

Lemma 3.6. Suppose the assumptions in Lemma 3.4 hold. Then the solution of (1.1) satisfies
d 1 1 1
pr |Vz[* 4 |VZ\2“1 ya- \|V|Vz|””1\|L2 <C (u+1?3vzDyc (3.19)
Q Q

for all t € (0, Tmax), where Ky > n and C >0 is a constant independent of t.

Proof. Differentiating the fourth equation of (1.1) once and then multiplying it by Vz, applying the identity
TA|Vz|? = VAzZ - Vz + |D?z[° and 1|Az|? < |D?z|?, one has

2dt\Vz| =VAz-Vz—|Vzf" +Vu-Vz
(3.20)

1 1
< §A|Vz\2 - ﬁ|Az|2 —|Vz]*+Vu-Vz.

We multiply (3.20) by 2K1|VZ\2(H171) and integrate it by parts to get
= 2Ky = 2 2(k1—1) - 2
o |Az|*|Vz|T" T + 2Ky , |Vz[™
1
<Kk |VzPrPAvzE 4ok, |[VzZPrDvu vz
Q Q

L1 L1

-1 0|Vz 2 4k —1 " o —
=k |Vz[AsD Vz|” 4k )||V|Vz| Y2, 42k |VZ[H"1Dvu . vz,
ov K L
0N 1 2

d 2
— vz|Tt
it Q| | +

which yields
— o, —
vzt 4+ L Az vz Lok, vz 4 IV|Vz|"t|?
1?) n o 1?) 1?)
. ) 1 (3.21)

_1n0|Vz _
<k o |Vz[Hm nolVz]” | 2, |VzP1 Dvuy. vz
Xe; ov o

d

a 4(K1 — 1)
dt 1
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Next, we estimate the first term on the right hand side of (3.21). In fact, using the following trace
inequality [29, Remark 52.9]

bl L2002y < €NVl L2y + Cellbll 12y for any €>0

8|Vz\

and the fact < 23|Vz|* on 812 for some constants & > 0 (cf. [30, Lemma 4.2] and [25]), we have

| ) .|
w1—1)0|Vz "
|Vz | SLICIRPPY |Vz [
on ov o0
= 20| |VZ‘K1HZLZ(39) (3.22)
K1

< V] V2[ s + | [V 2

NI

- K1
Moreover, noting K1 > n > 7 and using (3.13), then we can find 6 = =127 € (0,1) such that the

Gagliardo—Nirenberg inequality and Young’s inequality can be used to deri\;e
] 2(1-6)
call V2|2 < 2| V|92 32 1922 + sl V2™
LK1 LK1

< C4HV|VZI'“||L2 +Cs (3.23)
K1 —
2

< LIVIVZ 2, + ce.

Then the collection of (3.21)—(3.23) entails
I I (.

d 2K _ 2(ky — 1 "
u |VZ|251 + “R1 |AZ|2|VZ|2(K1 1) + ‘v2|2n1 + MHV|VZ| 1”22
dt o Q Q K1 (3.24)
<2 |VzPCrOvu. vz 4o
Q
Moreover, we can use Holder’s inequality to obtain
1
2% |VzPP1r vy vz
? M ]
=—2k1 (U+1D)|VzP1 DAz —2(ky — DKy (u+1)|VzP1Dvz. v|vz|? (3.25)
Q
2K -
< 71 A2P92Per D L L g1z, sey (12D,
Q

Substituting (3.25) into (3.24), we obtain (3.19) directly.
Lemma 3.7. Let the assumptions in Lemma 3.4 hold true. Let K = n. Then there exists a constant C >0
independent of t such that the solution of (1.1) satisfies

q 1 1 1

— w24 |Vv|2"2 ye- \|V|Vv|“2|| ,<C 3wy 4 ¢ (3.26)
for all t € (0, Tmax)-

Proof. Differentiating the second equation of (1.1) once and then multiplying the result by Vv, we deduce

1
5 OIt|vV| A\Vv|2 - ﬁ|Av|2 +V(wz) - Vv. (3.27)
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Letting K2 > n > [ and using a similar argument as in Lemma 3.6, we multiply (3.27) by 2K2|VV|2(“271)
and integrate it to show

= o, 1 2(ko — 1)
= WP 2 avPovPT oy 1 222 v w22,
Q n o Q K2

dt

1 (3.28)
<2, |2 DY(wz) - Vv +c.

Q

Applying Hoélder’s inequality and noting the fact |W||f < €2, we derive that

1
2, |V (wz) - vy
2 O
=2k  wz|WPr2 DAy —o(ky — Dk, wz| V[P uy . v vy
2
2Kz 210 2(na—1)  Ka(K2 — 1) - Ko |2 - 2 210 12(ko—1)
< |Av|?| V|72 +# [VIVV|*2]" 4¢3 Qw z%| V|72
2Kz 2(ka—1) n = 2 2(kp—1)
<, VRV D 2L gy, 2|12 + c4 2 [V,

which together with (3.28) gives (3.26).
Next, we will combine Lemmas 3.2, 3.6 and 3.7 to obtain the following results.
Lemma 3.8. Assume that the conditions in Lemma 3.4 hold. If a < %, then it holds that
Ju(-lx <C
for all K > 1, where C is a positive constant.

Proof. Combining (3.3), (3.19) and (3.26), and using Hélder’s inequality, one has

Ll -,
GV Vz|*" 4 WV 4+ 7W( )2, 122
.1 (.| (.|
+ 2| VIV, + [V WP
] —f @ 1
< UV +c (U4 13VZPCrTD peg 23 wvPD g, (3.29)
2 2 2

14 2 2 -1
< caf|(u+ D) [pa [ [VVE] gy + Call(u + D2 [lzez || [V2P 2
2 -1
+ callz? | pa | [VVC2D o+ ca,

—1

n , n

%n—f h=%
2

where [k — 2 4+ 2a and %: n

n 2

’
2(n—2) P2 w2 —2n+4’

=+ n p3

-1
Next, we will estimate the terms on the right hand side of (3.29). Due to the facts that a < % <1 and

p1 = ;%5 > 1, we have % < 2[% < % Then using the Gagliardo—Nirenberg inequality and noting the
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boundedness of ||(u + 1)’5‘ ||L%, one has

U+ 1)L = % + 1)% %%L
<cs @(uﬂﬁ% @H)%%&QM%EH);% (3.30)

<or|[V(u+ 12|25 +ca,
k

k—
where 81 = TZ— € (0,1) and
[
K+ = —
Similarly, because of K > n > f and p; = 3, we can derive ’% < 2:21 < nZ" Then we can apply the
Gagliardo-Nirenberg inequality and use the fact | [Vv|™?|| z =[wv Lzr < g to derive
LR2
2
) 2
ISV oy = V]2,
LKz
L (1-62) (331)
< C10||V|VV|F"2HL§2 Vv ("2 + caol| |VV\”2H id
L%z L%z
< 011||V|VV|H2H2bl + C12
2Ky Ko
. A
with 92 = 2@ € (0, ].) and
2 1
by = e
= s 2 .
Ft+a-1

Thanks to p2 = 2(7’:7;) > 1 and k > n, we have % < 4'72 < % Using the Gagliardo—Nirenberg inequality

again, one has

k 4
U+ 1) Lez = [[(u+1)2|§,

«
4 (1-63) k, 2
< oal D+ DEER I+ DEIES f el D, .
K
< C]_5||V(U + 1)? ”L%Z + C16,
—
where 03 = -—>"2 € (0,1) and
n
9_ 1
P2
a.2 == T 2 -
k+2 -1
Noting that - < % < nZ” due to p, = 7% >1,K > nand r < 25 < 2, and using the
Gagliardo—Nirenberg inequality, we derive
2 1 Klfl
V2P = V2,
LT K1
K 71(1_94) Ki—1 (333)

K1 ZKlKIle“ w12 }<1 w12 KT
< c7[|VIVzZ[™H 2 [ [Vz[™] + Casl| [VZ[™H] ¢
LK1 LK1

< 10| V|VZ|" |32 + Cao,
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29«
(k1 —1)p
where 8, = *ZKlKlziz € (0,1) and
—+75-1

2(k1—-1) _ 1+ 1

b_ T p2
2= zﬂ_f_g '
T n

2
The fact ps3 = n > -5 > q implies 2p3(n — Zn”Tpg) < 2s+’;3, which along with the Gagliardo—Nirenberg
inequality gives

2 _ 2 < nz-rq nzﬂq nzﬂq
12%] Lps = [12]| 5205 < Co1lIVZ[|"2npg IZlla™ + C22[|2([ La
L n+q

IN

ngHVZH 2np3 + C24.

L n+q
Furthermore, one has = < (7ff5)3n1 < % by noting K3 > n, r < n and ps = N > q . Then using the
Gagliardo—Nirenberg inequality, we obtain

IIVZII“ZEp3 = IVZ\“H(”??,S;
L n+q L (n+a)Kg
2n 2n (1—65)

_2n
< CZSHV|VZ‘K1H (n+q)K1 || |VZ‘N1H (FIQ)Kl + CZGH |VZ|H1|| (rzq)Kl ,
LM LKL

2k1 _ (N+Q)Kg

where 05 = % € (0,1). Then combining the above two inequalities, we end up with
122 ps < C27[| V| V2™ [[35° + Cos, (3.34)
where
2n 1
(n+q)r  p3
asz = 21 2 _q
Rl + E
- _ /
In view of Kz > n, p3 = "5 and I < "5, we see that HLZ < % < % The application of the
Gagliardo—Nirenberg inequality gives
2( 1 2(kp—1)
9V = 9V,
K2
K2—l K2—1 Ko—1
(1-6¢) 2=
< C29||V|VV|”2||L2 [l vV \“2\\ + Caol | [VV[72]] £
2

2Ky Ko

e EERYY
with 8 = *2% € (0,1). Consequently, one has
R

VP20 g < can|[VIVVI™2)IEE + caz, (3.35)

where

_ p3
bs = 2,{2+g =

n

2(’{2*1) —1+ 1
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Moreover, using a similar argument as in (3.11) and noting K > 2 — m, one derives

S ———— :
+m— %
®(u) Stz IVu+1)2] +cs. (3.36)
2 Q
From (3.14)—(3.16) we know a; +b; < 1, i = 1,2,3. Then substituting (3.30)—(3.36) into (3.29) and then
invoking Young’s inequality, we obtain
g i , ,. .
G AWV VTR SV "
Q
(| I:Ik 1 I:I
Ko — 1 K212 k+m-1 2K 2K
+ IVIVVIZ 22+ o(u) + |VZ| + W
Q Q
2a1q K2 (|2b1 2ap K1 (12b2
< caal|V (U + 1) F 2599|224 + cas | V(u + 1)’le IVIVZ|™] 2
+ CseHVWZ\'“HZ%IIVIVV\“ZHZI’3 + Caz
k2||V(u+1) "2||2, + Cas,

which implies

y'(t) + cagy”(t) < C40,

where p = ﬁ and
1
] 2Kk 2Kk .
y(t) = . Q(u) + |[VZ|™ + [V

Furthermore, the ODE argument indicates

C I

Cso P
y(t) < C41 '=max Yo, —
Cag

Using (3.2), we obtain

||UHLk+M_1 < HU + 1HLk+|v|—1 < g3 forall t € (0, Tmax)-

The proof of Lemma 3.8 is finished.

Next, we will show the boundedness of ||u(-, t)|| L based on the following lemma, which was proved based
on the iteration method (see [24, Lemma A.1] for details).

Lemma 3.9. Let the components of the vector field & : £2 x (0,00) — R™ satisfy & € L>((0,T); L) with
G« >N+2and &-v =0. Let Uy € WH>(2) with ug > 0. Suppose that u € C°(2 x (0, T)NC?1(2 x(0,T)))
1s a solution of the following initial-boundary value problem:

L1
%:V'(D(U)Vu)wLV-@, XeN,t>0,
u

— =@ .-v=0, Xeco,t>0,
U%X'O) = Up(X), X € 02,

where D(U) satisfies (1.4)—(1.5). If we further have

ue L>((0,T);LPo(12))
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for some po > 1 fulfilling

(n+1)g« — (n+2)

>1—-m-
Po 4 — (n+2)

and
n(l—m)

Po = 5 ,

then there exists a constant C > 0, only depending on m,Cp, 12, || @|| Loo0,1):19+), U]l Loo (0, 7): LPo (2)) and
||uol|Loo such that

lu(-,t)||pe < C forall te (0,T).
Then we can use Lemma 3.9 to obtain the boundedness of ||u(-, )|/~ as follows.

Proof of Lemma 3.1. From Lemmas 3.3 and 3.8, we can find a constant ¢; > 0 such that for all t € (0,T)

Ju( B)llze <c1 forall p>1 (3.37)
under the condition
1,
(I o if 1<n<3,
l<a<
'j%' if n> A4

Using (3.37) with p > n, and then from Lemmas 2.3 and 2.4, one can derive
1Z( Ollwree + [V )[lwr0e <2 forall te (0,T), (3.38)
which entails
[ @llza = [[S(U)VV|Lax < [[VV]|Leo]|S(U)]|Le- < cC5 (3.39)
due to S € C?([0,00)) and (3.37). Then using (3.37) and (3.39), from Lemma 3.9 we obtain
lu(-,t)||re <cq forall te(0,T). (3.40)

Then combining (3.38), (3.40) and the fact ||w(-,t)||r < €5, and using Lemma 2.1, we prove the results in
Lemma 3.1.

3.2. Large time behavior

Next, we will study the large time behavior of the solution. Different from the case of linear diffusion [5,6],
we cannot use the straightforward estimate for u(x,t) — Up via the Duhamel formula due to the nonlinear
diffusion.

Lemma 3.10. Let (u,v,w,z) be the solution of (1.1) obtained in Lemma 3.1. Then there exist two positive
constants A and C such that for all t >0

H(U,V,W,Z)(',t) - (001\70 +W01 01 l]O)HLOQ S Ce_)\ta
.y
2

Vo(X)dX and W = el Wo (X)dX.
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First, using a similar argument as in [6, Theorem 1.1], we directly obtain the convergence rate of w as

follows.

Lemma 3.11. Let the assumptions in Lemma 3.10 holds. Then there exist two positive constants C and

(1(# A1) such that
[w(-,t)||z < Ce™%tt, t>0.
Next, we shall show the convergence of v based on the convergence of w in Lemma 3.11.

Lemma 3.12. Let the assumptions in Lemma 3.10 holds. Then the component V satisfies
[V(-,t) — (Vo +Wo)| L < Ce%2!, t>0,

where C and { are positive constants independent of t.

O
Proof. Letting f = &, f for all f € L*(£2), then from the third equation of (1.1) we have

(V—V); = Av+wz — WZ.

Applying the variation-of-constants method, from (3.43) one has

L 1 1
V(-,t) —V(t) = e?t(vo — Vo) + et (wz)(,, 1) —wWz(1) dr.
0

(3.41)

(3.42)

(3.43)

(3.44)

(I I
Noting the fact (Vo — Vo) = 0 and ,(Wz —Wz) = 0, and using (2.3), (3.41) and the boundedness of

|z(-, t)|| Lo, we obtain
LA -
V() = V()| 2o < [le (Vo — Vo)l|zee + @W D (wz)(, Eg dt

cre v — Vollzee + 2 e MU |(wz)(-, T) — WZ(T)|| Lo dT
0

IN

<cge M 420, e MU w(, 1) oo ||2(:, T) oo dT
0
L
<cge Mty e MUMe-Grdr
0

< Cse_/\lt + cge™ min{kl(l}t,

which yields

V(- t) = V(1) o < cre™ MinALGLE,

(3.45)

On the other hand, adding the second and the third equations of system (1.1), and integrating the result

over {2 with zero Neumann boundary conditions, then we can derive that
V(t) = Vo + Wo — W(t).
Substituting (3.46) into (3.45), one has

V(- t) = Vo — Wo + W(t)|| oo < Cre™ Min{ALCQLYE

(3.46)
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which together with (3.41) gives

V(- 1) = (Vo + Wo)|| oo < cre™ ML 4w (t)| oo
< cse” min{Ay,¢1}t + Csefflt

< cge” min{Al,Cl}t.
Therefore, we obtain (3.42) by choosing {o = min{A1, (1}.

Next, we will show that U stabilizes exponentially to its spatial mean. To this end, we first obtain the
decay rate of | V|| 2.

Lemma 3.13. Suppose the assumptions in Lemma 3.10 hold true. Then it follows that
[VV(,t)||2 < Ce~%2! forall t>0, (3.47)

where C is a positive constant independent of t.

Proof. Applying the variation of constants representation to the second equation of system (1.1), then we
have

v, t) =e?vo+ e Aw(,1)z(, T)dT,
0

which implies

(I
IVVC D2 < Ve Vol e+ [V P2w(, T)z(-, 1) rodT. (3.48)
0
First, we can use the heat semigroup property (2.5) to derive

Vet 2ol 12 < cie™ | Vvol| 2. (3.49)

Moreover, using (2.4) and Hélder’s inequality, one infers from (3.41) and the boundedness of ||z(:,t)|| oo
that

. [Vet=DAw(-, T)z(-, )| ;2dT

L4 =
<ce 1+ (t — T)_Z e_)\l(t_T)HW('yT)Z(‘,T)HLZdT
0
L4 1
1
<cpl02|2 1+(t—T)_% e—Al(t—T)Hw(.,T)HLOO||Z(.,T)||Lood.l. (3.50)
0
L =
<cg 1+ (t—1)72 e MUelTgr
0

< cqe” Min{Ar G}t
Then substituting (3.49) and (3.50) into (3.48), we can derive
IVV(, )l 2 < ese™ MnALal,

which gives (3.47) by noting { = min{A1, {1} as in Lemma 3.12.
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Lemma 3.14. Let the assumptions in Lemma 3.10 holds. Then there exist two positive constants C and (3
such that for all t >0

lu(-,t) = To|[ Lo < Ce™<". (3.51)

Proof. Let 0 = u — Ug, we can obtain from the first equation of system (1.1) that

G, = V- (D(U)Va) — V - (S(u)Vv). (3.52)

«

Then multiplying (3.52) by 0, and using Young’s inequality, we obtain
1 1

1
1d e D(U)|Va®+ S(u)Vv-Vva

]

A
|
)

IS

IVa® +So  [va| |V (3.53)
7} 7}
- ,
—- =2 Va2 w)f
> VO gE oy
yhere we have used the boundedness of [lu(-,t)|| L= to show D(u) > Do > 0 and S(u) < Sp. Noting that

o 0 =0, hence we can use the Poincaré¢ inequality to find a constant ¢; > 0 such that
1 1

¢ |af<Dy |VOP. (3.54)
2 2

Substituting (3.54) into (3.53), and using (3.47), we derive
1

q 1
— Jof+c o] < cem e,

IA

which leads to
HU”ZLZ < cge” min{c1,2¢2}t
If there exists a positive constant C4 such that for all t > 1
(IVul|z2n < C4, (3.55)

then using the Gagliardo—Nirenberg inequality, we obtain

n 1
6]l e < cs[IVul| 75 1T 75 T + csllll 2

IN

1
c7llall 5™ + cellall 2
1

. C
—min 2

< cge
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1
Denote y(t) = |Vu|?™. Then from (3.60), one has
y'(t) 4+ 2ny(t) < 2ncye,
which gives (3.55) by using Gronwall’s inequality. Hence the proof of this lemma is completed.

Lemma 3.15. Suppose the assumptions in Lemma 3.10 hold true. Then there exists a positive constant C
such that for all t >0

|Z(-,t) — Ug|| oo < Ce™ 41, (3.61)
Proof. Letting Z =2z — Up and 0 = U — Ug, then from the fourth equation of system (1.1), we have
Z;=AZ—-7Z+A0.
Then applying the variation-of-constants representation of Z, one has

7=e@Dtzg 4 eA-DEg( 1)dr.
0

Using Lemma 2.5 and (3.51), we obtain

)

12|z < ']l 20] Lo + TP Aa(, 1) Lo dT
0

IN

cie'[|Zoflz +c2 €T DA, T)|| et
0

IN

e t+cy, e MTe (e
0

< C5eit + cge™ min{¢z,1,A\1}¢

< c7e” min{§3,17,\1}t,

which gives (3.61). Then the proof of this lemma is completed.

Proof of Lemma 3.10. The combination of Lemmas 3.11-3.15 completes the proof of Lemma 3.10.

8.8. Proof of Theorem 1.1
Proof of Theorem 1.1. Theorem 1.1 is a consequence result by combining Lemmas 3.1 and 3.10.
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