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Asymptotic dynamics of the one-dimensional
attraction—repulsion Keller—Segel model
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The asymptotic behavior of the attraction-repulsion Keller—Segel model in one dimension is studied in this paper. The
global existence of classical solutions and nonconstant stationary solutions of the attraction—repulsion Keller-Segel
model in one dimension were previously established by Liu and Wang (2012), which, however, only provided a time-
dependent bound for solutions. In this paper, we improve the results of Liu and Wang (2012) by deriving a uniform-in-time
bound for solutions and furthermore prove that the model possesses a global attractor. For a special case where the attrac-
tive and repulsive chemical signals have the same degradation rate, we show that the solution converges to a stationary
solution algebraically as time tends to in nity if the attraction dominates. Copyright © 2014 John Wiley & Sons, Ltd.
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1. Introduction

Chemotaxis describes the cell movement in the direction of the chemical concentration gradient. The prototypical chemotaxis model
was proposed by KellerbSegel [2], which reads
uDD ur . urvl/,

viD vCku kv,

whereu.x,t/ is the cell densityy. x, t/ stands for the chemical concentratiorD > 0 is the cell diffusion coefbcients, and 2 R is referred
to as the chemotactic coefpcients; > 0 andk, > 0 denote production and degradation rates of the chemical, respectively. The
chemotaxis is said to be attractive (or repulsive) i 0 (or < 0).

A striking feature of the classical attractive KellerbSegel system (1.1) is the Pnite-time blow up of solutions in two dimensions when
the cell mass is larger than a threshold number, which has trigger a tremendous amount of mathematical studies in the past four
decades (see areview article [3] and references therein for details). In the recent two decades, a number of mechanisms have been pro-
posed to modify the KellerbSegel system (1.1) such that the solution of the modibed system is bounded for any magnitude of cell mass
(see areview article [4] and recent development in [5, 6]). When the chemotaxis is repulsive (i«., 0), the classical global uniform-
in-time solutions in two dimensions and weak solutions in three and four dimensions were established in [7]. In most of theoretical
studies, the attraction and repulsion are treated separately and the time-monotone Lyapunov function was essentially applied.

The KellerbSegel model with both attraction and repulsion was brst proposed in [8] to describe the quorum effect in chemotaxis and
in [9] to describe the aggregation of microglia in AlzheimerOs disease. The same model was proposed in [8, 9] and reads

1.1

U D U . uw/, C. uwyly, x2 ,t>0,
< DvwC u Vv, x2 ,t>0,
W D wey C U Sw, x2 ,t>0, 1.2)
Q @ av
@D@D@DO, X2 @ ,t>0,

: u.x,0 D ug.x/,v.x, 0/ D vo.X/,w.X,0/ D wo. X/, x2 ,
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where , , , > Oand ,§ 0, denote the unitoutward normal vector to the boundary@ . Although the attractionBrepulsion
KellerbSegel model (1.2) is a direct generalization of the classical KellerbSegel system (1.1), it does not have an obvious Lyapunov func-
tion, and hence, mathematical analysis confronts great challenges. Until recently, it was found in [10] that model (1.2) can be reduced
to the classical KellerbSegel system for a special casB §, and hence, the existing methods based on the Lyapunov function can
be employed to establish the global existence and large-time behavior of solutions. Whene §, the mathematical results of model
(1.2) in any aspect still largely remain open except some results obtained in one dimension by Liu and Wang [1] where the global
classical solutions and the stationary solutions in certain parameter regimes were established via the method of energy estimates and
the phase plane analysis. However, only the time-dependent solution bound was derived therein, and whether the solution blows up
at inPnite time was not clear.

Itis the purpose of this paper to explore the global dynamics of the attractionBrepulsion KellerbSegel model for any 0 and$ > 0
in one dimension further. Our main results consist of three main components. First, we derive a uniform-in-time bound for the solution,
which substantially improve the results in [1] where the solution bound depends on time. Second, where §, we use the dynamical
approach to prove that model (1.2) possesses a global attractor. Finally, for the special cag2 §, we show that the solution of (1.2)
converges to a stationary solutions as time tends to inPnity algebraically if the attraction dominates (i.e., > 0).

The paper is organized as follows. In Section 2, the main results of this paper will be stated. In Section 3, we prove the existence of
global uniform-in-time solutions. The existence of global attractor will be shown in Section 4. Finally, the convergence of solutions to a
stationary solution with algebraic decay rates will be established in Section 5.

Notations . Hereafter, D | D .a,b/ is a bounded open interval inR, and @denotes the boundary of the intervall. C denotes a
generic constant, which may vary inthecontext? D LP.I/.1 p 1 /denotesthe usual Lebesgue space in abounded open interval

I R with norm kfk,, D Ijf.x/jpdx =P for 1 p < 1 andkfke D esssupgjf.x/j. H" denotes them-th order Sobolev space
P . 1=2
WM2 with the norm kfkm D m, @ 2 7", Moreover, we denotek.f,g/k,y D kfkp C kgkp ford p 1 andk.f,g/kgm D

kfkym C kgkym formD 1,2,3,

2. Statement of main results
This section is devoted to stating the main results of this paper. First, we address the global existence of classical solutions with a
uniform bound in time.

Theorem 2.1 s
Letup 2 HLI,.vo,wo/ 2 H2.I % Then, system (1.2) has a unique global classical solutianv,w/ 2 @ N 9,1 /;R® >\
21 N 0,1 /:R® ®suchthatu,v,w Oif up,vo,Wo O.

Next, we consider the large time behavior of the solution of (1.2). Debne
2D .uvw/ 2HLY H.Y H./ju Ov Ow O.

From Theorem 2.1, we know that for any initial functiotdy D .ug,Vo,Wo/ 2 £, system (1.2 has a unique solutiob.t;Uy/ D .u,v,w/
forallt > 0. Hence, we can debne a dynamical systefi& t/;>0g, 2"/ by a nonlinear
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Then, our second result is as follows.

Theorem 2.2
The dynamical systemfSt/>00, 2/ possesses a global attractor.

Next, we explore the asymptotical behavior of solution for a special caseD S. First, noticing that the integration of the brst equation
of (1.2) inx entails that the cell preserves the mass:

kU.t/kLl D kakL1 D:M (21)
whereM > 0 is a prescribed constant denoting the cell mass. Therefore, the stationary solutidhV, W/. x/ of (1.2) satisPes

8
0D Uy . UM/KC. UWly, x21,

<0DVxC U V, x21,
0D WxC U 38w, X2, (2.2)
.HXDVXDWXDO, X2 @
 U.x/dx D M, x2 I
When D Sand 0 (i.e., repulsion dominates), the results of [10, Proposition 2.3 and Proposition 2.4] showed that (2.2) has a
unique constant solution Ug, —Ug, —Uy Whereup :D M5lj, and the solution of (1.2) approaches this constant solution exponentially
as time goes to inPnity in two dimension. When D §and < 0 (i.e., attraction dominates), the existence of nonconstant

solution .U, V,W/ has been established in [10, Proposition 2.3], whereas the asymptotical behavior of the solution to (1.2) has not been
obtained for this case. In this paper, we shall explore this question and show that the solution of (1.2) converges to a solution of (2.2)
algebraically as time tends to inPnity in one dimension.

Theorem 2.3

Letug 2 HLI/,.vo,wo/ 2 H2.I/ ’If D &and < 0, thenthe global solution. u,v,w/ of (1.2) converges to a stationary solution
U VX W ine HE I % astime tends to inPnity. Moreover, there exist a2 0,% and a positive constaniCsuch that forallt 0,
it holds that

ku.x,t/  UxkgyCkv.x,t/ V.xkuCkw.xt/ Wxky ClCt/~~ 12/, 2.3
H H H

3. Uniform-in-time global solutions
Theorem 2.1 is a consequence of local existence theorem (Propositions 3.1) and the a priori estimates (Propositions 3.2) by the
continuation argument. The local existence of solutions to (1.2) has been proved in [1] and is cited here for convenience.

Proposition 3.{Local existence)
Letl be a bounded open interval inR. Then,

(i) For any initial dateug 2 H.I/,.vo,wo/ 2 H2.I/ 2, there exists a maximal existence tim& 2 .0,1 depending on . ug, Vo, Wo/,
such that (1.2) has a unique solutionu, v, w/ satisfying

uvw/ 2 @ N oT/:RE 3\ 2N 0T:R® 2.

@iy If sup  k.u,v,w/.t/koc < 1 foranyT > O,thenTo D 1 , namely..u,v,w/ is a global classical solution of the system (1.2).
0< t< min{To,T}
Moreoveru,v,w  Oifug,vo,wg O.

Proposition 3.2A priori estimatezs)
Letug 2 H . I/,.vo,Wo/ 2 H2.I/ “and.u,v,w/ be a solution of (1.2) . Then, for any > 0,.u,v,w/ satisPesforall& t Tthat

ku.t/k.e C k.v,wi.t/ke C, (3.1)

where Cis a constant independent of time.

Next, we are devoted to proving the Proposition 3.2. To this end, we brst give some inequalities that will be essentially used in
the paper.
|
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Lemma 3.3[12])

Letl be a bounded domain inR with @in C™, and letu be any functioninH™.I/\ L%1/,1 g 1 .Foranyintegejwith0 j< m,
and for any numberawith j=m a 1, there exist two positive constantC; and G, depending only on|,qg, m such that the following
GagliardobNirenberg inequality holds

1=p 1=q j

Du Ci kD"™uk{; kukis 2 C G kukq, aD - (3.2)

LP

For a special casen D 1,j D 0, we may employ the inequality.cC d/> 2 ¢2C d? foranyc,d 2 R, and obtain the following
inequality
1=g 1-p

1=qC 1=2’ (3.3)

kuk? C kuxk®kuk%'™ C kuk% , aD

Proposition 3.2 will be veribed by the following two lemmas.

Lemma3.4
Let the assumption in Proposition 3.2 hold. lfu,v,w/ is a solution of (1.2), then for anyl > 0, there is a constantCindependent of T
such that the following inequality holds foreachO< t T

ku.t/k% C k.v,w/. t/k%  C k.Vo,Wo/kZa C kuok?: C kuok?y . (3.4)

Proof
First, the result of [13, Eq. (4.3)] gives thiatv,w/. t/k%  C k.vo,wo/k%: C kuok? . Hence, it remains to derive that

ku.t/kz C kuok® C k.Vo,wo/K3y (3.5)

Multiplying the brst equation of (1.2) by and integrating the resulting equation with respect tox over | gives rise to

d Z Z Z Z
o uw?dxC  uZdxD UV U dX UWy Uy dX
| | 7 | Z| 7 (36)

1
2 uw/?dxC  2.uw/?dxC 5 u2dx,
| | |

NI =

where we have used the YoungOs inequality
" n —g=p~—1 " 1 1
ab "aPC ."p/~%Pg—'bY, foranya,b 0,"> 0,1<p,g<1, BC q D 1. 3.7)

Applying (3.3) and (2.1) to (3.6) and using the H3lder inequality as well as the YoungOs inequality, we have
d VA Z z Z

— udxC = udx 2uvZdxC  2uPw2dx

at 2, | |

2 kukZ kvykZ C 2 kuk?, kwykZ

NI

1 3 1 3 (3'8)
C kuykpz kuks C Kuk?  kviek Kk C Kk C kwiek s kwik? C kwiyk?

1
3 kuxk’ C kvixk% C kwixck% C C kwyk®, C kwiyk®,

Multiplying the second equation of (1.2) by vy, the third equation by wy, and adding them, then integrating the resulting equation
with respect to x, we have
d z z z z
34 V2C w2 dxC | V2, C w2, dxC IvfdxC 3 IWfdx
z z

D UVyxdX UWydX (3.9
| |
z 5 ,Z

1
v2,C wZ dxC

2

where the CauchybSchwarz inequality has been used.
|
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Using (3.3) and (3.7), we have

z

2 4
w?dx  C kuck kuk C Kuk®

m kUXkEZ C CkukE]_ . (310)
| f

Adding (3.8), (3.9), and (3.10), and applying (3.4) to the resulting inequality, we obtain

d A VA VA

— u¥CviCw? dxC uCVviCw2 dxC u?C Vv2C 3w? dx

dt | | | (311)
C 1C kwk?: C kwekz G,

where the constantConly depends onk. v, Wo/ki C Kugk,:. Solving (3.11) yields (3.5). Then, the proof of Lemma 3.4 is completed]

Lemma3.5
Let the assumption in Proposition 3.2 hold, andu, v,w/ be a solution of (1.2). Then, forany @ t T, the solution satisbes that

KUy t/k? C K.Vix, Wl . /K% C
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Therefore, substituting (3.17) and (3.18) back to (3.14) gives
VA VA

1d 1

S uwdxC Z uidx

2dt | 2, (3.19)
1
7 KUk’ C Kok C KWy C C kugkZ C k.vo,wo/KZ:

where Lemma 3.4 and (3.7) have been used.
Differentiating the second and third equations of (1.2) with respect twonce, we have
Vix D Vixx C Uy Vs (3.20)

Wix D Wy C Uy SWy.

Multiplying the Pbrst equation of (3.20) by vy, the second by wyyy, and adding them, we end up with the following results after
integrating the resulting equation with respect tox

Z Z Z Z
vZC w2, dxC V2, Cw2, dxC Vv2dxC3§ w2dx
IZ Z | | |
D Uy VX Uy WaexdX (3.21)
z ! I , ,Z

c
| V2, C w2, dxC 7 u2dx,

1d
2dt

NI =

where we have used the CauchybSchwarz inequality and
z z z

1d
VitVioodX  WatWydX D >qr V2, C w2, dx
| | |

Noting (3.2) and (3.7) entails that

1
kugk®  C Kuyk 2 kukz C kukZ T 7c ico Kuxxk? C Ckuk? . (3.22)
Then, combining (3.5), (3.19), (3.21), and (3.22) yields that
1d z 1Z z
3at wCvi Cwl dxC 3, u2, Cv2,,C w2, dxC | uC V2 Csws dx
z 2 ,Z

u2dx C
| |

uZdx C C kuokZ C k.Vo,Wo/ ki
1
3 kuxk’ C C kugkZ C k.vo,wo/k:

which implies that

z z Z

d =
@ u2C V3 C w2 dxC | w,Cv2,Cw, dxC u2C V2 C w2 dx

|
C kuok% C k.vo,wo/kZ -

Therefore, it follows that

KUy t/kZ% C K. Ve, Wl /% C kugkZ, C k.vo,Wo/kZ
and

z t

KU Sk C K. Ve, Wiod - Sk dis
0

C kugkZ: C k.vo,wo/k% C t kugk% C k.vo,wo/k

which completes the proof of Lemma 3.5. O

Copyright © 2014 John Wiley & Sons, Ltd. Math. Meth. Appl. S&015, 38 444457
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With the aforementioned results in hand, we are in a position to prove Theorem 2.1.

Proof of Theorem 2.1

On the basis of the estimates obtained in Lemmas 3.4, 3.5, and Sobolev embeddifig! L, we have for anyT > 0

sup kK.u,v,w/keo C.kugks C K.vo,Wo/Kp/.
0< t< min{To,T}

The local solution.u,v,w/ can be extended to allt > 0 by statement (ii) of Proposition 3.1. The nonnegativity of the solution follows
from statement (i) of Proposition 3.1 directly. The regularity of the solution is obtained by the standard parabolic regularity argument
(see for details in [10]). The proof of Theorem 2.1 is Pnished. O

4. Existence of global attractor

4.1. Higher-order energy estimates
To study the large time behavior of solutions of (1.2), we need higher-order energy estimates.

Lemma4.1 ,
Letug 2 H2.1/,.vo,wo/ 2 H.I/ “. Let.u,v,w/ be a solution of (1.2). Then, for any > 0, itholds thatforanyO<t T

Klyy. t/k% C K. Vio Wiood - t/k% € KugkZ, C K.Vo,Wo/K3s . 4.1)
L4 L4 H: H3

Proof
We differentiate the brst equation of (1.2) with respect to, multiply the resulting equation by u
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where we have used the factsy D Wy D 0 on @ which can be derive from (3.20) and the boundary conditions, D v, D wy D 0
on @ Furthermore, (3.2) and (3.7) entail that
V4

1
quxdx C Kuxxk 2 kugk 2 C kuyk? 7 7c 7cy KUk C CKUxk? . 4.7)

Jointing (4.4), (4.6), and (4.7) yields that

147 17
57 2 uix c foxc W)%xx dxC E | uixxc V)%xxxc foxx dx
C uwC V,,C3w2, dx
|
Z
1 2 2 2 C 2 2
3 kUXXkaz C K. Vi Waod I(|_2 C 1C uxxdx
|

C C kuxkZ C K. Vi, Wi/ K2

1 1
7 KUk C 3 K- Voo Waoaod k22 C C KUyk?, C K. Ve, Wl K

which implies 7 7
d
a . uix C V)%XX C W)%XX dX C | u)2<><>( C V)%XXXC W)%XXX dX
z
C | w2, C V2,C3sw2, dx (4.8)
C KuxkZ C K. Vi, W/ K2
Then, the application of Lemma 3.5 and the GronwallOs inequality to (4.8) gives
Kux. t/kZ% C K. Voo Wigod- t/k% € kuokZ C k.vo, Wo/KZs .
Thus, the proof of Lemma 4.1 is completed. O

Next, we derive the estimates oku.t/k, and k.v,w/. t/k,s for .ug,vo,wo/ 2 H-. I/ H2.lI  H2.I/.

Proposition 4.2
Letug 2 HL. I/, .vo,Wol 2 H2.I/ 2 and .u,v,w/ be the global solution obtained in Theorem 2.1. Then, we have the following estimate

1
ku.t/k C k.v,w/. t/k% C TC kuokZ C k.vo,wo/kZ (4.9)

Proof
Using (3.12) and integrating (4.8) in the intervad,t , we have

K- t/kZ C K. Vi Wigod - t/kZ

2 2 2 2 (4.10)
C Kuyx. 9Kz C K. Vi, Wyl - K2 C kugka C K.vo,Wolky, , 0< s< t.
Furthermore, the integration of (4.10) with respect tsover.0,t/ gives
t KU t/k% C K. Vi W -t/
<y (4.11)

C  Kuxx. 9k% C K. Vi Wyl - Sk dSC Ct kuokZs C k.vo,Wo/k%, , 0< s< t.
0

Applying (3.13) to (4.11) yields that
1
K t/Kk% C K. Vi Wl t/k% — C TC1 kuok?s C k.vo,Wo/kZ . (4.12)

The combination of Lemmas 3.4, 3.5, and (4.12) gives
ku.t/kZ, C k.v,w/. t/kZ%
1
c ;c1 kuok?: C k.Vo,Wo/k% C C kugkZ: C k.vo,wo/kZ

1
c:cC1 kuokZ: C K.Vo,Wo/kZ

Then, we complete the proof of Proposition 4.2. O
-

Copyright © 2014 John Wiley & Sons, Ltd. Math. Meth. Appl. S&015, 38 444457
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As a consequence of Proposition 4.2, we have the following result.

Proposition 4.3
For each bounded balB. D .ug,Vvg,Wo/ 2 2~ kuokﬁl C k.vo,wolkﬁz r , there exists a timet, depending on B such that for any
Up 2 B, ithasthat

sup sup kSt/Upkpps g C
t=t WeB

whereC > 0is a constant.

4.2. Proofof Theorem 2.2
In this section, we are devoted to proving Theorem 2.2. First, we present a resultin [11].

Lemma4.4[11])
Assume that for some subset® Z,% v ; ,and for somety > 0, the set[ >, St/Z is relatively compact inZ". Then,l. A/ is
nonempty, compact, and invariant.

We are now in a position to prove Theorem 2.2.

Proof of Theorem 2.2
Debne the set

AD .uv,wl 2 H. H.U O HL kut/ki Ckv,wlt/ki C\ 2,

where Cis a constant appearing in Proposition 4.3. By the Sobolev imbedding theorem, it follows thatis a compact subset of2".
From Proposition 4.3, we know that for any bounded subsé&: 2, there is a timet, such that t=t, St/B 2. Hence, % is a
compact absorbing set for.fSt/>0g, 2/. Using [11, Theorem 1.1], we conclude tha¥ D I.%/ is a global attractor of the dynamical
system.fSt/i>00, Z'/. By Lemma 4.4, this global attractor is nonempty, compact, and invariant#i. Then, the proof of Theorem 2.2
is completed. O

5. Convergence to stationary solution

In this section, we are devoted to proving Theorem 2.3. IfD Sand < 0, weset
sD v w (5.1)

Substituting (5.1) into (1.2), we have

8
U D Uy  .uSsd/y, x21,t>0,
s D sxC. [ u S, x21,t> 0, (5.2)
. uDsDO, X2 @t> 0, ’
" uX 0D ug.x,sx,0 D vo.xX/ wg.x D s.x,x2l
Because of the conservation of cell mass (2.1), the corresponding stationary problem of system (5.2) is
8
0D Uy .US/y, X2 1,
<
0D SxC. /U X2,
S S 53)
% D S DO, X2 @

U.x/ D M, X2 1.

Notice that the nonconstant stationary steady state solutionU,S of (5.3) have been established in [10, Proposition 2.3]
when < 0.By Theorem 2.1 and the Minkowski inequality, we have the following estimates on the solution of (5.2).

Lemmab.1 ,
Letup 2 HLU,.vowg/ 2 H2U 2. Then, problem (5.2) has a global classical solutiom,s 2 C N 0,1 /;RZ °\

1 N 0,1 /:R?2 *suchthat

ku.t/k% C kst/k% C. (5.4)
Itis well known (e.g., see [3]) that O, the system (5.2) has a Lyapunov function
z 1
Eus D ulnucﬁ £C & us dx (5.5)
| .

. ______________________________________________________________________________________________________|
Copyright © 2014 John Wiley & Sons, Ltd. Math. Meth. Appl. S&015, 38 444457
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satisfying

z z

d
GEuwt.st/C u-lnu 9, 2dxC sdx D 0. (5.6)
| |

However, we should underline that the initial conditiorsp.x/ D vo.X/  Wp.x/ may be negative in principle, and hence, the nonneg-
ativity of the solution componentscannot be guaranteed. Fortunately, the second and third terms of (5.6) do not depend on the sign
of s, and hence, (5.5) is still a Lyapunov function of (5.2) for ang R. However, the sign owill affect the lower bound of the Lyapunov
function. Because in one dimension, the solutioru, ¢/ is uniformly bounded in time, we can easily Pnd a lower bound for the Lyapunov
function (5.5) as given next.

Lemmab5.2

For.ug,so/ 2 HL.I/  H2.I/, the Lyapunov function (5.5) satispes

i
Eu,¢ C %foranyt>0

where Cis a positive constant.

Proof
Employing (2.1), (5.4), and Sobolev embeddikg} | L, we have

4

usdx KsKoo kugks  C. (5.7)
|

- . . 1 .
Substituting (5.7) into (5.5), and usingInu 3 forallu> 0, we obtain that

Eud C ]ﬂ
e
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z

EuY EBEo G u-lnu ¢,2C
|

£ dx (5.11)

where 2 0,% andt. is atime such that whent t. one has
ku.t/ Uk|_2 C ks.t/ S(H1 <",

Proof of Theorem 2.3
The convergence of the solutionu, & to . U, S follows from the results of [14] directly. Next, we derive the convergence rate announced
in Theorem 2.3 based on an idea of [15D17]. First, note that

z z

o0
1
Eut/,st/l ExD u-lnu g,2C £ dxd O
t |
Combining (5.6) and (5.11), we have for aty t.
d 1 21—/
—.Eu.t/,stll Esxw/ C ———.Eu.t/,stll Ex/” 0, (5.12)
dt cg-l—/
and
d YA 1 1=2
a.Eu.t/,st// B/ C —— u-lnu ¢,2C £ dx 0. (5.13)

The inequality (5.12) entails that
Eut/,st// Ex C1Ct/
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Multiplying the Prst equation in (5.19) by ,A;* and Ag? ¢, respectively, and integrating by parts, then applying the YoungOs
inequality (3.7), we end up with

1d
Saik k% Ck k% "k k% CG k k% Ck k& (5.20)
ld —1= 2 " —
Sq AP L Ckkh "k KhCk Jk CC @At %, (5.21)
and
ld — 1= 2 " —1= 2
Stk k% C Ab“th Ablthzco- k xk% Ck k& (5.22)

where the boundedness ofiand S, have been used. Integrating the second equation in (5.2) multiplied by, «and ¢, respectively,
we have by the YoungOs inequality (3.7)

1d .
Stk k% Ck «k%C k k%Dh I, i "k kaCGk ka, (5.23)
1d 2 2 2 " 2 2
Stk KECK okzC ok Wk "k kG C O Kk, (5.24)
and
1d 2 C K& CK d& "k k& CGk K 5.25
Ea xB2 12 th2 th 2 g 12 - ( . )
Differentiating (5.19) with respect td and noticing that D u;, we have
(
D . Cu «C /s,
tt XXt t x xt tS( X (526)
tt D xxtC . / t t-

Multiplying the brst equation in (5.26) byA; 1  and noticingthat @A;2 t+D x U x S D Oforx2 @ we have

1d, .- 1.
Eak%l_z tkEzCk tkszht «CU «C S,@A" i

Dhi xC (S.@A" (iChu @A i (5.27)
"k k% CGK@AL (k% hu ¢, « hu (@A
"k k%2 C G k k% Ck@Ay* (k2
where the boundedness of y, S, uanduy has been used. We multiply the second equationin (5.25) by and integrate overl to obtain

1d
Stk k2 Ck wk%C k k% "k (k2 C Gk (k. (5.28)
Set

2 2
y.t/ D A2 LCk K2 C A2 LCk K% Ck K5 Ck (K.

_ 2
Noting @Ay fZD Ao_l‘2 . Ck k?Hl,, and letting " small, we deduce from inequalities (5.20)D(5.25) and (5.27) and (5.28) that

d _
GV Ckett Ck Kby Ck k&» Clcy—2=172/
for somek > 0, where (5.17) and (5.18) have been used. Solving the aforementioned inequality yields that
z t
y.t/ y.oeMccel e&S1cg?™ 12/ ds (5.29)
0
Note that the last term of (5.29) can be estimated as
Z, Z = Z,
s1cg?= 7%/ dsD d1cyg?m 7% dsCc  eé1Ccy T 2 ds

0 0 t=2
Z z

t
eit  1Cg27 12/ gsC .1Ct= 2= 12 gy
0 t=2

Cét1C =227 12/ 1 Tgk g ¢ mpy2= 12
. =8 .

. ______________________________________________________________________________________________________|
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Then, substituting the aforementioned inequality into (5.29) gives rise to
y.t/ Clcty 2= 172/ (5.30)

which implies that
kut/ Uk.Ckst/ Sga CilCt—= 172/, (5.31)

To derive the decay rates for and w, we subtract (2.2) from (1.2) and obtain that

v VI{tD.v VIkC .u U .v V,

W OWAD.W WikC .u U &w W (5-32)
By the Duhamel principley.t/  V can be represented in the form of
Zt

v.tl VD e 'AT vy VIC e =¥ AT/ ud  Uds (5.33)

0

R R
Noting that .u.§ U/dsD 0, which allows us to use the inequality e~ *f Ckfkyp foranyf 2 LP suchthat |fdx D O, we have

LP

z t
kv.t/ Vko Ce 'CC e "Ykus Uk.ds
Z,
Ce 'cCc e "9.1cg =12/ gds
2 (5.34)

Ce 'C e s1Cct g =12/ (gs
0

cicy—= 12/
where we have used the inequality

Z,

A1Ct ¢~ e %ds C1Ct/~ forany , > O
0

which was proved in [21, Lemma 4.4]. Similarly, we can prove that the convergencewsatisbes

kw.t/ Wk, Ci1Ct/~= 12/,

By the brst equation of (5.19) and the classic elliptic regularity theory, using (5.30), we have
kue Uk% Dk k%2 D AS? .

_ e 2
C A2 3C AU «C Sik .

2

(5.35)
_ 2
c AO—1-2 L Cku 4C &kfz
Cyt/ cCi1ct—2= 172/,
The combination of (5.31) and (5.35) gives that
kut/ Uky Ca1Ct/—= 12/, (5.36)
Letting' D vy V and using the brst equation of (5.32), one has
"tD'xC ux Ud
Applying the same procedure td as was carried outtor  V, and using (5.36), we have ld > 0 such that
z t
kKke Cefcc e*"Jku.d Ukgds
Z 5.37
Ce—KI cc e—K.t—S/ 1C9~ = 1-2/ ds ( . )

0
cilcty—= 172/,
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Collecting (5.34) and (5.37), one has
kv Vkga ClcCt/—= 12/,

Applying the same procedure tov, we have
kw Wky Clct~— =12/,

Thus, the proof of Theorem 2.3 is completed. O
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