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Boundedness criterion and global solvabil

Hai-Yang Jin and Feifei Zou

Abstract. » thig papery, e shall 1w egtigaie @ tw"ree—s?ecies food ehain
m‘-odelw I.)tl, fax ig meaghanigmg "nclhd‘ng prey —fax g and alarme-faxig in &
som'ootr" ounded domain Q@ C R™(n > 1), ith woww“-OgeweoBs e meanm
ounrdary eornditions. ore preci sel\W e firgt agta ligh the “oundedress
eritarion for @ gei'vev‘a] food ehain n‘-ode]vv 1thV arioug taxig meehanigmg
for ara'trarx Srat'al direengiong 3} us'mg the Sem-'grour estimateg and
coupled ewerg\ estimaies. With the “oundednress eriteriony, e Py e ihe
glo™al ouvdedwess of the solutiony ith the general funetional resrooose
furetiong under gome grallnegg aggurpiions on the tax g eoefficients “y
using t‘vew eighted energy egiimates. » the other hand, for some spe-
cial furetional resporse furetiong inelud! ng Beddington L e oge; s by re,
ragio- derendewt iy »e and  Jarrigon ty pey S algo o tain e ETQ al exig-
terce of the solutiony ith uniform-in-tiree “ound, thout any greallnegs
a‘ssu'm-'tfo'ns on the tax ig ecoefficients or initial data,
Mathematics Subject Classification. 35‘ 01, 35R40, 3F< 57, 35Qs2, +2C17.
Keywords. d ehain model, larm-faxig rey-taxig, Boundedness
eriterion, Wergy estimaies.

1. Introduction and main results

To deeply underSiand the foundasional prinepleS Sovernm8 eeoSySiem
Naen wsr e’ﬂergy tr&T‘LSFer, and SDC(ICS mteracttoﬂ? variouS teen poral food
odel® have been propoSed and Studied 1216172 2°29 D B B
haS haen Shown thag the temn poral three Speeie®food ehain en odel® exhib
dynam 1e5 Sueh 25 ¢hao® 162 D P 2 °1 perodieorbi® 2 and bisia
and 5o ot However eom pared with the well kown reSultS on the tam
food eham ¢n odelSen antioned above few reSultS are known for the food
w odel with Spatm 0 oveen e‘ﬂts/ whieh aetually p]ays an mdlspeﬂ Sabla ro
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the populasion Speeia® 10 Survive and thrive AS axperyn engal obServagion 2 2
the Spatialen ovem entSnot only Melude the ela5Sieal random e overn et (diffu
S10n) but a1% the direeted ¢ ovemn entS (1ax15) Sueh a5 prey taxiS or alaren faxis
whieh referS {0 the ability of predator® to deteet and ¢ ove towardS areaS of
hi8her prey denSity To 8am aenore eom prehetSive underSiandms of Speee™
diSperSion and ¢ 18ration patternS we Shall Sjudy the followm$ three Speeia®
food eham ¢n odel with Spagial ¢ ovemn entS M a boutded dopam R™ with
hor 08enaou® g U a0 boundary eonditions

up = Au cu(l —u) — by Fy(u,v)v, x Q, t>0,
ve=Av—=¢ (v u) -Fi(u,0)v—baFa(v,w)w—6Ov, x N t>0,
wy=Aw—x - w ¢u,v) - Fv,w)w— 0w, x Q t>0,
%1%1%10, x 08, t>0,
u(z,0) = uo(x),v(z,0) = vo(x),w(z,0) = wo(z), xz

(1)

where v 15 the outward unit Norn al veesor on 9 and the hom o8etleou’ ¢ eu
nant boundary eondisionSen eanS thag no mdrvidual® ean eroSS the boundary
Here u, v, w repreSent the denSity of the prey SpeeieS prenary and top preda
torSreSpeetively For i = 1,2 the paraem eterS b; > 0 defote eonSuen piion rateS
of the prey and the prgn ary predatorS and ; > 0 repreSent theen oriality rageS
of the prynary and top predator® reSpeetively Here Fj(i — 1,2) are funesional
reSponSe funesion (frophie funetion ) whieh deSeribe the eonSuen ption rate of
a predator varieS with the denSiy of 145 prey and the elaSSieal foren S Melude
Eollm8& type 18 2 D 2, ratio dependent type 18 BeddmSion keAnSal:S
type 9, 2,71 HarrmSn type 1 and Soon The teren —¢ (v u) waS uSed
aS pray taxiSen eehani¥n 2 2 to deSeribe the direetional e ovem ettt of prignary
predatorS foward prey denSity Sradient Swnilarly, the teren —y - w  ¢(u,v)
deSeribe’ thag the top predatorS ¢ ove toward to hi8h Sradieni of the Sidnal
produeed due to the MieraeiioN between the prey and prnary predator

Before preSen{m8 our enam reSultS we £ r5% reeall Som e relavant raSulgS
on the SySiem (11) ¥ w = 0 the SySiemn (1 1) beeom e® the follown8 two
Speeie’ prey taxiS SySiem

ug = Au cu(l—u) — by Fy(u,v)v, x Q,t>0,
vp=Av—¢ (v u) -Fi(u,v)v—"=0wv, = Q, t>0, (19)
Gu _ Zv ), x 09, t>0,

u(z,0) = up(x),v(x,0) = vo(z), x 9,

whieh was propoSed to Mterpret the heteroSeneou® assresative patierns due
10 the area reSirieted Seareh SirajeSy by Karewa and dell 2 2 The Solution
behaviorS of two Speeie® prey taxiS SySiem (1 2) Sueh a8 8lobal boundedneSs
and JarSe twn e behayior a5 well a8 pagfern foren ationS have beett extanSively
Studied ™ the reeent yearS (ff 7,19 2022 7 8 and refereneeS therem)
R eeently Some Miere¥ms reSultS have bean extenSively eStabliShed for two
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SpeeieS predator prey SySiem with variou® taxi® ¢n eehani%n 5 Sueh aS fhe m

dreet prey taxiSeneehani¥n 1 2, predator taxiSeneehani¥n 9 dual

taxiSmeehani%n 10 1 Sibnal dependent prey taxiSeneehani¥n 20 and So
ot However %0 our knowledSe due to the s ore eom plex eoupled SiruetureS
than the two Speee® predator prey SyStem S with variouS taxiS en eehani%n S
few reSuliS are known for the three Speeie® Spatial food ehamenodel (11) (1e
w = 0)

ASfar a8 we know, the ' r5t reSulf on the SyStem (1 1) waS eStabliShed m

21 ore preeiely by aSum m& ghe funesional reSponSe funesion® F(i — 1,2)
are Hollm§ type Ia‘ﬂd top predatorsm ove toward to hi8h Sradient of the S5i8nal
produeed by the prinary predator, that 15 under the followm$s aSSuen pion s

Fi(u,v) =u, Fy(v,w)=v and ¢(u,v) = v, 13

the 8lobal boundednes and Siabilzation of Solution for the SyStem (1 1) have
been eStabliShed M §wo dwn enSional bounded domams 21 I faes under the
aSSum piion® (1 3 we ean view the SySiem (1 1) a8 two differens two Speere®
predator prey SySiem and then uSe the Niee eniropy eStwnate found m 0
for the ¢la5Sieal ehem otaxi® SySiem with €0 Sum ption of ehem oattraetans and
developed for the prey taxi® SyStem 19 0 the other hand  we add the
teren 5 —a10? and —apw? M the Seeond efuation and third e®uation of SyStem
(11) (re there exi5 ira Speet ¢ eom petrtion for v and w ) reSpeetively and
the funetional reSponde funesion® F;(i = 1,2) and the SiSnal mienSity funetion
é(u,v) vake the followm8 form

Fl(uav)"ua FZ(va)"U and ¢(u,v)—-uv, (] )

the SyStem (11) waSf 15§ propoSed M 17 {0 text the  burSlar alarn ™ hypoth

eSS (ef 6) @ prey Speeie® renderS 1%l dan8erou® {0 @ prynary predator by
Sanleraim 8 an alaren eall o atiraet 2 Seeond predator af hiSher frophie levael®
M the food eham that prey on the prynary predator Mue to the NonlMearigy
of the Si8nal mienSigy funetion, the enfropy Meflualify uded m 21 for thefood
eham ¢n odel with TMmear S,8nal mte'ﬂslty funetion (1 e ¢(u7v> = U) doeS not
hold anye ore Hetee the known reSuliS Sueh a8 8lobal boundedness and Sta

bihzation of SolutionS so the SyStem (1 1) with ¢(u,v) — uv are Ty ited to ofe
dun enSional Spaee 1° or two den enSionS 11 22 o there axi®§S Mira Speef ¢
eorn petition for v and w From the above diSeuSSionS we kow thag the 8lobal
boundedneSS and Siabihzasion of Solution for the SySiem (1 1) were only eSiab

IiShed M two dwn enSignal SpaeeS m the eaSe of ¢(u,v) =v 21 or ¢(u,v) = uv
with ®uadragie deedy term S (16 Mira Speed ¢ eom petrtion) for v and w 22

Henee 1§ 1S nagural 1o a5k whether the reSuliSare Siill valid i hiSher din enSions
for the g ore Seneral funetional reSponSe funetion F;(i — 1,?2) and the SiSnal
mien Sy funesion ¢(u,v) To thS end we Shall Sjudy the Slobal dynam €S for
SySteen (1 1) with the funetional reSponSe funetion® F (u,v) and Fy(v,w), and
the Si8nal mienSity funetion ¢(u, v) Saf1¥ym8 the followm 8 aSSuen piions:

(H]) Flu.t'[[ Su, v
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(H?): Fy(v,w) C?(0,00)% 0,00)), Fy(0,w) = 0, and Fy, (v, w) > 0, Fay, (v, w)
<Oforally,w=0 oreover there exi%5a eonSiant Ky > () Sueh that
Fr(v,w) < Ka(v - 1)

(K 3 ¢(u,v) C?(0,00) x 0,00)) and ¢(u,v) = 0for &l u,v =0

Then under the a55um piionS (K1) (K 3, the exiSienee and un®ueneSS of Toeal

Solution of (1 1) a0 be readily proved by Amann’S gheoresn 2 2 We om 14 the

deta1]S of the proof for Sen phety

Lemma 1.1. ( Toeal exiSienee) Let 2 R*(n = 1) be a bounded domain
with smooth boundary and suppose (H1)-(H3) hold. Assume (ug,vg,wo)
W222(Q) 3 with ug,ve, wo = 0, then there exists a Tar (0,00 such that
the system (1 1) has a unique classical solution

(u,v,0)  CU Q% 0,Tmaz)) N C2HQ % (0, Tnaz)) ®
satisfying u,v,w > 0 for all t > 0. Moreover, it holds that

either Tmaz 00 or tJfT"'r:ax(Hu('»t)leyoo + lo(, Ollwiee + lw(, t)[|ee)  oo.
Remark 1.2. The Standarden ethod allow™ uS $o eonSider (ug, v, wo)  WHP(L)
with p > 2 we do Mot purSue the SharpeSi reSult m feven 5 of the €155 of Ml
data

From Tanma 11 we know that the 8lobal boundedneSS of the elaSSieal
Solution exiSt f there exiStS a eonSgang C' > 0 Sueh that

u(,t) wie = (1) wre - w(t) e <C. (17

However the eondition (1 5) 15 hard {o verfy deetly (1e See 21 22) Henee
we want to know whather or Not there exi®S¢n ore expliert and eone®e bound
edneSS eriterion to enSure the exiStenee of 8lobal ¢la5Sieal Solution M any Spa
$13] dwn enBionS To thiS end, we eSiabliSh our £ rS reSult on the boundedness
ertierion for the SySiem (1 1) under the @5%um ption® (K1) (K 3 aSfollow®

Proposition 1.3. (BoundedneS eriterion) Let (u,v,w) be the solution of (11)
obtained in Lemma 1 1. Suppose that there exist po > 5 and a constant My > 0
independent of t such that

Sup w(t) o = Sup w(+,t) peo < My,
tG(O,Tmax) tE(Omiax)

then one can find a constant C > 0 independent of t such that
u(+,t) wree - V(t) wiee - w(,t) e =C forall t  (0,Tha)-
Remark 1.4. ThereSuls M ropoSition 1 Zen pleS §hag the Slobal boundedneSs

of the Solution for the SyStem (1 1) with @55y phion® (K1) (K 3 €an be enSured
f we ean fnd a py > 2 Sueh thag

U(',t) o - w(-,t) o =< C, forall ¢ (Omiax), (] 6)

where C' > 0 15 a eonStan{ mdependent of ¢ Iﬁdeed, the eondition (16) 5
eaSier {0 verfy than (17)
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Remark 1.5. For the SyStemn (1 1) with the aSuen ption® (H1) (H 3, we ean
eaSily gheek thai there exi5iS a eonSiang C' > 0 Mmdependens of ¢ Sueh that
v(t) g1 o w(nt) 2 < C, See Temma 21 Henee uSm8 the boundedne™s
ertierion M Theorem (1 3, we ean derive the 8lobal exiSienee of Solution for
the SySteen (1 1) with uiforgn ™M fn e bound i otte dwn enSional Spaee direetly
For the hi8her dn enSion® (n = 2) we Needm ore reSularigy of u and v, whieh,
however 15 Yot eaSily obtamed due to the eom plex eoupled Sirueture To our
knowledSe we €an obtam (16) with py > 1 ™M two dyn enSional SpaeeS (See
21,22) only under Some Speedl funesional reSponSe funesion® F;(i = 1,2)
and Si8nal mienSify funetion ¢(u,v) whieh o otrvaieS uS to Sjudy the Slobal
boundedneSS of Solusion for SyStem (11) M Mm8her dwnenSional Spaee® (n =
?) for 8aneral funetional reSponSe funetions Fl(z - ]7?) and Si8nal mte'ﬂslty
futesion ¢(u,v)

With the above boundedneSS eriterion we Shall aStabliSh the Slobal bound

edneSS of Solution of the SyStem (1 1) M hiSher dwn enSional Spaee (n = 2) a8
follow®

Theorem 1.6. { Tobal boundedneSS) Let @ R™(n = 2) be a bounded domain
with smooth boundary. Assume that 0 S (ug,vo,wo)  W?2°°(Q) 3 and (H1)-
(H3) hold. Suppose one of the following conditions holds:

(1): The parameters & and x are small such that

= where M ~=snax{l, ug r~} (a7)

(n - 2)M;

and

X Qv Lo < ( ! where My ~— C(€° _1). (18)

n - ?)Mg
Here C > 0 and 6 > 1 are two constants independent of £, x and t.
(2): There exist two positive constants uy and po such that

Fi(u,v)v < ppu and  Fy(v,w)w < pgo. (19)

Then the problem (1 1) has a unique global classical solution (u,v,w)  C°(Q2x
0,00)) N C%1(Qx(0,00)) ? satisfying u,v,w > 0 for allt > 0. Moreover, there
exists a constant C' > 0 independent of t such that

u(,t) wiee = v(5t) wie - w(,t) pe < C. (110)
Remark 1.7. Below we 81ve Som e rem arkS gn the reSultS obtamed M Theorem
16
e ApplymS8 ghe eom pariSon prinemple to thef 5 efluation of (1 1), we have
u(s,t) poo < Mj =wax{l, ug po}.

oreover under the eondition (17), we ean derive thag there exi%S a
poSitive eonSiang N, Sueh that

V(b)) e < My — C(E9 1)

where C > 0 and 6 > 1 are eonSansS mdependent of & and y Shee
d(u,v)  C?(0,00) x 0,00)) and the boundedneSS of u,v, whieh are
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Mdependens of y, we ean fnd a eonSiang g > 0 Mdependens of x Sueh
thag

P Lo = 1o.
Then (18) ean be Sapi¥ ed of
- 1
XS ——.
no(n = 2)M>
e The eondition® (19) ean be Sat:¥ ed by variou® type® of funesional re
Spone funesion® Fi(i = 1,72) Sueh a® Beddm8ion peAnS8el® {ype 9,
2 %1 ragio dependent type 18 and HarriSon type 1 and So on

At 125 we 8ive Som @ applieation® of the reSuliS obtamed M ropoSiion
1 7and Theorem 16 Thef r55 exden plefor the appheatsion of our reSults 15 the
food eham en odel with alaren taxiSand Hollm6 type Itunetional reSponSe fune
f10n, that 15 ghe SyStem (11) with (1 ) ore preeSely, we have the followm§8
reSultS

Proposition 1.8. Let 2 R™(n = ?) be a bounded domain with smooth bound-
ary. Assume that 0 S (ug,vo,wo) ~ W2(Q) 3 and the parameters & and x
satisfy the following conditions

£= 1 YAy rwal
(TL N ?)Ml (TL 4 ?)MlMg
with My and My defined as in Theorem 1 6. Then the system (1 1) with (1 )
has a unique global classical solution (u,v,w) C°(Q x 0,00)) n C2H(Q =
(0,00)) 3 satisfying u,v,w > 0 for all t > 0 with uniform-in-time bound in the
sense of (110).

and y <

Remark 1.9. ur reSultS 1 propoSition 1 8 wn ply that the boundedneSS of the
Solution for the SySien (1 1) with (1 ) ean be eStabliShed m any dwn enSional
Spage with Some ana”'ﬁess assum ptonS on the taxiS eoemerants & and x AS
far a5 we know, the 8lobal exiSienee of ela55ieal Solution for the SySiem (11)
with (1 ) for lar8e £ and y 15 Sl open even M fwo dyn enSional Spaees

The Seeond exaen ple will be diSeu™Sed 15 the SySiem (1 1) with funesional
reSponSe funenion® Fy(u,v) and Fy(v,w), and the 5i8nal mienSity funetion
P(u,v) takm8 the follown 8 foren

u v
s F2(11,w> - — and ¢(u,v) = uw, (] 1])
myp -U me W
where my and mg are two poSiiive eonSiansS The SyStem (1 1) with (1 11) ean
be rewritien asfollow®

Fi(u,v) =

ut:Au_u(]—u)—T?lﬁ), x Q, t>0,
vp=2A—¢& (v u) - Py 75’1222_1:0 — 61v, x Q, t>0,
we=Aw—=x - w (w) - 20— bw, r Q,t>0, (11?)
%:%:%:’ r 00, t>0,
u(z,0) = up(x),v(r,0) = vo(x),w(x,0) = wo(z), = Q.
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For the SyStemn (1 12) without Spagial e ovemn en, the eondision® for exiSienee
and Siability of extmetion and eoex:Sienee e®uilibriun S§ateS are deteren Med
m % When X = & =0, the Slobal dynae 1€ of Solution for the SySiem (1 12)
have bean eStablihed M 27 R eeently by uSm8 the Sep 18roup eSiwn a4e® the
authorS ™ 30 proved the 8lobal bounded €/aSSieal Solution of (1 12) with & — 0
m all dwn enSionS Iy faet, we Notiee that the funesional reSponSe futetions
Fi(u,v) and Fy(v,w) Sany

Fi(u,v)v = v

swvand F(v,w)w = —— <.
myp S0V meo W
Then the eondition® (1 9) are Safi¥ ed and henee we ean dreetly obtam the

8lobal boundedneSS of the Solution for the SySiem (1 12) aSfollow®

Proposition 1.10. Let Q) R™(n = 2) be a bounded domain with smooth bound-
ary. Assume that 0 S (ug,vo,wg)  W>2(Q) 3. Then the system (1 1) with
(112) has a unique non-negative global classical solution (u,v,w)  C9(Q x
0,00)) n C*H(Q % (0,00)) 3 satisfying u,v,w > 0 for all t > 0 with uniform-
in-time bound.

Remark 1.11. The reSult® m  ropoSition 1 10 Not oty eover the reSults the
8lobal boundedneSS reSultS of the SyStem (112) M referenee 20 but alS
extend theSe reSultS to the eaSe of £ >0

2. Preliminaries and basic lemmas

I {he followm8 we Shall abbreviate Jq fdz a8 [ f for Seaphety without
eonfudion  oreover, we will uSe ¢; and M;(i = 1,2,..) to defote Senerie
poSitive eonSiantS Mmdependent of t whieh endy vary m §hiS paper Iy §hiS
Saetion, we f r5% 8ive Som e baSie aSiwn ateS and lamen a5 thag will be uSad later

Lemma 2.1. Let (u,v,w) be the solution obtained in Lemma 1 1. Then it holds
that

u(tyt) peo < My =—eadx{l, ug pe} forall t (0,Thaz), (21)
and
v(t) 1 o w(,t) pr <= Mg forall t (0, Thax), (22)
where M3 > 0 is a positive constant independent of £, x and t.

Proof. Applym8 the eom pariSot priemple to thef 5t e®uafion of (11) we ean
derwve (2 1) dweetly
From the efuationS of (11) one ean derive thag

i/(u ~biv -~ bibow) :/u(l—u)—blﬁl/v—blbgﬁg/m
dt Jg Q Q Q
and henee
(u _'blv _blbgw) _/u _b191/v _blbgeg/’w
Q Q Q

d
:/?u—/uQ:—/(u—])2 219 =19,
Q Q Q

dt Jo
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whieh eom bited withk ronwall’s Me®uahiy SiveS (2 2) O

Lemma 2.2. Let R™ be a bounded domain with smooth boundary, and
2z C?*(Q) satisfy % = 0 on 02, where v is the outward unit normal vector
on 0. Then we have
) 2
A <o) op, © 3

and
/ | AP <y 2 2 / | 2PEDID2P for p L), ()
Q Q

where k1 = Kk1(Q) is an upper bound of the curvatures of O and ke = ?(n -
).

Proof. The proof of (2 3 et be found m 27 The eSiynate (2 ) haS been
proved M 26 O

Lemma 2.3. LetT >0 and 7 —ea {1, %} Suppose that the non-negative
functionsy  C(0,T)) n CY((0,T)) and f L} _(0,T)) satisfy

loc
y'(t) cayt) < f(t), t (0,7),
and
t+T1

()ds<b, t (0,T—r),
t

then it holds that

(1) Smax {y(0) _b,g ) 1),

Lemma 2.4. 12, 6 Let e*®(t = 0) be the Neumann heat semigroup in €, and
denote Ay > 0 as the first non-zero eigenvalue of —A in  under Neumann
boundary conditions. Then there exist positive constants v; (i = 1,2, 3 ) de-
pending only on 0 such that:

(1) If 2<p < oo, then

etz P =me

holds for all = WP(Q).
(n) If1<g<p<=<oo, then

ME e forallt >0 (? 5)

ez LpS’yg(] L7335 é)e"\lt z ra forallt>0 (26)

holds for all =z L9(2).
(m) If1=<g<p<=< oo, then

Pz o <13 (1 otz a—%)) z pa forallt>0 (27)

holds for all = L(Q).
(w) If1< g<p<oo, then

ez =y (] Lt 3Gs )e*)‘lt z pa forallt>0 (28)
holds for all z  (C§°(2))™.
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We mphasme ihag the reSyly m Tepnena 2 (lV) 18 a18g applieable to any
z  L9(Q) with 1 < ¢ < oo, beeauSe C5°(Q) 15 dene m LI(Q)(1 < g < o)
(See 215 6 )

3. Boundedness criterion: proof of Proposition 1.3

Iy {hiS Seetion we are devoted to e%abliShm8 the boundednesS ererion of
for the SyStemn (1 1) M any dwn enSional Spage To th® end, we ' v5§ uiihae the

ewen ann Sen 18roup theory snotivated by 19 Temena 21 to eStabliSh the
boundedne® of wv(:,t) p~ provided the boundedne® of wv(-,t) Leo for Some
po > % For the two Speeie® predator prey SySiem (12) the boundedneSs of

v(,t) Lo 15 eNoudh to enSure the exiStenee of 8lobal elaSieal Solution How
aver for the three SpeeieSfood eha e odel we Nead further a3 ateS on fhe
boutdedneSS of w(:,t) o, whieh 15 not eaSly o obtam b faet Smee the
appearanee of ero® diffudion teren —x - w P(u,v) M the third efuation to
derive the L>° bound of w we Need Some eStenateS ot v whoSe aStwn ateS
however depeandS on the eSfynateS of w 145 To overeom e thiS problem  we
#r5 e51abliSh eoupln 8 enerSy eSiwnateS of w(-,t) 1o =  v(-,t) L2 provided
the boundedne™ of w(:,t) reo with pg > 2 and then apply Sem16roup e
tnateS to derive boutdedneSS of  w(:,t) e Then the boutdedneSS eriterion
for SyStem (1 1) follow®

3.1. Boundedness of ||v(-, )|z

I §miS SubSeetion we £v5% Show thas the boundedne™ of v(,) o €0 be
eStabliShed provided the boundedne® of  w(-,t) Leo for Some py > &

Lemma 3.1. Let (u,v,w) be the solution of (11) obtained in Lemma 1 1. If
there ewist constants pg > 5 and Cy > 0 independent of & and t such that

Sup v+, t) eo < Co, (21)
t€(0,Tmax)

then we can find two constants C7 > 0 and 6 > 1 independent of £, x and t
such that

V(1) e < My = C1(&0 -1). (22)
Moreover, it holds that
u(t,t) Lo < My, (213
where My > 0 is a constant depending on & but independent of x and t.

Proof. k v(,t) ro < Cp, we elawn thag there exi{S a eonSiant ¢; > 0 Sueh
thag

u(-,t) r =cy, for all ¢ (Omiaz)7 ( 3 )

with

npo
r 17 n—po)’ f Do =mn, ( ?5)
]7 oo, f Po > n.
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IY'L faet, applymg the variagion of eonSiangs forenula to the 15 e®uagion of
(11), we have

t t

u(-,t) — eB Dy, _/ eA=DE=5) (2 — 4)ds — bl/ A=V By (u, v)vds,
0 0

and henee

t
u(,t) r = €(A71)tUO Lr _/ e(Afl)(tfs)u(?—u) erS
0

by /t AV By (4, ) rds (136)
-5 120 I
Then uSm§ (2 5) and ug  W2>2(Q), we a0 derive that
I = @ Dy v < 'yle_(/\1+1)t uy Lr < ca. (327)

qOVnE the faes u(,t) p < My ™ Temma 21 and um8 (26) we ean e
mate [ aSfollows

t
12'—/ e(Afl)(tfs)u(‘?—u) erS

0

t 1 n
< N — —*+T.) —(A1+1)(t—s) 9 -
72/0(1 (t—s)"272r Je w(?2—u) peds ()
< vy M (2 _le)/ (1 _(t—s)—%+%) e~ QatD(t=9) gg
0

= c3.

USm8& the propertie® of Fy(u,v) m aSSumption (K1) and notm8 the faes
u(t) po < My (See Tenena 21) we et #nd & poSitive eonStang ¢4 —
Kl(Ml m ]) S‘.lth thag

0 < Fy(u,v) <cy. (29

Then uSns (21) and ( 29), we ean apply the Sem 18roup eStenate® m (2 6) to
derive

t
13 — bl/ G(Ail)(tis)Fl(U, ’U)’U erS
0

t _;_ﬂ(i_;) 1 )

Sblvg/ (] s(t—s) 2 2\Po"F )e_( 1) (t=s) Fy(u,v) p= v rpods
0

= b1’V2COC4/ <] ~(t— 3)_;_2(;()_&)) e~ MatDE=9) g (1410)

0
< b172C0c4 1.\ - ])%*%(%*%)I 1_ n i _1
A 21 2 2\py r
= ¢5,
where I denoteS thel amena funetion defned by I(z) — [°¢
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We are Now M @ poSition to Show ( ??) App]ymgthe variagion of eonStangS
formula §0 the Seeond efuation of SyStem (1 1), and notm8& Fh(v, w) > 0 from
the a5Suen ptiot (H?), 1t hold® thag

t t
v(,t) BTy E/ A= L (yVu)ds +/ A= By (4 v)uds
0 0

¢
7b2/ AV By (4 w)wds (211)
0

t
<e (A—61)t 5/ (A—01)(t— S)v (vVu)ds + / 6(A791>(t75)F1('LL,U)'Ud8,
0

whieh SiveS

¢
v(,t) Lo = BTy 1o _5/ A=) (y ) peeds
0

. ( ?]?)
_/ e(A_el)(t_s)Fl(u,v)v rds.
0
For eaeh fxed T (0, Taz), o we let
M(T) = Sup  v(t) L, (213

te(0,T)

then M(T') 15 e due to loedl exiSienee of the Solution é(ex‘s we Shall
eStynate M(T) from ( 212) Without 1055 Of Senerality, we a%um e thag o

po < n and henee n < - whieh entalSuSgofndan <r< e Sueh that
(7 )hold®  oreover uSn& thefaes n <7 < 2 we et fxn < g <71 Sueh
thag

1 r—q
————>—1 and § — 0,1). 71
B) ?q> 0" rq (a) ( )

Then uSm8 the faet v(-,t) 1 < Mz 0 (2 2) and the eSiynate (7 ) we have

< . < %‘ 1_% < M1760M60(T)
VvV U a= erﬂq U rr= ULl VU [0 U Lr = CelVlg .
(n%)
1 the other hand notm8 ( 71) and ( 29) one haS
Fl(u,v)v LPo = Fl(u,v) L= U [Po = 0064. ( ?]6)

With ihe eSin ateS (21°) and ( 716) ™ hand from (71 ) and ( 212). we ean
uJe the Sem 18roup eSiynateS (2 7) and (2 8) to derive
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n

2q ) e~ MOV, 70| Lads

_1
2

(-, 8)llzoe < alvollzoe + 4 / (149

oo n
+ / (1 (6= )77 ) ey, 0)vl pods
0

< sllvollzee

Yace€ My 5o iin (1 n
ikt ekt S (1 272 [ = — —
+ N1 0 MO(T)[1+ (N +61)27 2 5 2

v3Co0c4 2P n
1 ri1——
o ( o ( 2po ))

< C7£M60 (T) + cs.
Then notm8 the def ko0 of M(T) ™ (21 3, from ( 217), ofte ean obtam
M(T) < czEM%(T) _ ¢,

( 717)

whieh 8iveS

3
M(T) < 2(1 = 6)(260) % (¢r€) 7% %cs < co(1 - E7%)

and then (1 22)follow®  oreover uSm8 (1 32) we ean obtam ( 2 3 dweetly from
(2)and (2°) Then we eom plete the proof of th1S legnen @ O
3.2. Coupled energy estimates: ||w(-,¢)||z» + || Vv (- t)| L2
exs, we Shall wnprove the redSulariy of v to e%abliSh the boutdedne™ of

w(,t) Lo To th® end, we fr5 eStabliSh the follown 8 eoupled enerSy eSt
m ateS

Lemma 3.2. Assume the conditions in Lemma 21 hold Then it holds that

d
- P 2p P 2p 2
G (w1 oBr) s [ /|w2|
< Mg (/ |[Au|PH! _/wp+1 _]>7
Q Q

where My — pen {01,025} and Mg > 0 is a constant depending on & and x but
independent of t.

( 718)

Proof. USmS8 the Seeond efluation of (1 1) and the MieSration by partS we ean
derive thag

2p_ 2p—2 .
s L1 = [ e

——/| P72 v Av— - (€v u)

2 Fy(u,v)v — by Fa (v, w)w — O1v

/| o2 . Av_g/ | o2 ) (v w)

_/| o7 v Fi(u,v)v
Q

by / o2 0 Fy(v,w)w — 6, / | o,
Q Q
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whieh toSether with thefaes v Av = 1A v]? —|D%p|? SiveS

e R NI s IRk
AR T N

:,/| |p1)5| vl _5/ o2 ) (v ) ( 219)

/ | v**7% v Fi(u,v)v _bz/ | 72 v Fy(v,w)w
—Jy o Jy o Js s ?
USm8& (2 § and the follown8 iraee Mefualiy (Sea 7 R emark %99 )
z 200 S€ 2 rz@) -Ce z p2(g) forany e>0.

We £ r5% aS§yn ate the teren J; a5 follow®

2
g [ e Bt s [y
o o - ( 0)

-1 B
_p—/| PR | 2P /| of?.
16 /g

S8 the faetS v(-,t) oo < My and (-, t) peo < My, a0d Notm8 |Av| <
n|D%v| we ean eStuen ate the tern Jp a5 follow®

J21€/Q Al PP v) - (vow)

ep=1) [P P o 0w )
Q
- 22 Ay - u —vAu
s/ﬂ| P2 00( e - vAw)

<t(p— )M /Q | o2eD] | o
(221)

ep— )My /Q o3 | oA
-€M4/| v|?P71 A _»§M2/| 0|72 Aul| A
Q Q

p—1 _
e AR N I ey N
Q Q
1
2 / | PP DD e / | oD Aup,
8 Ja Q

where 3 (n -p=1)E2MF and ey~ (n -p—1)€2M3
USm8 (1 22) and notm 8 she propertieS of Fy (v, w) M a5Suem paion (H?2) one
haS

0< FQ(U w) Ko (M2 a ]) ( ???)
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! . . v_ s
Then notmE faesS ( 32) ( 29) and ( 222) aSwell a5 |Av| <  7n|D%v| and uSmb&
Youns&'s meflualify we eStun ate the teren 8 J5 and J, aSfollow

/Q |Vol*? "2V - V(Fi (u,v)v)
—/ V- |V V) Fy (u, v)v
. (223

(1) / VoV Vol Fi (w, 0o + / V0|2 Ao| Fi (4, v)v
Q

—1 _
Lo [P e 4 g [ 19D e [ 9o
Q

IN

A

and
Jy sz/ |Vo*P "2V - V(Fa (v, w)w)
Q
b2/ V- (VP Vo) Fa (v, w)w
“ (32)
< ba(p—1) / \Vu|2p_3\V|Vv|2|Fg(v,w)w+bz/ Vo[22 | Ao B (v, w)w
JQ Q
p—’l/|W\2<P—2)|V|W|2|2+i/ \W|2<p—1>\p%|2+c5/ Vo[22
16/, 16 J,, o

SubStikusm8 (1220), (1221), ( 22 Jand ( 22 ) mio ( 219), and uSm8 Holder
me“.uahty and Youn§&'S me"‘uahty we ¢anl derive thag

2P 117_1)/ 2(p—2) 212
o R NI I
- / | WP VID2 e, / | o
Q Q

<(c1 —co) [ | v* —Cs/l 2P| Aul? _64/| v2P=D
Q Q

Q

—05/| o]2P= D2
Q
1
R Ny N e A
(a1 2)/Q 4 2 )i

_‘66/ |Au|Ptt _07/wp+1,
Q Q

where ko — ?(n 1 pz) 15 the eonSiang defned M Tanema 2 2 Then apphmg
Youn8'S meyality and (2 ) and Notm8& v(-,t) pe < Mo, we €ant obtam

1
2p 2(p—1) 2(p+1)
. ‘02)/9' ! ‘C‘*/Q' LR @Mg/gl !

1 2
< p+1) ~
= a2 /Q | o] cs

1
< / | PP DD e,
Q

(%)
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whieh SubStriuted mio ( 327) engadS {hag

d pp—1 -
e S HEED gy
Q Q
A Y A (26)
? Q Q

< ?c6p/ [Au|Ptt ?C7p/ wPt - 2¢gp.
Q Q

N the other hand from the third e®uation of (1 1), we ean derive thag

li/wpt/wpflwt
pdt Jo Q

:/wpfl Aw— - xw ¢(u,v) = Fo(v,w)w — Gaw
“ (227)

'——(p—l)/ﬂwple w]? —X(P—l)/chﬁuwp*l uw

o= [t 0w [ R =6, [ w.

oreover, Notm8& the boundedneSS of w(,t) po (See Temegma 21) and
V(1) poo( See (122)) and uSmS8 the aSum ption (K 3 we ean #nd a eonSiant
n > 0 Mdependent of ¢ Sueh that

¢u L - ¢v Lo Sn (??8)

Then 1o§M8 fhe faet® (273 (3222)and ( 228), and S8 Youns'S meflyaliy,
we ean derve from ( 227) that

—— | w? 2 (p—1 w? w|® -0 w?
pdt Jo (p ) o | | 2 o

Snx@—nwa1¥w4|w|mx@—nlkw”1vnzm;/zawﬂwwp

Q
—1

Spi/wp_% w|? —'09/wp| of? —'C1o/wp7
2 Ja Q Q

whieh toSether with the faes [, w2 w|? = ;iz Jol w2|? SweS

d 20p—1
o o 2wt o [ wr e [l o e [0,
dt Jq p Q Q Q Q

( 929)

N the other hand uSm8 Youns8S meflualify Notn8 (- 1) e < My, we eant
derwve from (2 ) that

p
Cgp/ w?| U|2 —Clop/wpS 9/{2M2/| U|2(p+1) —611/wp+1 - C12
Q Q 3 Jo Q
p _
<< [ | oPP YD Zery [ wPtt e
? Q Q

(29)
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Then SubStiiudm8 (2 D) Mo (229) and eombmm8 (1326), we ean obtam
(218) O

3.3. Boundedness of ||w(:,t)| L

I {118 SybSeetion , we are devoted to eStabliShm8 the boundedne™S of w(-, 1) 1
To thiS end we f 5§ wn prove the reSularity of u aSfollow®

Lemma 3.3. Let (u,v,w) be the solution obtained in Lemma 11, and suppose

that ( 31) hold. Then there exists a constant M7 > 0 depending on & but
independent of x and t such that for any p > 1

t+71 ~
/ / |D2U|p < M- fOT all t (OaTmaw)7 ( 3 2)
t Q

and
t
/ e P Ay P o< My forall t (7, Thaa), (2?)

where

o, lf Tmax — ©o.

Proof. Tetsm8 G(z,t) = u(?—u) — b1 Fy (u, v)v, we et rewrite the # r5 e®ua
f10n of (11) aSfollow™:

up— Au ~u = G(z,t).
The eombmagion of Tepnena 21, ( 22) and ( 39) SwveS
G(yt) peo = u(—u) —biFi(u,v)v o <. (229

With g W2%°(Q) and ( 2 23 m hand, we ean uSe the Senilar arSue ents
aSm 28 Ternena 2 fo0 derwve (2 2) dreetly Then the eStynate (2 2) S a
eon Se®luenee of them axwnal Sobolev reSularity property (See 8 Tepnena 2 3 )

O

Lemma 3.4. Suppose that (u,v,w) is the solution obtained in Lemma 1 1 and
assume that there exist constants py > % and My > 0 such that

Sup w(t) o - Sup w(+,t) o < My,
tG(O,Tmax) tE(Omiax)

then there exist two positive constants Mg and Mg, which depend on & and x
but are independent of t such that

v(,t) Lo <= Ms forall t (0,Thmaz), (22)
and

w(,t) Lo < Mg forall t (0,Thaz)- (2 25)
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Proof. Sihee
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Then w58 the Sem 18roup eSimateS M Temema 2 40 (2 0), 1t hold® that
v(,t) e =72 v(,,T) Lo
_725/ ] S (t—s) %_%) em M=)y ) paeds
Z 7205/ (] 2(t—s)” %> e~ (MatD(t=s)gg
r

t
_")/21)206/ (] _(t—s)_%_%) 67()\1+1)(t75) w LpdS.

Choo®m8 p > n m (2 8) and uSm8 the boundedne® of wv(,t) p~ and
u(+,t) L, we have

(v u) p2p= v uw VAU pp<c; U p2p

g Au 2o S cqc7 —cg Au pep,

and

ot t
/ (1+(t—s)*%’4£) ~Patnes S)+/ (1+(t—s)*%’2£> Tl gy

T

whieh SubStifuted mio (2 1) SiveS

t
V0Pl < st [ (1 =) 8 R) O s

+ Y2 llv(-, t)|| oo + Y2csc9 + Y2bacsco.

N the other hand, uSm8 Holder me®uality and ehooSm8 p > n m (12 2) we
et derive thag

t
/ (] - (t_S)_%_%) 6_()\1+1)(t_s) AU LZpdS

2p—1

t 2p “2p
< (/ (1 _(t—s)‘%—@)zpfl S aie s)> ) (23
T 1
t 2p

= C10-

SubStuiusm8 (2 3 Mio (2 2), we obtam (2 7) dreeily
Synlarly we ¢ant apply the variagion of eonSsant® formula to the third
e®uagion of (11) and uSe the Sem18roup eSiynateS M Tenena 2 0 obtam
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w(,t) Lo < A0
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then it holds that
v(yt) o < Ms  forall t (0, Thax), (2
where My is the constant defined in Lemma 31.

Proof. gotm8&that (-, t) peo < M; —max{l, uy pe}from (? 1), baSed on

Som e 1(ﬂas m P 7 we Miroduee & weiSht funetion a5 followS
B(u) = B g g2 2 (3
pM¢’

where p = n _ 215 ¢ho®en {0 enSure the followm8 two relations (will be uSed
]ater) hold-

&p? <85 ()
and
— 132 4,2 — 182 £2(p—1)2
(p=1)F" B g =D EP=1) (5
p p p
We ¢an eaSily eheek that ®(u) St S
1=®(u) <¢, (6)

and
0<®(u) = 28%ud(u) and 0< & (u) = (28 - Bw)d(u). ( 7)

From e®uagions of (] ]) and uSm8 foreula of Miabragion by partS we ean
derive thag

1d 1
—— @uvp:f/cfluvpu _/fﬁuv”_lv
Lo [awe =2 [ @ - [ swe

1
:—f/(i”(u)v’ﬂ u|2—?/ (wwP™t ue w
P Ja Q
~(=1) [ #wor | of
Q
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whieh {oSether with the faetS (v, w) > 0 M aSum ption (H2), ®(u) > 0 and
®(u) >0m (7) a8 well a8y v,w >0, Sived

%% /Q O (u)? < — /Q {;;q)”(u) - §©/(u)} VP|Vul? — (p—1) /Q O (u)o? | Vo|?

— /Q [20"(u) — &(p — 1)P(u)] WP V- Vo
1 ! p w)v? Fi (u, v
+7/Q<I>(u)uv+/<l>()F(,)

p Q

. o1
—/XAX + =

Jo p
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whieh SubStifuted mto ( 11) yreldS

1d
O a P2y’ < / . >
pdt/Q (u)v CQ/Q'U | v]" <c3 Qv (19)

USmS8 the faet 1 < ®(u) < ¢y ™ ( 6) and v(,t) 12 < Mz ™ (22) then we
ean uel a8lhardo Nlreﬂberg Me®yality 5o nd c5 > 0 Sueh thag

b
03/11” _/Q(u)vaC4/vp:C4 vz 2,
Q Q Q

B Zn(pl_i)z p 4:L w2 P 9
s of 8 e
Lp Lp
< [0 o
Q
whieh SubStifuted mio ( 12) SiveS
- w)vP w)vP < cg.
pdt Jq Q

Ther applym 8 ronwall’s mefyaliy 40 (1§, we have Jo B(u)vP < 7, whieh
toSether with the faet® ®(u) =1and p =n -2 Swve’

U('ﬂf) Ln+2 SCg, ( 1 )

where cg > 0152 eonStang mdependent of ¢ Then uSm8 Temea 21 andnotmé
( 1 ) we e obtam ( ?) dreetly O

Lemma 4.2. Let (u,v,w) be the solution obtained in Lemma 11 and assume
(H1)-(H3) hold. Suppose £ satisfies (1) and x satisfies

1
- <L —
Xd)vL (n_9)M2’

(19
we have

w(+t) peo < Mg, forall t (0,Thmaz), ( 16)
where My is the constant defined in Lemma 31 and My is chosen in ( 2 35)

Proof. Stnee & Sat¥ eS (1) thenfrom Temena 1 webhave v(-,t) po < Ms.
Tett& p—n -2 we Miroduee & weiShi futetion
p—1
pM3’

W(v) = e ynth P’ = (17

whieh Safi¥ oS
1=¥(w) <¢, ( 18)
and

0< W (v) = 2p%0¥(v) and 0< ¥ (v) = (2p* = pv?)¥(v). ( 19)
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USm8 {he Seeond and third e®uation of (11) and notm8 the faes ¥(v) > 0,
after Som e ealeulation® we ean derive

1d _ 1 / -1
bl Q‘I’(v)w” > /Q\Il (v)wPvy 7/Q\P(v)wp wy
_ T § " / :| D .
= /QYBY _/Q {p\l (Vv 2 x¥ (V) | WP u- v

( 20)
@ xp=D¥es) et e

1 /Q ¥ (0)ow? Fy (u, 0) - / ¥ (0)w? Fy (v, w),

p Q

P

where Y = (w
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N the other hand notm8 the boundedne™S of  v(-,t) o @0d  wu(-,t) Lo,
and uSm8 ( 18) and ( 19) a5 well a5 {he a5y ption® (K1) (K 3 on F;(u,v)(i =
1,2) and ¢(u,v), we ean derive thag

/Q@\Ir”(v)v _x\y’(v)¢u) WP - USCB/prl o ( o7)

and

/(5\1'(1})1} x(p—=D)¥W)p,)wP™! w- wSC4/w”_1| w|  ( 28)
Q Q

aS well a8
1/ ¥ (v)vwP Fy (u,v) _/ \I’(v)w”Fg(v,w)SC5/wp. ( 29)
b Ja Q Q
Then SubSirtuin8 (- 26) (- 29) Mmio ( 20), and uSn8 Youn8'S mefyaliy we
obtam thaj
1d

- W P
ot ), (v)w

whieh 8iveS

1d c c
—— (v)w? S22 wP| o _ﬁ/w”_Ql w|2Scﬁ/wp7 (9
pdt Jo ? Ja ? Ja
2 2
with ¢6 "= 32~ 32 ¢

Ag 138 w58 thefaet> 1= ¥ (v) < ¢
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ext, we Shall prove the boundedne™ of v(-,t) L~ ™ ( 2) By uSn8
the boutdednes eriterion eStabliShed M Tapnema 21 we only Need to Show
v(-t) o <cp with p> 13 ToibSend for T (0, Tas) we fr3 defne
N(T) = Sup (1) 1o (7
te(0,T)
For p > & we ehoo®e 2 < g < p Sueb that

1 n/1 1 -2
—_—— = — — _ — an — q )
; ?<q p>> 1 and 4 = (0,1) (%
Then uSm8 (23 Holder meflyahiy and ( 7) we have
UV U a<= VU 1a U [oo = 0V ILI(SI v ilp U [0 SM31761M10N61(T).

(9
Then applym8 the Sen18roup eStwnateS M Tenena 2 and uSm8& ( P) we
a0 derve from ( 211) thag

t
lo(,t)[ze < [l o] e +€/ e~V T - (vVu) || Leds
0
t
+/ A=) By (u, v)o| Leds
0

n

ot
< ysllvol[e + 73/ (1+ (t = s)20)e "I Py (u, v)v]| Lo ds
0

0
" 0O

+ €My~ Myo N (T)

c\
~~
—
—
~
I
v
=
|
NI
|
N
QR
|
Tl
-
~—
a®
|
>
i
+
>
B
-
=
=
|
w
Z
IS
VA

< lNH(T) + ca,
whieh eomnbed (- 7) Sved
N(T) < ciEN°H(T) _ o
and henee N (7) < c3(1 _'fﬁ) ‘= ¢4 by notm8 6;  (0,1) m ( B) Then
uSin8 the def Mo of N(T'), we bave for all p > 2 {hag
v(t) pp<cy forallt (0,Tmaz)- (0
Ag 135 applym8 Tenma 2140 ( 0) with p > 2 we obtam (- 2) O

Lemma 4.4. Let (u,v,w) be the solution obtained in Lemma 11 and the as-
sumptions (H1)-(H3) as well as (19) hold. Then it holds that

v(,t) Lo < Mg forall t (0,Tmax), (1
and
w(,t) peo < Mgz forall t (0,Tmaz), (2

where My and Mis are positive constants depending on & and x but indepen-
dent of t.
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Proof. USMS the Sentlar arSuen en$5 M Jamem @
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whieh SubStituted Mo ( 6) SiveS
‘)p dt Ql o 91/ o= 05/ ID*ul”" - co. (7
Notmg the boundedneSS of v(-,t) = from Temend 2 2 we have
/t+T/Q|D2u|P+1 < M; forall ¢ (0, Tomaa)- (8
t
Then w58 Tenena 2 7and Mot (- 8) from ( 7) we obtam
v(:,t) 120 < c7. (9

N the other hand we rewriie the Seeond e®uafion of SySiem (11) M ghe
followm$§:

—Av cv=— -(&v u) -H(u,v,w), ( 50)
where H(u, v, w) ‘= Fy (u,v)v — ba Fa(v,w)w - (1—0;1)v Sap¥yms
H(u,v,w) po < Fi(u,v)v oo —by Fo(v,w)w peo =(1 261) v e
s mMy 2bopoMiy < (1 = 601) Mg = cs.
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whieh SiveS (1)
ext we Shall prove ( 2) M faet, uSm8 the third efuation of SySiem
(11), we have

t
wleyt) = et —x [ BT )

0 5
¢ (")
_/ e(A=02)(t=5) ) (4 w)wds.
0
Forp>Zand T (0,Trnas) we defne
K(T) = Sap  w(t) re. ()
te(0,7T)

Then 0048 p > L we ean £ 0d eon¥ant 2 < g < p Sueb thai
1 1 1

——n<—> >—1 and dy "=
q p

N the other hand due the a5Suen ption (K 3 and the boundedneSSof u(:,t) e
(See Tenena 2 1) and v(-,t) po (See Temema 3 we ean £ 1nd @ poSikive eot
Stant ¢y3 Mdependent of ¢ Sueb thag

Q=

(0,1). ( 6)

A

Gu Lo = Py Lo = C13,

whieh toSether with the faesS (23 and (1) SweS

w P(u,v) pa = w(py u —¢gy v) pa<ci3 w ra( U L= = U poo)
<cuuw 1LI52 w ‘zzp ( 57)

= 614M31_52 K62 (T)

Then uSm8 Temena 2 and Mot 8 the faesS ( 26) and ( °7) from ( ° ) we
havye

w(,t) o <v3 wo e

t
—X74/ (1 A(t—3)7%7%(%75»ef()‘”eZ)(t*S) w ¢(u,v) rads
0

s My /t(l (= 5) B e02(t=9) g
0
<ci5 -ciexK2(T),
whieh eom bited ( 55) SivaS
K(T) < c15xK®(T) - c16. ( °8)
Then we apply Youn8'S me®uality to from ( 58) $0 obtam
K(T) < eir(d - xT%2) = cis,
and heneefor p > 7 1t holdS
w(-,t) p<cig for Al ¢t (0, Thaz)- )
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Then uSm8 the boundednes eriterion M Temema 2 from ( 59), we derive
( ?) and then 15 eom pleteS the proof of Temena O

Proof. Theoren 1615 a eonSe®uenee of TemenaS 1 O
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