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ANALYSIS OF THE ROLE OF CONVECTION IN A SYSTEM
DESCRIBING THE TUMOR-INDUCED ANGIOGENESIS

HAI-YANG JINT AND JIAO XU?

Abstract. In this paper, we shall study the initial-boundary value problem of a mathematical
model describing the branching of capillary sprouts during angiogenesis in one dimensional space.
Under homogeneous Neumann boundary conditions, we show the existence of a unique global classical
solution with uniform-in-time bound for all suitably regular initial data. Moreover, we show that the
unique solution will exponentially converge to a non-trivial constant steady state as time tends to
in nity under some appropriate conditions on the parameters.
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1. Introduction

Angiogenesis describes the formation of blood vessels from pre-existing vasculature.
Tumor-induced angiogenesis plays an important role in the tumor invasion of the sur-
rounding host tissue and blood system. Many mathematical models have been proposed
to describe tumor angiogenesis, where chemotaxis, as the principal mechanism for cell
motion, has been studied in angiogenesis [4,28]. However, there exists some experimen-
tal evidence showing that in the early stage of angiogenesis, haptotaxis and convection
play important roles [27,30,33]. In fact, during angiogenesis, the endothelial cells (ECs)
secrete a matrix consisting of bronectin, laminin, and collagen 1V such that the move-
ment of the ECs can be a ected by the distribution of adhesive sites on this matrix [27].
Moreover, as the matrix spreads out, the convection can also play a major role in the
transport of ECs [23].

To study the e ect of haptotaxis and convection on the endothelial cells within
the growing and developing capillary sprouts and secondary branching as they migrate
towards the tumor cells, Orme & Chaplain [25] proposed the following system

u=d; u— V-(uvv)+ V-Uuvw);
vi=dy v+ V- (VWW)+ u— v; (1.1
w,=ds w+ u— w;

where u(x;t) describes the density of endothelial cells (ECs), v(x;t) is the density of
adhesive sites, and w(x;t) stands for the density of the matrix. Here d;;ds;d3 are
di usion coe cients; is the rate at which cells move up an adhesive gradient; ; are
the decay of adhesive sites and matrix, respectively; ; describe the rate of secretion
of adhesive sites and matrix per cell, respectively. In the model (1.1), the movement of
the ECs is governed by a combination of random motility, haptotaxis and convection.
More precisely, the cells move up an adhesive gradient (such as bronectin secreted
by the ECs during the angiogenic process), where the convection of cells depending on
the spreading of the matrix with the convective ux is proportional to — ;Vw. The
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movement of adhesive sites depends on the random di usion and the convection ux is
proportional to — >Vw.

The key feature of (1.1) is the coupling of haptotaxis and convection, which increases
the mathematical complexity of (1.1) compared with the classical Keller-Segel (KS)
model

{ut:dl u— V-Uuwv); 1.2)

v,=dy v+ u— v;

which can be obtained by letting ;= 5=0 in (1.1). The KS model (1.2) has been
extensively studied in various perspectives in the past four decades, one can nd the
survey articles [2, 7] and references therein for details. One of the most studied topics
for the KS model (1.2) is the boundedness and blowup of solutions in two or higher
dimensions [8,24, 31, 32] based on the following Lyapunov function:

d
El(u;v)zdl/ulnu— /uv+—/v2+—2/|Vv|2:
0 Q 2 Ja 2 Jo
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states. Precisely, we shall study the following system

u
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that the system (1.4) has a unique classical solution (U;V;W) € [CO( X [0;T,naz); RPN
[CZ21( % (0;Tpae);R)]? satisfying u;v;w=>0. Moreover, we have

either T,a.=0cc or |uG;t)|wrz+||V(ED)|wee +||WED|lwee 200 as t 7T

Proof. De ne =(u;v;w)cR3. Then the system (1.4) can be rewritten as

+—V-(A( )V )=B( ); xe ;t>0;

5 =0 xe@ ;t>0; @.1)
(-;0) = (uo;Vo; Wo); xXe@
where
d — u ju 0
A()=| 0 d ov|; B()= u— v
0 0 d3 u— w

Since all the eigenvalues of A( ) are positive and hence the system (2.1) is normally
parabolic. Then using the results in [1, Theorem 14.6], we obtain the local existence of
solutions and the extension criterion is a direct consequence of [1, Theorem 15.3]. At
last, the positivity of the solutions follows from [1, Theorem 15.1]. ]

2.2. L2-estimate of v.  To extend the local solution to global one, we need to
establish the a priori estimates of solution. First, we have the following results.

LEMMA 2.2. Suppose the conditions in Lemma 2.1 hold and o€ (0;1]. Then the
solution (U;v;W) of (1.4) satisfies

[uG )l + WD) g < C(l[Uoll L2 + [|Wo | 1) (2.2)
and
V(5922 <C(|[uoll 2 + [[Voll £z + |Wo | 772 2.3)

where C=>0 is a constant independent of o and t.

Proof.  Integrating the rst equation of (1.4), we derive that % oU=0, which
implies that

lull 22 = |uol|£a: 2.4

Using (2.4) and applying the parabolic regularity (see [13, Lemma 1]) to the third
equation of (1.4), one has

W[l < i ([luol| . +|{Wol| m+): (2.5)

To proceed, we integrate the equation of v in (1.4) over to obtain

el = Lo
— [ v+ v= u= Ug;
dt /g Q Q Q"

which together with Gronwall’s inequality yields that

VI Lr <l[VollL2 + —]Juo | £ (2.6)
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Multiplying the second equation of (1.4) by v and using Cauchy-Schwarz inequality, one
obtains that

2dt/v+/v+d2/ vi= /uv— 2/vvw

< Vlizafullee+ 2l (Ve |22 Wl 22
<Ca([[uollr +Iwoll ) C (VL2 + 2flV][La Vel z2):
@.7)
Noting (2.6) and using Gagliardo-Nirenberg inequality, we have
2 1 2
IVl < sVl 72 VI +Ivllzs) <co (va 72 +1): (28)
Then substituting (2.8) into (2.7), and using (2.4){(2.5), one has
ga [ [ [v2<esCar ) (vl foevill +vil o 1)
d2
”VwHLZ"'CG( +1)
which gives
d 2 6
v +2 V= <2¢6( 5+1)<4cq 2.9
dt Q
due to 0< 5 <1. Applying Gronwall’s inequality to (2.9) gives
2C6
IVIIZ2 < [Ivoll72 +
which yields (2.3). The proof of Lemma 2.2 is nished. a0
2.3. L%-estimate of u. In this subsection, we shall use the estimates of u and
v to derive the L2-norm of u.
LEMMA 2.3.  Suppose the conditions in Lemma 2.2 hold. Then we have
UG Oz + IVED e + WD) 2
<C ([[uoll 2 + |luoll 2 + [[Voll zrr + [[Wo | zr2) (2.10)

for all t=>0, where C is a positive constant independent of t and .

Proof.  We multiply the rst equation of (1.4) by u and integrate the result to

obtain that
+ =
2dt/u d/ /uuvT /uuwT
L 1 2 .
= Z/QU Vg + > /Qu Wy: (2.11)

Noting the fact |lufjp:+|w| g2 <ci (see (2.2) in Lemma 2.2), we apply Gagliardo-
Nirenberg inequality to derive that

lullza < c2 (Jluzll72 ullZa +IlullZe) <cs(usl7+1)
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and
d?d3
HW:JCJCHQL2 <Cq4 HW:L’MHLZHWJC”LZ+||WIH%2 < QH mzHLZ"'CFJ:
3c3 2

Then we can use Young’s inequality to get that

/ /U er+7/ U"Wy g
3c3 2 3c3 2 3c3
<7 4, 2 4 1 2 5%
=2, / U g, /QVW 8d, /me 2d, |
d1 2 3C3 2 2 d1d3
< — + —+ 2.12
Adding the term [, u? to both sides of (2.11) and combining it with (2.12), one gets
3C3 2 2 dldg
dt/u +2/u +d1/ 2 < ad; /va+ 42 /szm+2c6 (2.13)
Multiplying the equation of v in (1.4) by —v,, and integrating it by parts, we have
2dt/v+/v+d2/“
=— Q/V;cwzvzx_ Q/Vva:wwww_ /uvxw
Q Q Q

ds 2 3 %/ 2. 9 3 2/ 3 2/ 2
<— | v, +—= [ vow,+ v2 W u-: 2.14

Applying Gagliardo-Nirenberg inequality and Young’s inequality, one can derive that

3 2 3 2
e < LR e
2 2
2 2 3 3 2
<r 3 (Ve Vlze + IVIE2) (IWae 72l 172 + w2
. 1
<Cg g( g+1)(HV3¢xHL2+1)(ermc‘|iz+1)

_d d2d,02
2\\me||L2 ﬁllwxmllm““%( 3+1) (2.15)

where we have used (2.2) and (2.3). Similarly, using Gagliardo-Nirenberg inequality
and Cauchy-Schwarz inequality, the third term on the right-hand side of (2.14) can be
estimated as follows

23 [z, <z
ERIIES 2 3 i 2
<cio 3 (Vo F2VIIEe + V122 ) (IWar 2 Wl o+ w2 2)

2(¢ 6 z % 6 5
<Cu 2 (( 2t 1) 8 varx ” 32 + ot 1) (”WMM’ ” £|_ 9é<3'5rn4.0511.494Tp'yT1§473Tr13.83711.059'
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Moreover, since |[u]|zx =]|Uo||zz, the last term on the right-hand side of (2.14) can be
estimated as

32 32 2 4 d?ds
—/u2=—||uH%z§C13(HUwHizHUHzl"'HU||2Ll)Sil Sllullzz +eas (217)
d2 Q d2 6C3

Substituting (2.15){(2.17) into (2.14), one he63 Tj 0098 w 0 0 -3520g (
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=— 2/V:cacvacacarwx_2 Z/Vacvxarstm_ Q/va:mcwa:xx_ /uxv.mcac
Q Q Q Q

_d 43 16 2 43 42
=2 wam + 72/ Viwwi + . / V:%Wix + 7/ v szz Ui: (224)
4 Q d2 d2 Q d2 9] d2 Q

Since ||ul|zz + ||V]| gz +||W|| gz <cq (see (2.10) in Lemma 2.3), then we can employ the
Sobolev embedding to nd constants c,, ¢3 >0 such that

(IV]rx <cq and W]z +]||w,| 2 <cs: (2.25)

Using the Gagliardo-Nirenberg inequality and Young’s inequality, we derive that

23 [ <A R v

4 2c2cy
< 223 (IVazall L2 IVl L2 + V2 [|72)
d2
||waz||L2+Cd (2.26)

and

16 2 16 2
[ i, < 2R Vs
d> Jqo do
1 7 5 3
<o 3 (IVawall Ve o+ Va2 ) (IWare ol 72 + 1w 32 )

1 7 5
<cr 3 (IVewall Vel fo + IVal32 ) (IWaralf2+1)
s

8 Hme”LZ"'HWzMHLZ"'CS (2-27)

due to 5 € (0;1]. By (2.25), we can estimate the term %fgv w2__ as follows

T

2

2 4 T2
— \Y W \Y 22
d2 / wx;ﬂ = d H ||
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d 103
<8, Uza |2 +cra(lluolIZz + [Ivoll 7z + wol72):

(2.31)

To control the term ||u,.| L2 on the right hand in (2.31), we apply —u,, as a test
function to the rst equation of (1.4) and integrate the result to obtain that

ul+ [ ui+d

Ja [ e [

— 2

- /umuxacvw+ /uuwwim_ l/umucvzwac_ l/uuxwwaxw_'_/um
Q Q Q Q Q

2 2 2
dy 8 8 81H

§||UMHL2+ ||UIHL2HV:13||L1+ ||UHL4||VM||L4 uwHLZHWw||2L1

8 2
+7Hu”L1”WMCHL2 +|ug|Ze: (2.32)

By using Gagliardo-Nirenberg inequality, we have

8 2

a Uz [122]va |7 2
<8C15 2
> d1

dq
—16HUM||L2

1 3
(a2 ull 2 +1ul2) (Was |72 1272 + V2132
d
2 g Veze 72+ 616 (2.33)

and

——llullZalVaell7s

2 1 7 9 5 3 9
<= (el = Null e + 032 ) (IVawal E2llve I + 2112
<7Huxx||%2 + Hvxoc:c”LZ +Cis! (2-34)

Besides, we can use Gagliardo-Nirenberg inequality and Young’s inequality to obtain
that

8 1 2 2 8c3Ci9 7 2 dq
d71||u33HL2||WxHL1S7d1 (IlumllelluHLz+||U||Lz)_16Hum\|Lz+Czo (2.35)
and
8C%C21 %

8 2 1 E] d
=l 2 |22 < (MuwalZolul o+ ulz) < e luns |32 +c22 (236)
d d 16

as well as

d

||uz||L2<C23 (HUMHLZHUHLZ"'”uHLZ) ||UMHLZ+C24 (2'37)

Substituting (2.33){(2.37) into (2.32), we arrive at

d d
—/ui+2/ ui+d1/uczcxS72/Vimw+025(||u0||%2+||V0H%{2+HW0H§{2): (2.38)
dt /o Q Q 2 Ja
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The combination of (2.30), (2.31) and (2.38) gives that

N R B
dat Jo\ ° % d3 " Q ‘ ds
1
+ 5/ (dluiw +d2v12:a::r+2cllwgw:c)
Q

<ca6(]|uol[72 + [[Vo 7=+ [IWo 7=):

Then, by Gronwall’s inequality, we arrive at

2c11
Uz |72 + Va7 2 + == [[Wae |72 <Car(l|Uol| 72 + Vol Fr2 + [[Wol|72);

ds

which together with (2.10) yields (2.22). Then the proof of this Lemma 2.4 is completed.
|

Proof. (Proof of Theorem 1.1.) Based on the results in Lemma 2.4, we derive
that

UG [wrz +[VE D Iz + WD [wez <ci((luoll s + [IVol| 72 + [[wol F2):
Then using Lemma 2.1, we obtain Theorem 1.1 directly. ]

3. Convergence of constant steady state

In this section, motivated by some ideas in [12], we shall study the asymptotic
behavior of solutions for (1.4) by constructing some energy functional. First, we de ne
an energy functional

u 2 2
E() =1 uln=+ v2+—/w?—/vxwr; 3.1
© 2 /Q u 4, /Q A4 ot g T 1)

JoUo and

_ 1
whereu—jﬁj
1= 1 — 2= 1 + 3.2)

Let M be the constant in Theorem 1.1, then one has ||v||zx +||V,|z2= <M. We have
the following results.

LEMMA 3.1.  Suppose the condition (1.5) holds. Let (U;V;W) be the solution of (1.4).
Then the energy functional E(X) defined in (3.1) is nonnegative and satisfies

d .
FEO+FO <0, (3.3)

where F(t) is defined as

di 1 [ u? d22/2 (dsz )/2 2/2
F):= =+ Vop+ | 5—— 2M W, + Vv
© 21 Jou 21 Jo 2 2 Q 21 Jo

M
ot fw (e [va 220
2 Q Q 21 Ja

M
—( 22 2 +d2+d3>/vm|wm|— QM/\wx||wm|: (3.4)
1 Q Q
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Proof.  First, we show £(t) and F(t) satisfy (3.3). To this end, we multiply the
rst equation of (1.4) by InZ and integrate the result to derive that

d u u? .
ﬁ/ﬂuma__dl/gf+ /quvx— 1/QUsz- (3.5)

Employing —v,., as a test function to the second equation of (1.4) and integrating the
result, we have

2dt/ /V +d2/ vw = /U Va — z/g(vwz)xvm: (3.6)

Similarly, it follows from the third equation of (1.4) that

2dt_/ /w +d3/ /Quzwx: 3.7

We multiply (3.5) by 25 ~» (3.6) by % — and (3.7) by -, respectively, and add the
results to derive that

d 2
a —1/uln + / 7/ dl L[
dt\ 2 1 Q u 4, 1 o u
d2 2 2 d3 2 2 2

+
2 1 /QVm W /V 2 wa

= /Q UV, + / 22 / (VWi)w Vo 3.8

Recalling the third equation of (1.4), we have u,=w,; —d3W,.,+ W,. Then the term
JoUzVe on the right-hand side of (3.8) can be rewritten as

/ UzVy = (th - dBW‘L‘L.L' + WL)V.E
Q Q

=E/Vsz_/V:z:tW:r+d3/Vwa:W:rx+ /Va:W:c: (39)
dt /g Q Q Q

In view of the equation of v in (1.4), we substitute v,; =daVepr + 2(VW2)pe + Uy — Vg
into (3.9) and integrate the result by parts to obtain

/u v, _d /v W, +(d2+d3)/Vme+( +) v We+ 2 [ (VW) Weg
Q dt Q

- / u.LW.L!
Q

which together with (3.8) gives that
dl 1 / uz  dy 2/ V2 d3 2/ / 2
5 t <+ w v
() Q u 2 1 Q .’,C;F x
+7/W _(d2+d3)/vxxwmw ( + )/W A

. / (VW )y Wy — =22 / (VW) Vo (3.10)
Q 21 Ja
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Since ||v||Lx +]||Vz]|L2 <M, one has

2/(wa)zwxw_ 22 /(VWJ?)IVIZD
Q 21 Jo

— 2 2 2 2 2
- 2/Vszme+ 2/VWII_ /Vazwzvzz_i/vwmxvxz
Q Q 21 Ja 21 Jg

2 2M
< /<|wm|+|wm|)|vm|+ QM/|wx\|wm|+ zM/wix:
1 Q Q Q

which together with (3.10) yields (3.3).
Next, we show the nonnegativity of £(t) to complete the proof of this lemma. Let
X =(vz;W,), then we rewrite £(t) as

gM)= - /u|n9+/XAx>;
21 Jo U Jg

62 1
— | dr1x 2 .
A= e, |
2 4dyx

Using (1.5) and the de nition of ; (i=1;2) in (3.2), we can check ;>0and >0
directly. Then, one can derive that

where

3 1 i

A=—=—--"=——>0:
A 16 4 16

Hence, the matrix A is positive-de nite by Sylvester’s criterion. Then we can nd a

constant c¢; >0 such that

XAX>201/ (v2+w2):
Q Q
Moreover, we have 2,f—ixfguln% >0 by applying the inequality (see [3,5])

f 1
fln->_—||fF—F||2.>0; VF>0;
[fing> I fl7 200 v>0
where f= ﬁfgf In summary, we obtain

E)> — /uInE+c1/(v§+w§)20: (3.11)
21 Jo U Q

Thus the proof of Lemma 3.1 is completed. d

Next, we show that the energy functional £(t) de ned in (3.1) is monotone de-
creasing under certain conditions on the parameters. To this end, we must show the
nonnegativity of F(t).

LEMMA 3.2. Suppose the conditions in Lemma 5.1 hold. Then there exists a constant
>0 such that if 0< o< |, we have

EM < F(); (312
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for some >0 independent of o and t.

Proof. By the de nition of £(t) and F(t) (see (3.1) and (3.4)), we have

1 u? u
u (t) (t)_ 2, /Q <d1 U uln U) +J;

1045
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with

Condition (1.5) guarantees that

_ 5 (+)_ 1 1 i
|A2|—4 . - 4 4, <—> <—>>O.

Applying Sylvester’s criterion, we conclude that the matrix A is positive-de nite, which
entails us to nd a constant ¢, >0 independent of , such that

Jo > 04/(v§+wﬁ)f—2/ ,7/\,\, 7/|vz||wm
Q 4,4
>( cy— -2 1 /v2+ c4———f /w
- 4 4 2) ] F 4 2)Jq ¢

C
>5[ eud) 316

H — 2k10+60o . 2yx+62 Ye 3 .
by selt_ectmg > 3= max{m,m}. Furthermore, one uses Young’s inequality
to derive that

J< / (v2, +w2+w2,): (3.19)
Q

where :=M(@2+ :2 ). Then letting >max{ 1; 2; 3}, and substituting (3.17), (3.18)
and (3.19) into (3. 13) one has

J= J;+Jo— 9J3>C3 /<V§w+Wgw)+&/(Vi+Wg)
Q 2 Jo
- /(v§w+w§+wiw)
Q
> (03— 9 )/(vfm+wiw) =, /W (3.20)
Q

Letting —mm{CS L 5E 4:1} and noting that the constants cs;c, and are independent
of o, thenif < from (3.20) we can derive that J >0, which together with (3.16)
gives (3.12). ]

LEMMA 3.3. Let the conditions in Lemma 3.2 hold. Then it holds that
lu¢;t)—ull 2 <Ce 37; (3.21)
where C and  are positive constants independent of t.

Proof. The combination of (3.3) and (3.12) gives that
d 1
— — <0:
dt<‘3(t)+ E()<0;

which implies that

EMt)<cie 7 (3.22)
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Recalling the fact (3.11) and (3.14), (3.22) yields
JuG—ulf < e 6
By the Gagliardo-Nirenberg inequality and Theorem 1.1, we obtain that
Ju=ulza < ca(lunlf2llu—ul7s +u=ull2) <csllu—ulfs <cie ¥
which yields (3.21). |

LEMMA 3.4.  Suppose that the assumptions in Lemma 3.2 hold. Then there exist two
positive constants C; 1 independent of t such that

VG = —ullza +[w(;t) — —uf 2 <Ce A

Proof.  From Theorem 1.1, we have |u|jpx +]||v| > +|w|z= <c;. Then we mul-
tiply the second equation of (1.4) by v — %u and integrate the result to derive that

;;jt/ (V_u)2
——dg/V — g/vvw +/( u-— v)(v—u)
L e S ()
= Q vt c22d22/w _7/ (V_u>2+22/9(u_U)2;

which implies that

(i/§2<v_u>2+ /Q<V_u>2+d2/g < ct 2/W +— /(u u?:  (3.23)

Similarly, it follows from the third equation of (1.4) that

C(ijt/g(w_u)Q"' /Q<W—u)2+2d3/ﬂwi§2 Q(u_u)z: (3.24)

Multiplying (3.24) by %2 and adding it to (3.23), letting y(t):= f,,(v— Su)*+

2.2
21232 Jo (w— gu)2 and cz:=min{ ; }, one can derive that

Y +Cay(t) <csllu—ulia<cie 5; (3.25)

where the last inequality holds due to (3.21). Then solving (3.25) gives two positive
constants ¢; and  such that

y(t) <cse
which, together with the de nition of y(t), implies

Iv——ullZ- +|w——ul[7> <cce "
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Then using Gagliardo-Nirenberg inequality, we can nd a constant ;>0 such that
2 3 Art
IV——ullp2 +[lw——ul|p2 <c7 { V- —ulZ.+[w——ul|2. | <cse ™"

Thus, we complete the proof of this lemma. |

Proof. (Proof of Theorem 1.2.) Theorem 1.2 is a consequence of the combination
of Lemma 3.3 and Lemma 3.4. ]
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