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1. Introduction and main results

A food chain is a linearly linked network in a food web starting from producer species (such
as grass or trees which use radiation from the Sun to make their food via photosynthesis) and
ending at an apex predator species (like grizzly bears or killer whales), see Wikipedia. The
length of a food chain is the number of links between a trophic consumer and the base of the
web, and it is commonly used as a metric to quantify food web trophic structure. While food
chains are often used in ecological modeling, most of theoretical attentions are focused on the
three-species continuous-time food chain models although they are simplified abstractions of
real food webs, but complex in their dynamics and mathematical implications [33]. The pro-
totype of three-species food chain models was first proposed by Hasting and Powell in [12],
reading as

ur=u(l —u)— f1(u,v)v, t >0,
vy = fi(u,v)v — fo(v,w)w —O1v, >0, (1.2)
w; = fo(v, w)w — Gw, t>0,

where (u, v, w) := (u, v, w)(¢) represent the densities of the prey species, intermediate and top
predators, respectively, at time r > 0. The functions f;(i = 1, 2) denote the trophic functions
(i.e. functional response functions). When f;(i = 1, 2) are Holling type Il trophic functions
(ie. fi(y,2) = b“' with constants a;, b; > 0), the food chain model (1.1) exhibits complex
dynamics, like chaos [12,22,24,26], periodic orbits [25] blstablllty [32]. If f,(z =1,2) are
ratio-dependent type trophic functions (i.e. f;(y,z) = > 0), a complete
classification of the asymptotic behavior of solutions to (1 1) with the uniqueness of limit cy-
cles was prowded in [13]. If f; (i =1, 2) are Beddington-DeAngelis type trophic functions (i.e.
fiy,2) = TFAVTB2 +B — with constants A;, B; > 0), the chaotic behavior of the model (1.1) was
investigated in [y 30 46] Recently the food chain model with fear effect was analytically studied
in [8,31].

Although the temporal food chain model (1.1) has been extensively studied in the literature for
different trophic functions and rich dynamics have been revealed as recalled above, the study of
spatial food chain models taking into account the spatial movement of species seems not being
touched yet as far as we know. The spatial movement is an indispensable factor for most of
species (if not all) to survive and thrive. The goal of this paper is to develop a food chain model
with spatial movements and investigate its global dynamics. In the model, apart from the random
motions (diffusions), we shall also include the directional movement of predators toward their
preys based upon the prey-taxis mechanism (i.e. the predators move upward the prey density
gradient). It appears that the Holling type I trophic function has not been considered for (1.1) in
literatures. Therefore in the present work, we shall complement this case by assuming the trophic
functions are of Holling Type | (i.e. Lotka-Volterra type), that is

fiw,v)=u, foa(v,w)=v. (1.2)

Then the model we consider takes the following form
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U =d1Au+u(d —u) — biuv, xeR,t>0

vy =doAv —V - (§vVu) + uv — bpvw — 01v, xe,t>0
wy=Aw—V - (xwVv) +vw — bw, xeQ,t>0, (1.3)
oyu =0d,v=20,w =0, x€d,t>0,

u(x,0) =uo(x), v(x,0) =vo(x), wx,0) =wo(x), xe€L,
where the variables, functions and parameters have the following biological meanings:

Q - a bounded domain in R? denoting the habitat that the species reside;

u, v, w - density of the prey, intermediate predator and top predator, respectively;
d1, dy - diffusion rates of the prey and intermediate predator, respectively;

&, x - prey-taxis coefficients;

b1, by - consumption rates of the prey and the intermediate predator, respectively;
01, 62 - mortality rates of the intermediate and top predators, respectively.

In the above, all parameters are positive.
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(us, vy, wy)
(0,0,0)0r (1,0,0), if 61>1,
= (0,0,0)0r (1,0,0) or (61, 5%, 0), if 61 <Z1and 6+ b16r > 1,
(0,0,0) or (1,0,0) or (61, 15, 0) OF (s, v4, wy)  if 61 <1and 1 + b6 < 1,
where
1— b6 — 0
(s, Vs, we) = 1 — b16o, 05, # . (1.4)

We call (0, 0, 0) the extinction steady state, (1, 0, 0) the prey-only steady state, (61, %, 0) the
semi-coexistence steady state and (i, v., w,) the coexistence steady state. We shall prove that
the latter three steady states may be globally asymptotically stable under certain conditions. We
also remark that the boundedness of ||v| L shown in Theorem 1.1 is independent of the prey-
taxis coefficient x > 0 (see Lemma 3.5). Then our stability results are stated in the following
theorem.

Theorem 1.2 (Global stabilization). Assume the conditions in Theorem 1.1 hold. Let (u, v, w) be
the solution of (1.3) obtained in Theorem 1.1 and let K = max{1, ||ug| L}. Then the following
results hold true.

e [f01 > 1, the steady state (1,0, 0) is globally asymptotically stable;
e I[f01 <1and 61+ b102 > 1, the steady state (01, %, 0) is globally asymptotically stable
provided

2 4d1do0,
<.
(1-61)K?

e If61 <1and b1+ b162 < 1, the steady state (uy, vy, wy) defined by (1.4) is globally asymp-
totically stable provided

Advdou, s Adidousv, — E2b1 K202
n <
biK?v, badyuw,||v][f

£2 < , (1.5)

where ||v]| o depends on b1, by, 01 but is independent of x.

The spatial food chain model (1.3) essentially uses the prey-taxis mechanism to describe the
directed movements of predators toward the prey. It can be regarded as an extension of the two-
species predator-prey system with prey-taxis (called the prey-taxis system) originally proposed
in [21]. In recent years, the global dynamics of numerous prey-taxis systems have been widely
studied (cf. [1,2,6,10,17,19,27,36,38-41,44,45] and references therein). Compared to the various
prey-taxis systems studied in these works, the three-species spatial food chain model (1.3) has
more complex coupling structures. To derive the L°°-bound of w, we require a priori bound for
[IVv| L~ whose estimate, however, depends on w itself and «. This intertwined estimate was not
encountered in existing literatures for the prey-taxis systems where the L°°-estimates of Vv is
unneeded for global boundedness. In this paper, we shall start with a coupling entropy estimate
lvinv|l 1 + |Vull ;2 for the energy estimates to derive the priori bound of ||v|| L with the help
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of semigroup theory. This idea was first developed in [37] for the classical chemotaxis system
and then for prey-taxis system (cf. [17]) as well as some other type chemotaxis models [16,
18]. To derive the priori bound of ||Vv| 1, apart from the above-mentioned entropy estimates,
we shall capture the model structure to use some essential estimates derived in [7,15] on the
second-order derivative of u (see Lemma 3.6) to carry out delicate energy estimates. However,
in order to use the second-order estimate as in [15], we need higher-order regularity of the initial
value ug up to the second-order derivative (i.e., ug € W2 (R)). The proofs of global stability
results in Theorem 1.2 are routine based upon the Lyapunov functionals alongside LaSalle’s
invariance principle. We remark recently an alarm taxis system was proposed in [11] and its
global boundedness and asymptotics of solutions in two dimensions was established in [20]. The
alarm taxis system studied in [11,20] shares some similar structures as the spatial food chain
model (1.3) but has quadratic decay terms (i.e. intra-specific competitions) for v and w. The
work [20] fully uses these quadratic decay terms to obtain the local-in-time integrability of L2-
norms of v and w, based on which the global boundedness of solutions was derived. Since the
food chain model (1.3) has no quadratic decay terms for v and w, the methods developed in [20]
are inapplicable to (1.3).

The paper is organized as follows. In section 2, we state the local existence theorem with some
preliminary results. Then in section 3, we conduct delicate energy estimates to derive the global
boundedness of solutions and prove Theorem 1.1. In section 4, we use Lyapunov functionals and
LaSalle’ invariance principle to prove the global stability results stated in Theorem 1.2.

2. Local existence and preliminaries

In what follows, we shall abbreviate , fdx as , f for simplicity without confusion. More-
over, we will use ¢; and K; (i =1, 2, ...) to denote generic positive constants independent of x
and ¢. The local existence of solutions to (1.3) can be readily proved by the Amann’s theorem
(see [3,4]). The positivity of solutions can be shown by the strong maximum principle. We omit
the details for brevity and state the results below.

Lemma 2.1 (Local existence). Let the assumptions in Theorem 1.1 hold. Then there exists a
constant Ty € (0, 00] such that the problem (1.3) has a unique classical solution

(, v, w) € [CO(Q X [0, Trnax)) N CFHL x (0, Trnax)1?

satisfying u, v, w > 0 for all t > 0. Moreover,

if Tnax <00, then limsup [lu(-, )|l yre + V¢, Ollwro + |lwC, £)|lLe = o0.
[/Tmax

Lemma 2.2. Let the assumptions in Lemma 2.1 hold. Then the solution of (1.3) satisfies

lu(-, )L~ < K, forall t € (0, Thax), (2.1)
where K = max{1, ||ug|lr~}.
Proof. The inequality of (2.1) is a consequence of [17, Lemma 2.2]. O
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Lemma 2.3. Suppose the assumptions in Lemma 2.1 hold. Then the solution of (1.3) satisfies
oG, Dl +llw Dl < Ka, forall 7 € (0, Tax), (2.2)
where K1 > 0 is a constant independent of t, & and .

Proof. Using the equations of (1.3), we can derive that

d
7 (u+brv+bibow)= u(l—u)—>b101 v—>b1b6r w. (2.3)
Q Q Q Q

Young’s inequality entails that

2 u< u?+19|

Q Q
which substituted into (2.3) gives
d
o (u+brv+bibow)+ u+b161 v+b1by6r w <|Q. (2.9)
Q Q Q Q

Letting o1 = min{1, 61, 6>}, from (2.4), we have

d
o (u +brv +bibyw) + 01 (u+brv+ bibow) < [L],
Q Q

which together with Gronwall’s inequality gives (2.2). O
The following Lemma can be proved in the same way as in [35, Lemma 3.4].

Lemma24.let T >0, 7€ (0,T), a>0andb > 0. Suppose that y : [0, T) — [0, c0) is abso-
lutely continuous and fulfills

Y () +ay@t) <h() forallte(0,T),

with some nonnegative function h € Llloc([O, T)) satisfying ;H h(t) <bforallt €[0,T — 7).
Then

b
y(@)<max yQ)+b,—+2b forallt€(0,T).
at

Lemma 2.5 ([29]). Let Q2 be a bounded domain in R? with smooth boundary and f € wl2(Q).
Then for any € > 0, there exists a constant C, > 0 such that

IFI3s < ellV A2 F I+ Cel A2 F I £ e+ L1l a)-
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Lemma 2.6 ([28]). Assume that 2 is a bounded domain, and let g € C2(Q) satisfy g—ﬁ =0on
dS2. Then we have

9|Vgl|?
Vel o ivel2,
v

where k = k (2) is an upper bound of the curvatures of 92.

Lemma 2.7. Let ¢ € C*(Q) be a positive function satisfying % = 0 on 092. Then there exists a
constant k1 > 0 such that

2412 4
e B < et (25)

Q Q Q

Proof. Motivated by some ideas in [43], we first show that

4
'V(;;' <@2++2? ¢|D*Ing)%. (2.6)

Q Q

In fact, using integration by parts alongside the Neumann boundary condition V¢ - v =0 on 9<2,
Hélder’s inequality, and noting the fact V|V¢|2 = 2D%¢ - V¢, we can derive that

IVol*
¢

Q Q

IVINg1’°VIng - Vo

=— ¢V|IVIng|?-Ving— ¢|VIngl®Alné

Q Q
__, (D’Ing-V¢)-Vé  |VgI’Alng
- ¢ ¢
Q Q
1 % 1 %
4 4
<2 otmet AL+ glamer T
Q Q Q Q
1 1
4
<@2+v2)  ¢ID’Ing? |v¢¢;| ,
Q Q

which gives (2.6).
On the other hand, using the fact (a — b)? > 3a? — b for all a, b € R, one has
201 %% 1 99 02
ki=t ¢ 0Oxxdx;

1D pl>= ¢

Q Q

¢2 ' 0Xx . 0x;]
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We note that the result in Lemma 2.8 (iv) also holds true for any z € L9(Q2) with 1 < g < o0
since C;°(£2) is dense in L7(2)(1 < g < o0) (see also [42]).

3. Proof of Theorem 1.1

In this section, we shall establish the boundedness of solution in two dimensional spaces.
3.1. Boundedness of ||v(-, t)| L

We first establish the boundedness of ||v(-, )|/ based on the energy estimates.

Lemma 3.1. Let (u, v, w) be the solution obtained in Lemma 2.1. Then it holds that

d 1 |Vul® b b1d V|2
4L Ve iy wd wp?ina 4 2292 VY
dt 2 u &
di 9|Vul?1 1 |Vul2 bi(K+6 Kib1 b
c 4 | l—dS—i—— | |+1( +61) wino| + 1b1 —2—|—K,
2 ov u 2 u &
Q2 Q Q

forallt € (0, Ty,4x), where K and K1 are presented in (2.1) and (2.2), respectively.

Proof. We multiply the first equation of (1.3) by —% and integrate the resulting equation by
parts to obtain

A 2
= %auta, B DAutb vAu
u u
Q Q Q Q (3.2)
=— |Vul?—=b1 Vu-Vou, forall 1€ (0, Tpar).
Q Q
Noting that
U
~— . —Au=. Yu-V{om,cma.. .. .c. ...
u
Q Q
Vu
= Vu- —
u

d |Vul®> 1 (VulP)

dt u 2 u

Q

Q

d |Vul? 1 |Vul?
— - = u
dt u 2 u?
Q Q

1
2
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1d |Vul? |Aul? , 1 |Vul?

d Vul? =2 —b1  Vu-Vu. 3.4
2dt u ta u + 1Vl 2 u? o v 34
Q Q @A | Q Q

Using the first equation of (1.3) again, for all # € (0, 7,,,,) We can derive that

1 |Vul? di |Vu|2A +1 IVul2(d—u) b1 |Vul?v
— U — — u — _— _—
2 w2 T2 u? 2 u 2 u
Q Q Q Q
di  |Vul? 1 |Vu 1 , b1 |Vulv
= Au+ = -2 |VupP-= ,
P i N B AL "
Q Q Q Q

which substituted into (3.4) gives

1d |Vul? |Aul2 3 , b1 |VulPv
- d Y - -
5 +di +5 Vel 45
Q Q Q ul Q £ (35)
di |Vul? 1 |Vuf?
== Au—by Vu-Vv+ - forall r € (0, T,0x)-
2 u? 2
Q Q Q

Au

Using the integration by parts and the fact that Vu - VAu =
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D?ul? Vul* 1
u|lD?Inul® = | D7ul + | L;' -2 = D*u-Vu -Vu
u u u
Q Q Q Q
|D2u|? |Vul* 1 )
= + 5 — 5 V(Vul’) - Vu
u u u
Q Q Q
(3.7)
|D?u|? |Vl |Vu|? |Vul*
= + + Au —2
u u3 u2 u3
Q Q Q Q
DZ 2 \v4 4 \v4 2
= D%l - | I;' + | L;l Au forallt € (0, T,ay).
u u u
Q Q Q
Then the combination of (3.6) and (3.7) gives
d Vul? Aul2 di d|Vul?1
di VUl g, A VUL e D2 I (3.8)
2 u? u 2 o u
Q Q I Q
forall t € (0, T;,4x), Which substituted into (3.5) gives
1d |vu|2+3 Va4 d D2In |2+b1 |Vul?v
2d1 p Hrmar s
Q Q Q Q (39)
di 9Vul®1 1 |Vul?
== —dS+ = —b1 Vu-Vu forall r € (0, T,4x).
2 ov u 2
Q2 Q Q

Multiplying the second equation of (1.3) by 2%+ and integrating it by parts, for all €
(0, Tynax) We obtain

LR Ui
& ¢ (3.10)
=b1 Vu~Vv—i—ﬁ uv(lnv~|—1)—% v(lnv—}—l)—% wv(lnv +1).

Then adding (3.9) and (3.10), and using the facts 0 < u < K, ||v(-, )|l ;1 < K1, lw(, )1 < K1
and vinv > —1 forall v > 0, we obtain

d 1 |Vu|2+b1 n +3 Vup?
i 2 u g VT Ty v

Q Q Q

b Vulv  bid V)2
+d; u|D2|nu|2—l——1 Vul™ + 1% Vol
2 u & v

Q Q Q
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di 9|Vul®1 1 |Vul®? b
=— Zds+ = = Inv+1
2 v u +2 u +§‘ uv(ino +1)
Q2 Q Q
b6 b1b
__151 vnv+1) — 22 wudinv +1)
Q Q
di  9|Vul?1 1 |Vul? bi(K+6 Kibiby b1KK
<4 Vul?1,o 1 Vull  bu(K+6) winy| 4+ Kibibz | 01K Ky
2 v u 2 u & e& &
Q2 Q Q

forall t € (0, T,,,4x), Which gives (3.1). Then we complete the proof of Lemma 3.1. O

Lemma 3.2. Let the assumptions in Lemma 2.1 hold and (u, v, w) be the solution of (1.3). Then
one has

loinv(, Ol + IVu, )2 < Kz, forall 7 € (0, Thax) (3.11)
and
t+t 2 t+71
V| 2
+ |[D“ul“ < K3 forallr € (0, Truax), (3.12)
t Q r Q

where Ky and K3 are positive constants independent of x and

. 1 Tnax — T, If T, ,
7 :=min 1,§Tmax and T = t max < OO (3.13)

00, if T,0x = 00.

Proof. Using Lemma 2.7, one can find a constant ¢; = dy«1 such that

|D2u|? N |Vl

3 forall ¢ € (0, Thay),
u

di u|D2|nu|2 >
Q Q Q

which substituted into (3.1) gives

d 1 |Vul? N b1 o+ |D%u|? N [Vul N bido  |Vv|?
—_— — v v C
dt 2 u & ! u u3 & v

di  9|Vul®1 1 |Vul? bi(K +61) b1K1 by

~dS+ = In = 24K
=5 P ~|—2 » + £ lvinv| + £ . +
Q2 Q Q

forall r € (0, T;,4x ). Using Lemma 2.6 and the following trace inequality ([34, Remark 52.9])

Izl 2090) < €llVzllL2(q) + CellzllL2(q) forany e > 0, (3.15)
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we can derive by the Cauchy-Schwarz inequality that

di 9IVuP1 IMI2
2 v —dS Kkdy ds = 4/<d1||V’42||L2(39)
99 1)
D22 (Vult 2
L4 D ul” | L;' ul forall 7 € (0, Thnax),
2 u u
o Q

which, alongside (3.14), gives

d 1 |Vu|2+b1 o 4 CL |D2u|2+|Vu|4 +b1d2 |Vv|?

4 = 2L oy + &

dt 2 u & 2 u ud & v

¢ ¢ ¢ ¢ (3.16)

142 Vul?  bi(K +6 Ki b

< +oez  Val + 1K +6) [vinv |+—1 : —2+K forall ¢ € (0, Tnax)-

2 u £ £
Q

Q
Using Young’s inequality, Holder’s inequality and the fact ||u (-, 7)||z~ < K, one has

1 142 |Vul2 |Vu* l %
Cc2 u u
< <1
272 SO T '
] . o (3.17)
vul* @ 2K|Q
_64_1 | b;| +( +c2) K|Q| forall ¢ e (0, Thax).
u 1
Q

On the other hand, using the Gagliardo-Nirenberg inequality, and the fact ||v2 lz2 = ||v||Z < K7

(see Lemma 2.3), we obtain

b b1(K 46 b1(1+ K +6
_1 U|nv+% |U|nU|§1(+——|_1) |U|nU|
Q

Q
Shoid,+ 2 s

=%

1 19 13
< —(||VU2||L2||U2||L2+||U2||L2) (3.18)

3
K 12

c4Kq 1
= & (Vvz| 2+

d
L 2||Vv%||iz+cs—5 forall ¢ € (0, Tpay).

Then substituting (3.17) and (3.18) into (3.16), we obtain for all ¢ € (0, T,,,,) that
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d 1 |Vul? N b o N 1 |Vul? N b o
— = — vinv = — vinv
dr 2 u £ 2 £
¢ ¢ “ “ (3.19)
La | D%u)? N |Vul* N 3bidy  |Vv|? -
a ce.
4 u ud 4¢ v P
Q Q
with cg := %fmm + % + 2822 4 k). Then applying Grénwall’s inequality to (3.19), one
has
1 |Vu® b 1
- [Vul +—1 vinv<e¢y 14— forall 7 €(0, T,ux)
2 u & &

Q Q

which gives (3.11) by the facts 0 <u < K and vinv > —1 forall v > 0.
Finally, with the fact 0 < u < K, we integrate (3.19) over (¢, + t) and use (3.11) to get

1+t 1+t
2..12 4 2
c1 D<u Vu 3b1d> Vv
[Dul*  |Vul [Vl

u ud 4&
t Q rQ

1
<cg 1+E forall 1€ (0, Tax),

which gives (3.12). O
With Lemma 3.2 in hand, we use coupling energy estimates to obtain the following results.

Lemma 3.3. Let the assumptions in Lemma 2.1 hold and (u, v, w) be the solution of (1.3). Then
it holds that

oG, Ol 2 + IVu(, Ol s < Kg forallz € (0, Tyax), (3.20)

where K4 > 0 is a constant independent of x and t.

Proof. Differentiating the first equation of (1.3) and multiplying the result by 2Vu, then we can
use the identity A|Vu|? =2Vu - VAu + 2| D?u|? to obtain

(\Vul®); =2d1Vu - VAu — 2b1Vu - V(uv) + 2|Vu|>(1 — 2u)

(3.21)
=d1A|Vul? — 2d1|D%u)? — 2b1Vu - V(uv) + 2|Vu|>(1 — 2u)

forall 7 € (0, Tyq ). Then multiplying (3.21) by 2|Vu|? and integrating the result by parts, along
with the fact 0 < u < K, we end up with
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Vul* +2d1  |VIVul?)? +4d1  |Vul?|D?ul?
Q Q Q

dt

\v/ 2
—ody vV s 4
ov
oSu|
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=42+ 2)b1K  v|Vul|?|D%ul|
Q
22+ V/2)2b2K?
<2d; |Vu|2|D2u|2+$ V2| Vul? forall 7 € (0, Tyax).
1
Q

Then substituting (3.25) and (3.26) into (3.22), we obtain

Q

|Vul?| D?ul?

|V |Vul?)? + 2d;
Q
(3.27)

d
— Vul*+ |Vul*+dr

dt
Q Q Q

22+ /2 2b2K2
< % V2| Vul? + c3 forall t € (0, Tyax).

d1
Q

Multiplying the second equation of (1.3) by v, integrating the result by parts, and applying
Young’s inequality and the fact |lu(-, t)| L~ < K, we obtain for all z € (0, 7,,,4,) that

d

o v2+d2 |Vv|2+b2 v2w+91 v2=$ vVu-Vv + uv?

1
2
Q Q Q Q Q Q
d 2
<2 |Vv|2+,f—d2 VUl +K o2,
Q Q

which gives
d
o vV v tdy |Vv|2§i— VIVul? + 2K +1)  v? forall t € (0, Tjpay). (3.28)
2
Q Q Q

Q Q
Letting y(r) := o v2+ ¢ |Vul|* and combining (3.27) and (3.28), one has

YO +y®) +do  |[VulP+dr |VIVul??+2dy  |Vul?|D%u)?
Q Q Q
22+ /2)2b2K2dy + £2d
< A V2*biK?dy + %y CIVul2 + 2K +1)  v?+cs (3.29)
dido
Q Q
5 3 5
22 2)2h2 K24 24
. 2@+ VK, 45y v Vul® 4 @K+DIQB P e
drdy
Q Q Q

<callvl35(IVul2s +1) +c3 forall t € (0, Tuax),

212 g2 2
where ¢ = 2EVDUITRIE | ok 1 1jq)3,
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Using the Gagliardo-Nirenberg inequality and (3.11), we obtain

IVull2s = 1Vulll 2 < csnkuﬁnfz|||Vu|2||§l + esl|Vul?| 12 .30
< C5K2% ||V|Vu|2||§2 +csK3 forall 7 € (0, Tyay).
Then by Young’s inequality and (3.30), one gets
callvl25(IVul?s +1) < c4C5K2% [RIFE IIVIWIZII,%Z +ea(esKg + Dlvl7s (3.31)

<d||VIVul?|2, + csllvl3s +c7 forallt € (0, Tax).
where c¢g and c7 are positive constants independent of x and 7.

On the other hand, using the fact |[vInv|;1 < K> (see Lemma 3.2), Lemma 2.3 and
Lemma 2.5, we have

collvl3s < dal|Vvl|5, +cs forall t € (0, Tyuan). (3.32)
Then substituting (3.31) and (3.32) into (3.29), one has

Y () 4+ y(@t) <cz+c7+cg Torallt € (0, Tuan),

which together with Gronwall’s inequality gives (3.20) and completes the proof of Lem-
ma3.3. O

Lemma 3.4. Let the assumptions in Lemma 2.1 hold and (u, v, w) be the solution of (1.3). Then
there exists a constant Ks > 0 independent of y and t such that

lv(, D3 < Ks forallz € (0, Thax). (3.33)

Proof. We multiply the second equation of (1.3) by v, and integrate the result over €. Then
with the facts (2.1) and (3.20), we obtain

V3 + 2d; v|Vv|2 +6, v
Q Q Q

Wl
SIS

=2¢ VVu-Vo+  u®—by vdw

Q Q Q
%-2
<do v|Vv|2+d— PIVulP+ K B
2
Q Q Q
1 1
52 2 2
<do v|Vv|2+d— 8 Vul*  +K °
2
Q Q Q Q
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., Kig? o 3
<dp oIVl A opds 4 Kol forallr € 0. Ty
Q

which entails that

d 4dy _ 3 K22
T vlGa + S IVoE T, +301lvl3s < — = lvljs + 3K v
3K 262
< dé +1917 [[ul3s forall 1 € (0, Ta).

(3.34)

Noting the fact ||vZ( t)||L4 =Dl : < K2 and applying the Gagliardo-Nirenberg inequal-
ity and Young’s inequality, we derive that

K282 K282
Kjé§ K&
& +1902 lli3s = &

3.2
+|Q|2 vz |l;a

<c VORI L1030, 40P
<c v v v
L2 Lé L% (3.35)

3 4
<c2llVz|}, +e3

4d
< TZHVU% "iz +ca forallr e (O, Tnax)-

Then substituting (3.35) into (3.34), we obtain

d
vl 43011075 < ca forallz € 0, Tnar),
which gives (3.33) by Gronwall’s inequality. 0O

Lemma 3.5. Let the assumptions in Lemma 2.1 hold and (u, v, w) be the solution of (1.3). Then
it holds that

v(. Dl < Ke forall 7 € (0, Tnax), (3.36)
where Kg is a positive constant independent of x and t.

Proof. Applying the variation-of-constants formula to the first equation of (1.3), we have

t
dthy o+ MDA — w) — bruvlds forall £ € (0, Thax),
0

u(-,t)=e

and hence
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t
Vu(, 1) =Veug+  Ver"92 (1 —u) — bruvlds forallz € (0, Tpay).  (3.37)
0

Then noting the facts 0 < u < K and |[v(-, )| .3 < K5, one has for all
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Applying the LP-L4 estimate (2.10), (2.11) and using (3.40), from (3.42) we derive

t
(-, Dl <[l @Ayl 00 + & | RATDY . (yVu)|| ods

0

+ (eI @ATD | o ds

0
t

<llvollL~ +yaé  (L+ (t — 5)”8)e~ P12t gy 5

0
t

Fys A4 —5) H)e M || ads

0
o0
5
<|lvoll L + ya&(c1 + K)Ks (L4 (t —s)"8)e 10™9)gs

0

o0

Fy3(ci+ K)Ks (L4 (1 —s)~3)e 109 g
0

5 1
<[lvollze + (c1+ K)Ks g—‘l‘s(l +6°T(1/6)) + g—f(l +67T(2/3))

forall t € (0, T,,14x), Which gives (3.36). This completes the proof of Lemma 3.5. O

3.2. Boundedness of |w(-,t)| po

In this subsection, we shall establish the boundedness of ||w(-, 7)| . In fact, based on some
ideas in [15, Lemma 2.4] and [7, Lemma 2.5], we can obtain the following regularity results for

u directly.

Lemma 3.6. Let the assumptions in Lemma 2.1 hold and (u, v, w) be the solution of the system

(1.3). Then there exists a constant K7 > 0 independent of t such that and for all p > 1

t+1
ID%u||?, < K7 forallz € (0, Tnax)

and

t
e PUNAu|lf, < K7 forallt € (z, Tax),

T

where T and Ty, are defined in (3.13).
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Proof. We rewrite the first equation of (1.3) as follows

U —diAu+u=F(x,t)

with F(x,t) := u(2 — u) — biuv. By Lemma 2.2 and Lemma 3.5, we see that || F(x, )]z~
is uniformly bounded in time. With ug € W2 (), (3.43) follows from [15, Lemma 2.4] di-
rectly. Moreover u(x, 1) € C2(Q) for any t € (0, Tjax) due to the local existence results in
Lemma 2.1. Then (3.44) is a consequence of the maximal Sobolev regularity property (see [7,
Lemma2.5]). O

Lemma 3.7. Let the assumptions in Lemma 2.1 hold and (u, v, w) be the solution of (1.3). Then
it holds that

lwinw(-, )1 < Kg forall € (0, T4x), (3.45)
where Kg > 0 is a constant independent of t.

Proof. We multiply the second equation of (1.3) by —2¥, and integrate it by parts to obtain

v

1d |Vv? |Av|?
EE +d2
Q Q
_Lw v v Av—by Vu-V
—E TU;‘I—E '(U M)T— UAV — D2 v-Vw (346)
Q Q Q Q
1 |Vv? Vv - VuAv
== —zvl—i—é —+¢& Au-Av— uAv—>by Vv-Vw
2 v v
Q Q Q Q Q

for all r € (0, T,,4x). Using the second equation of (1.3) again, for all z € (0, 7,,,,) We have

1 |Vu2  d Vo £

- ——U=— Av—2

2 v2 2 v2 2 v2
Q Q Q

|Vvl|? 1 |Vvl2u

Q

by |VvlPw 6 |Vu)?

2 v 2 v
“ ¢ (3.47)
do |Vu|2A £ |VuPVu-Vu & |Vv]?Au
= — vV — — _— = _—

2 v2 2 v2 2 v

Q Q Q
N 1 |VvlPu by |VvPw 6 |Vv]?

2 v 2 v 2 v

Q Q Q

Noting that Vv - v =0 on 32, and using the similar arguments as deriving (3.6), (3.7) and (3.8),
we can derive for all r € (0, T;,,4,) that
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d V|2 Av2  dy  9|Vu21
2 VO g, 1BV A2 BIVOL e uiD2Inul, (3.48)
2 v2 v 2 v v

Q Q 02 Q

Moreover, using Lemma 2.7, we can find a constant ¢; = x1d2 > 0 such that

DZ 2 \v4 4
o 2P ';' <dy v|D?Invf? forall 1 € (0, Tpa). (3.49)
v v
Q Q Q

Then substituting (3.47), (3.48) and (3.49) into (3.46), we obtain

|Vv|2+ |D2v|2+ [Vul* +b2 IVv2w 61 |Vu?
C

1d
2dt v ! v V3 2 v 2 v
Q Q Q Q

Q
_da 8|Vv|2}ds % |Vv|2Vv - Vu % |Vv|2Au+l |Vv|2u

(3.50)

—-2 v v v2 v 2 v
Q2 Q Q Q

Vv VuAv
v 200 e Au-Av— wAv—by  Vu-Vuw forallf € (0, Ta).
v

Q Q Q Q

Multiplying the third equation of (1.3) by %(Inw + 1), and integrating it by parts, for all r €
(0, Trnax) We obtain

by d by |Vw|? by b6
22 wlnw + — =by Vv-Vw+— vwlhw+1)—-—= wlnw-+1).
dt X w X X

Q Q Q Q Q

(3.51)
Then adding (3.51) with (3.50), and using the facts ||w(-, ©)|l;1 < K1 (see (2.2)), llullr= +
IVullpe + ||vllzee < c2 (see (2.1), (3.36) and (3.39)), we can derive that

d b 1 |Vu? by 1 |Vu)?

— — whw+= + — whw+=

dt  x 2 v X 2 v
Q Q Q Q

|D%v)|? Vo4 by  |Vwl|?
+c + +—

v V3 X w
Q Q Q
d a|Vul? 1 +1 Vo3 Voul2|A +1 Vol?
L4 | |_d5+5(02 ) |V +§ Vol u|+62 [Vl
2 w v 2 v2 2 v 2 v
aQ Q Q Q
[Vv||Av|
+&co T+E |[Au||Av]4+c2 |Av]

ba(c2+1469)
e
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Using Lemma 2.6 and the trace inequality (3.15) as well as Young’s inequality, for all ¢ €
(0, T4 ) ONe can derive that

d  9|Vu)2 1 Vo2 10
? ™ ;dSSKdZ . dS:4Kd2||VU2”L2(;)Q)
FTo) 0Q
- c1 |D2v|2 N |VU|4 N |Vv|2
il C
<3 . 3 3 ” (3.53)
o Q
i IDWE [Vt
< = +—3 t+a
6 v v

Q

Moreover, we can use Young’s inequality and the boundedness of ||v|| .~ to derive that

g VOB o Vol Vol _er Vot
§c2 ca +e <= +cp forallze (0,7,
2 2 8 0 % Ty T 8 T O e
Q Q 2 @
and
Vul2|Aul  co+1 |Vl Vul|Av
& IVoPlAul VoI g, VIRV Aujav 40 (A
2 v 2 v
Q Q & ¢ “
a |DW]2 Vol 2
<2 —+— +c7 v|Aul|®4+v
6 v v
Q Q
C D2U2 VU4
S—l | | +| 3' +cg  |D%ul?+cq forallt e (0, Tpay).
6 v v
Q Q

At last, we can use the Gagliardo-Nirenberg inequality to derive that

by  |Vw|?

b 146
M |w|nw|§c10 w% +c11 < —

+c1p forallt € (0, Thnax).

Q Q Q
(3.54)

Then substituting (3.53)-(3.54) into (3.52), for all ¢ € (0, T4 ) ONe has

d b 1 |V by 1 |Vu)? » 2
— = wlhw+ = + = whw+ = <cg |Dul|®+ s,
dt  x 2 v X 2 v

Q Q Q Q Q

which together with (3.12) and Lemma 2.4 gives

by 1 |Vu)?
= wlhw+ =

X 2

Q Q

<c4 forall t € (0, Thax),
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and hence

wlinw <15 forall £ € (0, Thax),
Q

which gives (3.45) by noting the fact wInw > —% forallw>0. O

Next, we shall establish the boundedness of |w(-, t)|| ;2 by studying the coupled energy esti-
mate o, (w? +|Vu[*).

Lemma 3.8. Let the assumptions in Lemma 2.1 hold and (u, v, w) be the solution of (1.3). Then
there is a constant K9 > 0 such that

lw(, Oz + IV, )4 < Ko, forallt € (0, Thax)- (3.55)

Proof. Multiplying the third equation of (1.3) by w, and integrating the result by parts, along
with (3.36), we end up with

d 2 2 2_ »_1 2
T w4+  |[Vw|*+6, w'=x wVv-Vw+ vw 52 [Vw|
Q Q Q

N =

Q Q Q

X2

= w2Vl + Kg  w? forall 7 € (0, Tay),
Q Q

+

which gives

w4+ [VwP+ wi<yx? w?|VuP+@2Ke+1) w? forallz e (0, Thax).

Q Q Q Q Q
(3.56)

Noting the fact (3.45), (2.2) and using Lemma 2.5, one has (2Ks +1) qw? <3 o|Vw[?+c1,
which along with (3.56) gives
2

d n 1 v |2 + 2
— w - w w
dt 2 X

Q Q Q Q

2 w?|Vu2 41 forall 1 € 0, Tax). (3.57)

On the other hand, using the second equation of (1.3) and the fact VAv - Vv = %A|Vv|2 —
|D2v|2, we obtain

d 4 2
— |Vu|"= |Vv|*Vv -V,
dt

Q Q

Al

=dy |Vv|?Vv-VAv—§& |Vu’Vu-V(V-@Vu)+ V(v —byow —61v) - Vo|Vu|?
Q Q Q
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d 3| Vv|? d
_d g 22V g 2 Gigu22 _ g, (V2 D20
2 av 2
0Q Q Q

—&  |VUPPVu-V(V- V) — (bow+6)|Vol*+  ulVu*
Q Q Q

+  v(Vu—byVw) - Vou|Vu|? forall t € (0, Tpay),
Q

which, together with (3.36) and (3.39), gives

IVol*+2do  |VIVV?2+4dy |V ID*v?+4  (bhw + 61)|Vol*

Q Q Q Q
9| Vv|?
—2dy |Vu]? 'a”' dS —4E  |VuPVu.V(V - (vVu))
v
IR Q
+4 v(Vu—byVw) - Vo|Vu>+4  u|Vu* (3.58)
Q Q
9| Vvl|?
<2dy |Vv)? 'avl dS—4&  |Vu|*Vv-V(V - (vVu))
v
I Q

+e1 [VullVulP4e1 Vo +4K  [Vul* forall t € (0, Tpay).
Q Q Q

We can apply Lemma 2.6 and the trace inequality (3.15) to obtain
3| Vul? d
2d, |Vv|2%dS <didy, |Vv|*dS < ?2 IVIVuP 2 +co  |[Vu*  (3.59)
Vv
Q2 Q2 Q Q
for all ¢ € (0, Tyqx)- Applying the boundedness of |lu(-, )| Lo, |[V(, 1)]|Le and [|[Vu(-, )| Lo,

Young’s inequality and Holder’s inequality, for all 7 € (0, T;,,,.) We can estimate the second term
on the right hand of (3.58) as follows

—4&  |Vu2Vu - V(V - (vVu))
Q

=45 V|Vv]?- VoV V) +4E  |Vo]2AvV - (vVu)
Q Q

<cs  |VUIVIVU|(IVu] + |Aul) +e3 [V |D?0|(|Vv] + |Aul) (3.60)
Q Q
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2 2
C. C.
<dy |VIVU +2d, |Vv|2|D2v|2+d—3 |Vv|4+d—3 Vo2 Aul?
2 2
Q Q Q Q

<dy |VIVUPP2+2dy  |VoPID*v+ca Vv +eca | D2ult
Q Q Q Q

Substituting (3.59) and (3.60) into (3.58), and using Young’s inequality, we end up with

dy
|Vol* + > IVIVu?12+2dy  |Vv|?|D%v|?
Q Q Q

dt
4 3 2 .4 3
<@K+c24ca) [Vo['+e [VoPP+er [Dul*+c V|Vl (3.61)
Q Q Q Q

<cs |Vul*+e |[D2ut+c [Vl IVw| +cs forall £ € (0, Thay).
Q Q Q

Noting |lv(-,1)||L~ < Kg, integrating by parts and using Young’s inequality, one has

(5 +2) |Vv|4 =(c5+2) |Vv|2Vv -V
Q Q

=—(c5+2) vV|VU2-Vo—(c5+2) v|Vv]?Av
Q Q

<(c5s+2)Kg |VIVU?||Vv|+ (c5s +2)Kev/2  [V|?|D?v]

Q Q
d d
sf |V|Vv|2|2+?2 Vo2 D% 47 |Vl
Q Q Q
d d
<2 VIV + 2 (VoD%
4 2
Q Q
C2
+ IVvI“JrZ7 forall # € (0, Tyuax),
Q
which gives
a_d 22, % 222, <
(cs+1)  IVol' <= IVIVoPP+ 5 (VU ID?0f? + o forallr € 0. Tar).  (362)
Q Q Q

Moreover, with the integration by parts, we can derive that
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Vvl = |Vu[*Vu. Vo
Q Q

=—2 |Vu]PV|Vu?-Vu— v|Vu|*Av
Q Q

<2Ke |VuP|IVIVV?|+v2Ke  |Vv[*|D?v]

Q Q
3
. Vol +4Kk2  |VIVu22+ Vo2 D%)?  forall 1 € (0, Tuax),
Q Q Q
which gives
IVIVu?2+ Vo2 ID*v]?>cg |Vv|® forallz € (0, Tpax). (3.63)
Q Q Q

Substituting (3.62) and (3.63) into (3.61), and using the fact |Au| < +/2|D?%ul, for all ¢ €
(0, Tax) We Obtain

d d
o vl |Vv|4+% Vol <cs  |1D2ul*+c1 Vol Vw| +co
Q Q Q Q Q
cgd
<4 |Dzu|“+% Vol +ec1o0 [Vwl? + e,
Q Q Q
which gives for all ¢ € (0, T4, ) that
d 4 4, C8d2 6 2 14 2
ot Vol EE Vil DAl VuPden  (36)
Q Q Q Q Q

Multiplying (3.57) by 4c1p and adding it to (3.64), we have

d cad
T dew’ Vot deow® +Vol' e |Vw|2+% IVol®

Q Q Q Q

< 4c10x2 wZIVv|2 +cq |D2u|4 +c12
Q Q

cgd
< 882 Vol +c13 wd+ca  |D%l|*+ci2 forallt € (0, Tpay),
Q Q £

which gives

170



H.-Y. Jin, Z.-A. Wang and L. Wu Journal of Differential Equations 333 (2022) 144-183

d
o derow? + |Vol* +  derow? + Vo[t e [Vw)?

¢ “ © (3.65)
<ciz3 wltca |D%u)* +cip forallte 0, Tpay).
Q Q
On the other hand, applying Lemma 2.5, (2.2) and (3.45), one can show that
c13 wd <co |Vw|2 +c13 forall r € (0, Thux)- (3.66)
Q Q

Then substituting (3.66) into (3.65), it holds that

d
- derow® + [Vol* +  deow? + Vot <ca | D%ul* +c1a forall € 0, Tpay).
Q Q Q

(3.67)
Noting that " ,|D%u|* < c15 (see (3.43)), we obtain (3.55) directly by applying Lemma 2.4

t
to (3.67). Then the proof of Lemma 3.8 is completed. O

Lemma 3.9. Let the assumptions in Lemma 2.1 hold and (u, v, w) be the solution of (1.3). Then
we can find a constant K19 > 0 independent of t such that

lw(:, H)l;3 < Kio forall t € (0, Tax)- (3.68)
Proof. Multiplying the third equation of (1.3) by w?, and integrating it by parts, we have

w4+ 2 w|Vw|2+92 w3=2x w?Vv - Vw + vw?’forallte(O,Tmax).

Q Q Q Q Q

Wl -
Sl

(3.69)

Using Young’s inequality and noting the fact ||v(-, 7)| L~ < Kg, for all # € (0, T,,4x) One has

2x  w’Vv-Vw+ vwd<2yx wiVu||Vw|+Ks w®
Q Q Q Q

(3.70)
< wVwP+x% wiVulP+Keg wd.
Q Q Q
We substitute (3.70) into (3.69) to obtain
d
7 w? +3 w|Vw|2+ w3§3)(2 w3|Vv|2+(3Ke+l) w? (3.71)
Q Q Q Q Q

forall r € (0, T,,,4x). Then using the Gagliardo-Nirenberg inequality and Young’s inequality, and
noting the facts |w(-, t)|.2 + | Vvl 4 < Kg (see (3.55)), one has
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1
2

Nl

3)(2 w3|Vv|2§3)(2 wb |Vv|4
Q Q Q
3
<3x%K2|w?|?
<3x“Kqll ||L4 3.72)
3 &3 2 3
S3X2K301(||Vw2||zzllw2||34 + ||w2||24)
L3 L3
< w|Vw|?+¢p forallz € (0, Thax),
Q
and
3 3.2
BKe+1) w’=@Ke+1Dlw2],
Q
3 % 3 % 3 5
=allVw| L llwz]*, + w2, (3.73)
L3 L3

< w|Vw|?+cs forallz € (0, Tpay).
Q

Then substituting (3.72) and (3.73) into (3.71), we obtain 4 o w3+ w3 < c3 + c4, Which
gives (3.68) directly by Gronwall’s inequality. O

Lemma 3.10. Let the assumptions in Lemma 2.1 hold and (u, v, w) be the solution of the system
(1.3). Then there exists a constant K11 > 0 independent of t such that

[Vu(, Dz < K11, forallz € (0, Tax). (3.74)
Proof. Using Lemma 2.1, we see that (3.74) clearly holds true for all € (0, 7] with ¢ defined

by (3.13). Then it only remains to show that (3.74) holds for all ¢ € (t, Tpax)-
First, we can rewrite the second equation of (1.3) as follows:

vy —doAv+v=—EVv-Vu—EvAu+ uv — bovw + (1 — 61)v.Tf/F5e0 1 Tf.572i53.74)
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t

IVU(, )l <[Ve! ™D @A Dy )|l + & V'™ @RAD(Vy . Vi + vAu)||ods

T
t

+ Ve @AD 0 — poyw + (1 — 61)v]| Lods
T
t
<ci+Ey2 (L4t —s) e @D vy Vil uds
T

t

FEyy (A —s) e @D 1y Ay ods
T

t

+y A+ — §)"8)e= @AV 1y _ poyy + (1 — 61)vl|;3ds

T

=c1+ 11+ L+ 13 forallt € (7, Tax).

(3.76)

Noting the fact ||Vu(-, )|z 4+ [Vv (-, )] ;4 < c2 from (3.39) and (3.55), one has

Vv -Vullpa < [|[VullLe||Vo]lpa < cg, forall € (z, Tinax)
and hence

t
h=Ey (L4t —s5) e @D 1vy . V)|l ads
T
! (3.77)

3
<cBeys L+ (1 —5) H)e @Dy

T

<c3 forallt e (z, Tax)-

On the other hand, using the facts v(-,7)llL~ < K and [e™5"|Au|l%; < K7 (see
Lemma 3.5 and Lemma 3.6), we derive that
t
b=tyy (L4t —s)" ) @1+DE) 1y Ayl ods

T

t

6do A
<EpKe (L4 (t—s) HEe E094s

olu

t

ol

e 9| AulS o ds (3.78)
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) ¢ 2
= 2 6 6dp 2
<KfEpKs  (L+(t—s) 5)8e & ¢=94s

T

<cq forallt e (t, Tnax).

At last, using the facts |lu(-, t)||p~ < K (Lemma 2.2), ||v(, t)||L~ < Kg (Lemma 3.5) and
lw(, )|l 3 < K10 (Lemma 3.9), one has

luv —bovw+ (1 —61)v| 3 < KK6|Q|%+b2K6K10+(1+91)K6|§2|% <cs forall 7 € (t, Thax),
and hence

t

L=y L+t —s5) 8)e D=9y — poyw + (1 — 6y)v|| ads

T

' 5 (3.79)
<csy2 (L4 (t —s) 8)e @Mt DI=9) gy

T

<cg forall r € (7, Tnax).
Substituting (3.77), (3.78) and (3.79) into (3.76) yields (3.74) and hence completes the proof. O

Lemma 3.11. Let the assumptions in Lemma 2.1 hold and (u, v, w) be the solution of (1.3). Then
it holds that

lw, |l < K12 forallt € (0, Truax), (3.80)
where K12 > 0 is a constant independent of t.
Proof. Using the variation of constants formula to the third equation of (1.3), we have
t

w(, 1) = A Dy —  IADY. (ywVuv)ds

t
+ Uy (1 = G4v)ds forall £ € (0, Tpax).
0

Using the boundedness of ||v(-, )|y and |Jw(-, #)||;3, we can find two positive constants c;
and ¢» such that

IxwVvlzs < xlIVvllre|lwlizs < c1 forall t € (0, Thax),

and
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lw@ =02+ v)ll3 <@ +602+ [[vlizeo)llwligs < cz forall z € (0, Tyax).
Then using the estimates in Lemma 2.8, we have

t
ADyolie + e ADY . (xwVv)||pods
0

lw(, DL <lle

+ A Dy 16,4 v) Lo
0
t

5
<llwollze + (L4 (r —s)"8)e” MDD 5y Vy) sds

0
t

+ A+ 1= De I w6y + v ads
0
t

<lwollz +e1 (L4 (1 —s)~8)e CrHDE=9)gy

0
t

+er L+ (=5 Be ds
0
<c3 forall 7 € (0, Tyax),

which yields (3.80). Then the proof of Lemma 3.11 is completed. O
Proof of Theorem 1.1. The combination of Lemma 2.2 and (3.39) gives
luC, )llwreo <c1 forallz e (0, Tax).

From Lemma 3.5 and Lemma 3.10, we can find a constant c2 > 0 such that [Jv(-, 7)[| 1.0 < c2.
At last, noting Lemma 3.11, we can summary the results to obtain that

-, Dllwree + v Dllwree + w(, DL <cs forall 7 € (0, Tiax).
which together with the extension criterion in Lemma 2.1 proves Theorem 1.1. O
4. Global stability
In this section, we shall study the global stability of solutions by constructing some proper
Lyapunov functionals alongside the following LaSalle’s invariance principle ([23, Theorem 3]).
The Lyapunov functions for the predator-prey ODE systems can be constructed in routine ways

(cf. [5,14]), and they are directly extendable to the corresponding PDE models with diffusion (cf.
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[9]) or prey-taxis (cf. [1,17]). Here we shall further develop those ideas to the spatial food chain
models.

4.1. Case of prey-only

In this subsection, we first study the global stability of prey-only steady state (91 > 1). In this
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d
dt -

where “=""holds if and only if («, v, w) = (1,0, 0).
Then LaSalle’s invariance principle ([23, Theorem 3]) implies that the trajectory (u, v, w)
convergesto (1,0,0)ast — oo in L. O

4.2. Case of semi-coexistence

In this subsection, we shall study the global stabilization of steady state in the case of 6; < 1
and 61 + b162 > 1. To this end, we define the following Lyapunov functional:

Et) =Ew,v,w) = u—91—91|n91 + b1 v—v*—v*ln% +b1by w,
1 v
Q Q Q
where v* = 121 > 0,
1

Lemma 4.2. Let (u, v, w) be the solution of (1.3) obtained in Theorem 1.1. Then if 61 < 1,
01+ b162 > 1 and

4drdab > E2(L — 61) |ull? , (4.2)
we have

1-61
by

MM flu,1) = Ballree + o€, 1) = Lo +llw(, Dl =0.

Proof. First, we can use Taylor’s expansion as in (4.1) to find a n, between u and 6; such
that

0
w—01— 610N = (4 —61)> = 0
01 2n5

and “=" holds if and only if u = 6;. Similarly, v — v* — v*In Jz > 0 and “=" holds iff v = v*.
Hence £(61, 1324, 0) = 0 and & (u, v, w) > 0 for all (u, v, w) # (61, 2, 0).
On the other hand, using the definition of £ () and the equations of (11.3), we have

1-61
d -0 v—
Z &) = Lui by —B v+ biby w
dt 7 v

Q Q Q
|Vul? V|2 Vu- Vv
u v
Q Q Q

I
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1-9
T w—-0DA—u—bw)+b v— L wu—0) b1 - — b)) w.
1

Q Q Q

I

Letting X1 = (X, Y¥) then we can rewrite I; as follows

u’ v

d161 —5(12—91)14

h=— X1A: XTI, with Aj= .G
' =R dp(1—6y)

Q

After some calculations, one can check that if (4.2) holds, the matrix Aj is positive definite and
hence there exists a positive constant o1 > 0 such that

Vul2  |Vul?
I =— X]_A]_X{ < -1 | L;I | l;l (4.49)
u v
Q Q
On the other hand, we can rewrite the term I, as follows
L= (W—0)01—u+1—-61L—b1v)
Q
1-61
+ b1 v— ) (u—01) +b2(1—01—b162) w (4.5)
Q Q
=— (W—00)2+by1—61—bi6r) w.
Q Q
Substituting (4.4) and (4.5) into (4.3), with the fact 61 + b16,> > 1, one has
d T 2
Egz(t) =— X141X; — @—00)"+b2(1—-01—b16) w=0,
Q Q Q
and “="if and only if u =61, w =0 and Vv = 0. Noting that Vv = 0 implies v = v for

some constant v > 0. Due to (u, v, w) = (61, v, 0) is a solution of (1.3), and hence it follows
that

61(1 -6, —b1v) =0,
which implies v = %. Hence %Eg(t) =0 implies (u, v, w) = (61, %, 0).
Then applying the LaSalle’s invariance principle ([23, Theorem 3]), we see that the solution

(u, v, w) converges to (61, 1;—?,0) ast—ooinL>®. 0O
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4.3. Case of coexistence

In this subsection, we shall show that the coexistence steady state (i, vi, w,) defined by (1.4)
is globally stable in the case of 61 < 1 and 61 + b202 < 1. To this end, we construct the following
energy functional:

E3(t) :=E3(u, v, w) = T, (t) + b1 Ty (t) + b1b2 T (1),
where

V4
Je() = E—E*—Z*Ing— JA=u,v,w.
*
Q

Lemma4.3. Let (u, v, w) be the solution of (1.3) obtained in Theorem 1. 1. Then if the parameters
satisfy 01 < 1 and 61 + b162 < 1 as well as

Adydou, v, >E2b102 |ulf  + x2badruswi|v]) . (4.6)
Then it holds that
im (lu — usllLe + v = vallLoe + lw — willL) =0.
1—>0o0
Proof. By the same arguments in Lemma 4.1 and Lemma 4.2, we can use (4.1) to show that

E3(uy, vy, wy) =0and E3(u, v, w) > 0 for all (u, v, w) # (Us, Vs, Wy).
Moreover, using the fact that 1 — u,. — b1v, = 0, from the first equation of (1.3) we derive

d u
- Ju) = 1—fu,
Q
|Vul?
= —diu, 2 + (W —u)(l—u—>b1v) (4.7)
Q Q
|Vu|? )
= —diuy 7 — (u—u)"—b1 (u—u)(v—uy).
Q Q Q

Similarly, using the second equation of (1.3) alongside the fact 6; = u, — bow, to obtain

*

d v
blajv(t)zbl 1—7 vy

Q
2
= —dob1v, |sz| + &vib1 Yu: Vv +b1 (v—v)(—bow —061) (4.8)
Q Q Q
|Vvl|2 Vu-Vu
= —dzb1v, 7 + &by +b1 (U —u)(v—vy)
Q Q Q
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—biby (v — v ) (W — wy).
Q

With the fact v, = 6, and the third equation of (1.3), we have

d w
biby—Jy(t) =b1by 1—— w,
dt w
Q
[Vw|? Vv - Vw
= —wyb1b ” + wyb1box + (w—wy)(w—"06) (4.9)
Q Q Q
[Vw|2 Vv - Vw
= —wyb1by 2 + xwxb1b2 +b1b2 (v —v) (W — wy).
Q Q Q

Combining (4.7), (4.8) and (4.9), we have
d
T8 == XpAX] — (w—u)?, (4.10)
Q Q

where X, = Y& Yv Vu and A, is a symmetric matrix defined by

u’ v’ w

dius
Ap = ——Eblzv*u dabyv,

_ Sblzv*u 0
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Substituting (4.11) into (4.10), we obtain

d IVul2  |Vv|2  |Vw)?
—&(@1) < —«
o 3(t) < —ap o + 2 + )

Q Q

(u — us)?,

d

which implies %53([) <Oforall u,v,wandu =u,, Vvo=0and Vw =0 if £&3() =0.

dr
Noting that Vv =0 and Vw = 0 imply that

V=17, and w = Wy,

where 0 ofrd> ocodf{>e 7/ [=/[> [|> o> e/e/[= [|> ood{> o0[= ¢/[|>

od{=


http://refhub.elsevier.com/S0022-0396(22)00369-2/bib8E71797CA715EFE00E766C69B7E614BBs1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib8E71797CA715EFE00E766C69B7E614BBs1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib0C679F05BC7AFF4FC961846DD4C0DA5Ds1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib0C679F05BC7AFF4FC961846DD4C0DA5Ds1

H.-Y. Jin, Z.-A. Wang and L. Wu Journal of Differential Equations 333 (2022) 144-183

[3] H. Amann, Dynamic theory of quasilinear parabolic equations. Il. Reaction-diffusion systems, Differ. Integral Equ.
3 (1) (1990) 13-75.

[4] H. Amann, Nonhomogeneous linear and quasilinear elliptic and parabolic boundary value problems, in: Function
Spaces, Differential Operators and Nonlinear Analysis, in: Teubner-Texte zur Math., vol. 133, Teubner, Stuttgart-
Leipzig, 1993, pp. 9-126.

[5] M. Braun, Differential Equations and Their Applications, Springer-Verlag, 1975.

[6] Y. Cai, Q. Cao, Z.-A. Wang, Asymptotic dynamics and spatial patterns of a ratio-dependent predator-prey system
with prey-taxis, Appl. Anal. 101 (1) (2022) 81-99.

[7] X. Cao, Boundedness in a three-dimensional chemotaxis-haptotaxis model, Z. Angew. Math. Phys. 67 (1) (2016)
11.

[8] P. Cong, M. Fan, X. Zou, Dynamics of a three-species food chain model with fear effect, Commun. Nonlinear Sci.
Numer. Simul. 99 (2021) 105809.

[9] Y. Du, J. Shi, Some recent results on diffusive predator-prey models in spatially heterogeneous environment, in:
Nonlinear Dynamics and Evolution Equations, in: Fields Inst. Commun., vol. 48, Amer. Math. Soc., Providence,
RI, 2006, pp. 95-135.

[10] M. Fuest, Global solutions near homogeneous steady states in a multidimensional population model with both
predator- and prey-taxis, SIAM J. Math. Anal. 52 (6) (2020) 5865-5891.

[11] E.C. Haskell, J. Bell, A model of the burglar alarm hypothesis of prey alarm calls, Theor. Popul. Biol. 141 (2021)
1-13.

[12] A. Hasting, T. Powell, Chaos in a three-species food chain, Ecology 72 (3) (1991) 896-903.

[13] S.-B. Hsu, T.-W. Hwang, Y. Kuang, A ratio-dependent food chain model and its applications to biological control,
Math. Biosci. 181 (2003) 55-83.

[14] S.-B. Hsu, A survey of constructing Lyapunov functions for mathematical models in population biology, Taiwan. J.
Math. 9 (2005) 151-173.

[15] C. Jin, Global classical solution and boundedness to a chemotaxis-haptotaxis model with re-establishment mecha-
nisms, Bull. Lond. Math. Soc. 50 (2018) 598-618.

[16] H.Y.Jin, Z.-A. Wang, Boundedness, blowup and critical mass phenomenon in competing chemotaxis, J. Differ. Equ.
260 (2016) 162-196.

[17] H.Y.Jin, Z.-A. Wang, Global stability of prey-taxis systems, J. Differ. Equ. 262 (3) (2017) 1257-1290.

[18] H.Y. Jin, Z.-A. Wang, Critical mass on the Keller-Segel system with signal-dependent motility, Proc. Am. Math.
Soc. 148 (2020) 4855-4873.

[19] H.Y. Jin, Z.-A. Wang, Global dynamics and spatio-temporal patterns of predator-prey systems with density-
dependent motion, Eur. J. Appl. Math. 32 (4) (2021) 652-682.

[20] H.Y. Jin, Z.-A. Wang, L. Wu, Global solvability and stability of an alarm-taxis system, preprint, 2022.

[21] P. Kareiva, G. Odell, Swarms of predators exhibit “preytaxis” if individual predators use area-restricted search, Am.
Nat. 130 (2) (1987) 233-270.

[22] A. Klebanoff, A. Hastings, Chaos in three-species food chains, J. Math. Biol. 32 (1994) 427-451.

[23] J. LaSalle, Some extensions of Liapunov’s second method, IRE Trans. Circuit Theory 7 (1960) 520-527.

[24] K. McCann, P. Yodzis, Biological conditions for chaos in a three-species food chain, Ecology 75 (1994) 561-564.

[25] K. McCann, P. Yodzis, Nonlinear dynamics and population disappearances, Am. Nat. 144 (5) (1994) 873-879.

[26] K. McCann, P. Yodzis, Bifurcation structure of a three-species food chain model, Theor. Popul. Biol. 48 (1995)
93-125.

[27] P. Mishra, D. Wrzosek, The role of indirect prey-taxis and interference among predators in pattern formation, Math.
Methods Appl. Sci. 43 (2020) 10441-10461.

[28] N. Mizoguchi, P. Souplet, Nondegeneracy of blow-up points for the parabolic Keller-Segel system, Ann. Inst. Henri
Poincaré, Anal. Non Linéaire 31 (2014) 851-875.

[29] T. Nagai, T. Senba, K. Yoshida, Application of the Trudinger-Moser inequality to a parabolic system of chemotaxis,
Funkcial. Ekvac. Ser. Internat. 40 (1997) 411-433.

[30] R.K. Naji, A.T. Balasim, Dynamical behavior of a three species food chain model with Beddington-DeAngelis
functional response, Chaos Solitons Fractals 32 (2007) 1853-1866.

[31] P. Panday, N. Pal, S. Samanta, J. Chattopadhyay, A three species food chain model with fear induced trophic cascade,
Int. J. Appl. Comput. Math. 5 (2019) 100.

[32] D. Pattanayak, A. Mishra, S.K. Dana, N. Bairagi, Bistability in a tri-trophic food chain model: basin stability per-
spective, Chaos 31 (2021) 073124.

[33] D.M. Post, M.E. Conners, D.S. Goldberg, Prey preference by a top predator and the stability of linked food chains,
Ecology 81 (1) (2000) 8-24.

182


http://refhub.elsevier.com/S0022-0396(22)00369-2/bib68D7DBCADF69E22342BCA2A9A7E1E3BFs1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib68D7DBCADF69E22342BCA2A9A7E1E3BFs1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bibBE1156B0E124EB8B4F822EDC68CF7780s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bibBE1156B0E124EB8B4F822EDC68CF7780s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bibBE1156B0E124EB8B4F822EDC68CF7780s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib0D178DD9904716651A1B0CD7C9882568s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib736BCD3053BC15540FB5DB861DD711C7s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib736BCD3053BC15540FB5DB861DD711C7s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib900D6EEF123E2AD0CFBCDD5DF27BDE88s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib900D6EEF123E2AD0CFBCDD5DF27BDE88s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib1032B816652A40EA271F2C5282D903A8s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib1032B816652A40EA271F2C5282D903A8s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib02B5435D9D7019D7A22DAED80CB1DC69s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib02B5435D9D7019D7A22DAED80CB1DC69s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib02B5435D9D7019D7A22DAED80CB1DC69s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib783F55DD732B460B119A0D52FDD41AFDs1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib783F55DD732B460B119A0D52FDD41AFDs1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib2A738CEDA7B583C3F88FC1A3DA42CBCDs1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib2A738CEDA7B583C3F88FC1A3DA42CBCDs1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib1A317450336D6861B8B99F137180F70Ds1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib30C8F03988935DEB18932583AF1D8FC4s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib30C8F03988935DEB18932583AF1D8FC4s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bibCD5BA31664F087AE795E428BB069472Ds1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bibCD5BA31664F087AE795E428BB069472Ds1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib27E034349E99B431E615AA3EBD3DD91As1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib27E034349E99B431E615AA3EBD3DD91As1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bibC0B68ED70ACF8B7381C6DF1C88C87C40s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bibC0B68ED70ACF8B7381C6DF1C88C87C40s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib7F2A22AE65914EC50E1B907E2775D49Cs1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib75F60D51A6E4204A0C874D6CF3FE45AEs1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib75F60D51A6E4204A0C874D6CF3FE45AEs1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib2B1327D29BFC4CF74CAD0DF1C6216097s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib2B1327D29BFC4CF74CAD0DF1C6216097s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib4142599B097F17CBDC8A2E1AD52F3E3Fs1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib4142599B097F17CBDC8A2E1AD52F3E3Fs1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib653384A6724FBE70C3D97FC1B3B46347s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bibCF8DF29AACE20FFC5964182930B2AC8Cs1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bibA896A1CF027CD62358A6C9184BF4C42Bs1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib3B477190C2C46EA84CBCDE2EBD7A7BE0s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib3187EDFE33999F633A56BA702EB51976s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib3187EDFE33999F633A56BA702EB51976s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib5F71608A6A1F9479C6ACAD2599545948s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib5F71608A6A1F9479C6ACAD2599545948s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib478A46C4C5608992B8FD7145B6237EBBs1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib478A46C4C5608992B8FD7145B6237EBBs1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib376EE217558395D1EB79DCDD24FF3523s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib376EE217558395D1EB79DCDD24FF3523s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bibDFBBDC303D30F0F777F00B70DA686458s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bibDFBBDC303D30F0F777F00B70DA686458s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib171DDA40652CA2D4DA69FABDF47643D6s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib171DDA40652CA2D4DA69FABDF47643D6s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib4B6DD077A50C0D50B43CC8120A91CCD7s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib4B6DD077A50C0D50B43CC8120A91CCD7s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib03D947A2158373C3B9D74325850CB8B9s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib03D947A2158373C3B9D74325850CB8B9s1

H.-Y. Jin, Z.-A. Wang and L. Wu Journal of Differential Equations 333 (2022) 144-183

[34] P. Souplet, P. Quittner, Superlinear Parabolic Problems: Blow-Up, Global Existence and Steady States, Birkhduser
Advanced Texts, Basel/Boston/Berlin, 2007.

[35] C. Stinner, C. Surulescu, M. Winkler, Global weak solutions in a PDE-ODE system modeling multiscale cancer cell
invasion, SIAM J. Math. Anal. 46 (2014) 1969-2007.

[36] Y.S. Tao, Global existence of classical solutions to a predator-prey model with nonlinear prey-taxis, Nonlinear Anal.,
Real World Appl. 11 (3) (2010) 2056-2064.

[37] Y.S. Tao, M. Winkler, Boundedness in a quasilinear parabolic-parabolic Keller-Segel system with subcritical sensi-
tivity, J. Differ. Equ. 252 (2012) 692-715.

[38] J.I. Tello, D. Wrzosek, Predator-prey model with diffusion and indirect prey-taxis, Math. Models Methods Appl.
Sci. 26 (2016) 2129-2162.

[39] J. Wang, M. Wang, The dynamics of a predator-prey model with diffusion and indirect prey-taxis, J. Dyn. Differ.
Equ. 32 (2020) 1291-1310.

[40] J. Wang, M. Wang, Global solution of a diffusive predator-prey model with prey-taxis, Comput. Math. Appl. 77
(2019) 2676-2694.

[41] Z.-A. Wang, J. Xu, On the Lotka-Volterra competition system with dynamical resources and density-dependent
diffusion, J. Math. Biol. 82 (1-2) (2021) 7.

[42] M. Winkler, Aggregation vs. global diffusive behavior in the higher-dimensional Keller-Segel model, J. Differ. Equ.
248 (2010) 2889-2905.

[43] M. Winkler, Global large-data solutions in a chemotaxis-(Navier-)Stokes system modeling cellular swimming in
fluid drops, Commun. Partial Differ. Equ. 37 (2012) 319-351.

[44] S. Wu, J. Shi, B. Wu, Global existence of solutions and uniform persistence of a diffusive predator-prey model with
prey-taxis, J. Differ. Equ. 260 (7) (2016) 5847-5874.

[45] S. Wu, J. Wang, J. Shi, Dynamics and pattern formation of a diffusive predator-prey model with predator-taxis,
Math. Models Methods Appl. Sci. 28 (2018) 2275-2312.

[46] M. Zhao, S. Lv, Chaos in a three-species food chain model with a Beddington-DeAngelis functional response,
Chaos Solitons Fractals 40 (2009) 2305-2316.

183


http://refhub.elsevier.com/S0022-0396(22)00369-2/bibFB6C9156ABDB5E2A984DFC3860702B97s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bibFB6C9156ABDB5E2A984DFC3860702B97s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bibE3AB8DE8F365475FB0EF220E3E89E4EEs1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bibE3AB8DE8F365475FB0EF220E3E89E4EEs1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bibCA2C4C974F5044F4136D25F187803A94s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bibCA2C4C974F5044F4136D25F187803A94s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib0C3D4819E3B745CC2621DE45AAFD7C55s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib0C3D4819E3B745CC2621DE45AAFD7C55s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib9DB52CB6CB62C0B1FC974F976CDA1877s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib9DB52CB6CB62C0B1FC974F976CDA1877s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bibFF6739BB610289E8BA1C18F702EFC435s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bibFF6739BB610289E8BA1C18F702EFC435s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib6B830A34166302A36314E7491F1DC009s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib6B830A34166302A36314E7491F1DC009s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bibD0AF0F7B17C6B1ABDE78A2841411DFF1s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bibD0AF0F7B17C6B1ABDE78A2841411DFF1s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib5F7F2479566E1DD785CF1405A0D83924s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib5F7F2479566E1DD785CF1405A0D83924s1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib80E7DD1B13EEE5BA30516F79F4D673FAs1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib80E7DD1B13EEE5BA30516F79F4D673FAs1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bibCCAFD2A19D0E87E8A19C08B347CFE05Cs1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bibCCAFD2A19D0E87E8A19C08B347CFE05Cs1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib6122E04C3C578747663E5680E0C2375Bs1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bib6122E04C3C578747663E5680E0C2375Bs1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bibC7D42E3DD6EFC36AFA732FB393090ADFs1
http://refhub.elsevier.com/S0022-0396(22)00369-2/bibC7D42E3DD6EFC36AFA732FB393090ADFs1

	food chain model
	1 Introduction and main results
	2 Local existence and preliminaries
	3 Proof of Theorem 1.1
	3.1 Boundedness of ∥v(·,t)∥L∞
	3.2 Boundedness of ∥w(·,t)∥L∞

	4 Global stability
	4.1 Case of prey-only
	4.2 Case of semi-coexistence
	4.3 Case of coexistence

	Acknowledgments
	References


