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Abstract. This paper is concerned with the global boundedness and stability of classical solu-
tions to an alarm-taxis system describing the burglar alarm hypothesis as an important mechanism
of antipredation behavior when prey species are threatened by predators. Compared to the existing
prey-taxis systems, the alarm-taxis system has more complicated coupling structure and additionally
requires the gradient estimate of the primary predator density to attain the global boundedness of so-
lutions. By the sophisticated coupling energy estimates based on the Neumann semigroup smoothing
properties, we establish the existence of globally bounded solutions in two dimensions with Neumann
boundary conditions and furthermore prove the global stability of coexistence homogeneous steady
states under certain conditions on the system parameters.
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1. Introduction and main results. Alarm calls are an important mechanism
of antipredation behavior when species are approached by predators, where alarm
call signals may be chemical, acoustic, sound, visible movement, or any other changes
that are detectable by the receiver (cf. [16, 33]). There are numerous hypotheses
on the structure and function of alarm calls, among which is the \burglar alarm"
hypothesis (cf. [12]): a prey species renders itself dangerous to a primary predator by
generating an alarm call to attract a second predator at higher trophic levels in the
food chain that prey on the primary predator. This attraction of a secondary predator
has been observed in the marine environment where dino agellates bioluminesce when
stimulated by disturbances from copepod feeding currents may attract a secondary
predator like sh (cf. [1]), and in many other species (like plants [18], birds [26], and
primates [20]). To test this hypothesis, a mathematical model was recently proposed
in [23], which reads in its multidimensional form as

ug=d; u+TFuv;w);
(1.1) vi=dy V—V-(VvVu)+g(u;v,w);
we= w—V-(wV (uv))+h(u;v;w);
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where u;v, and w represent resource or prey (e.g., dino agellate), primary predator
(e.g., copepod), and secondary predator (e.g., sh), respectively; d;;d, are positive
constants representing the random dispersal rates, the positive constants and
are referred to as the prey-taxis and alarm-taxis coe cients, respectively; the reac-
tion functions F;g; h describe the interspeci ¢ and/or intraspeci c interactions among
the prey, the primary predator, and the second predator, and (u;Vv) is a signalling
function describing the intensity of the alarm signal which is produced as a result of
interaction between the prey and primary predator to act as a burglar alarm attract-
ing the secondary predator. While there are many ways one could postulate the signal
intensity function (u;v), a simple but plausible assumption is that the signal inten-
sity is proportional to the encounter rate between the prey and the primary predator,
that is (cf. [23]),

(u;v) x uv:
Generally the reaction functions f;g; h have the prototypical forms
fu;v;w) = 1(u) —byvFi(u;Vv) — bswFy(u;w);
1.2) g(u;vsw) = o(v) + 1 VF 1 (U; V) — bawF3(v; w);
h(u;v;w) = 3(w) + cowFs(v; w) + c3wFs (U; w);

where by;bs;cy;¢o > 0 and bs;c3 > 0 are constants, and (i = 1;2;3) describes the
intraspeci ¢ interactions of species. For the prey species, the population dynamics

1(u) in the absence of predators is usually described by the logistic growth as prey
species usually are proli ¢ breeders and, if left alone, their populations would rise
to the ability of their ecosystem to feed them, that is, ;(u) = u(1—); where

1 > 0 denotes the intrinsic growth rate and K > 0 is the carrying capacity. The
population dynamics of predators in the absence of prey species are usually described
by the function

i(s)= is— is% i€{23};

where s=vifi=2ands=w ifi =3, ;>0 (resp.,, < 0) denotes the intrinsic
growth (resp., death) rate of species and ; > 0 denotes the intraspeci ¢ competition
strength ( ; = 0 means there is no intraspeci ¢ competition between species). In
particular, if j(i=2;3)>0 (resp., <0), then the corresponding predator is called a
generalist (resp., specialist) predator. F; (i =1;2;3) are called the functional response
(or trophic) functions describing the consumption rate of a prey by a predator, which
may have various forms such as Holling type I, Il, and 111 [27], ratio-dependent [7, 22],
Beddington{DeAngelis type [9, 17], and so on (cf. [40, 48]). We remark that without
prey-taxis and alarm-taxis, the model (1.1) is generally called a food chain model (cf.
[24]) if b3 = c3 = 0 (i.e., the second predator w does not utilize the resource), and
an intraguild predation model (cf. [28]) if bs;c3 >0 (i.e., the second predator w can
utilize the resource of its prey v). For the alarm-taxis model, the rst qualitative
result was obtained in [23] for the following one dimensional form with Neumann
boundary conditions:

Ut =diUxx + 1U(l —u) — byuv — bsuw; x € (0;L); t=0;
Vi = 0oVxx — ( VUx)x + 2V(1 —V) +ciuv — hovw; x e (0;L); t=>0;

(1.3) ¢ W =wyx — ( W(VUx + Uvy))x + 3wW(1l —w)+covw +csuw; xe(0;L); t=>0;
Ux =Vyx =Wy =0; X=0;L; t>0;
(u; v; w)(%;0) = (ug; Vo; Wo) (X); x € (0;L);
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system proposed in [31], and has been studied from di erent analytical perspectives
for di erent functional response functions in the literature (cf. [3, 45, 25, 35, 51,
49]). Among other things, if F (u; V) is prey-dependent only (i.e., depends on u only),
small-data global solutions in three or higher dimensions were attained in [49, 51].
However, if F (u;V) is ratio-dependent, large-data global solutions can be attained in
any dimensions [13]. For results of other classes of taxis models in the predator-prey
system such as indirect prey-taxis or predator-taxis systems, we refer to [2, 21, 38,
47, 52] and references therein. Compared to the prey-taxis system (1.5), the alarm-
taxis system (1.4) has more intricate coupling structures where, in particular, a priori
|IVV]|L estimate is required to derive ||w|/_~ which, however, in turn a ects the
gradient estimates of u. Hence, how to untie these tangled coupling estimates to
deduce the a priori estimates of |[Vu|_~ and ||[VV|_~ is the key to obtaining the
global boundedness of solutions for (1.4), where the estimate of | Vv||_~ is the main
new challenge arising in the model to overcome. We have not found existing works
addressing how to obtain the L°°-estimates for the gradient of predator densities.
In this paper, we shall rst fully capture the ratio-dependent functional response
structure to get the global estimate of || Vu||_~ and hence ||v|_~. Then we start from
some elegant estimates on the second-order derivative estimate of u based on works
[15, 30] to derive the global estimate of ||Vv||_~ from which the estimate of ||w||
follows alongside the application of Neumann semigroup smoothing properties. We
remark that a conventional method used to study the global boundedness of solutions
to taxis equations (cf. [46]) by resorting to the entropy estimates is also applicable
to establish the boundedness of u and v, but with more complicated estimates. In
this paper, we provide a simpler approach by utilizing the local-in-time integrability
of L2-norm of v;w (see Lemmas 2.3 and 2.4) resulting from the quadratic decay in
the kinetics terms and by using a second-order estimate (see Lemma 3.7).

Our rst result concerning the global existence and boundedness of classical so-
lutions of (1.4) is stated in the following theorem.

Theorem 1.1 (global boundedness). Let C R? be a bounded domain with
smooth boundary. Assume (Ug;Vo;Wp) € [W2°°( )] with ug;Vvo;wo = 0. Then the
problem (1.4) has a unique global classical solution (u;v;w) € [C°( x [0;00)) N
CZI( x (0;00))]? satisfying u;v;w > 0 for all t > 0. Furthermore, there exists a
constant C >0 independent of t such that

UG Dllw e + IVE D lwiee + WD Le <C

where, in addition, |lu||_- is independent of and  while ||v||_~ is independent
of
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Depending on whether or not the secondary predator w consumes the resource u, we
divide our analysis into two cases:
(1) bg =c3 =0: the secondary predator w does not consume the (prey) resource
u; that is, the temporal dynamics is a case of food chain.
(2) bs;cs > 0: the secondary predator w consumes the resource u; that is, the
temporal dynamics is a case of intraguild predation.
We rst consider the case bs = c3 = 0, for which one can check that (1.6) has three
types of homogeneous (constant) steady states as follows:
1. Trivial steady states: (0;0;0); (1;0;0); (0;1;0); (0;0;1):
2. Semitrivial steady states:
(1;0;1); (322 250); (0; 3025 L 2):

: I+by * T+by ' T4by ' T+by /"
3. Coexistence steady state: (u*;v*;w*) with
1+Dbibs+by—b 2—b 3+b
(1.7) u* = 1V2 2 1 : * — 2 : * — 1 :
1+by +hy 1+by +hy 1+by +bs
where u*;v*;w* are all positive if
(18) O0<by<?2 and 0<b;<1+biby+bs:

For the positive coexistence steady state (u*;v*;w*) de ned in (1.8), we have the
following global stability result.

Theorem 1.2 (global stability for the case of food chain). Assume the assump-
tions in Theorem 1.1 hold, and let (u;v;w) be the solution of (1.6) with b3 =c3=0.
If the parameters by;b, satisfy (1.8) with

(1.9) (b1 — 1)+ (b —1)° <4

then there exist ; >0 and ; > 0 such that whenever < (0; ;) and € (0; ;) it
holds that

JuC;t) —u*|lLe + VG t) — V¥]|Les + [[W(t) — WL < Cie™ 1t for all t> to;
with some t, >0, where C; and ; are positive constants independent of t.

Remark 1.3. We underline that the admissible regime for the parameters by;b, >0
satisfying (1.8){(1.9) is nonempty and can be explicitly identi ed; see Figure 1.

Next, we explore the global stability of solutions in the case bs;cs > 0. For
simplicity, we further assume that c; = 1 without loss of generality. Then there are
also three types of homogenous steady states as follows:

1. T'rivgal steady states: (0;0;1) and (1;0;0):
2.b+
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Fig. 1. lllustration of the admissible regime (shaded region) for parameters b1, b2 > 0 satisfying

(1.8){(1.9).

Theorem 1.4 (global stability for the case of intraguild predation). Let the
assumptions in Theorem 1.1 hold, and let (u;v;w) be the solution of (1.6) with b; >0
and c3 =1. Assume that (u,;V.;w,) is the positive coexistence steady state satisfying
(1.10). If

(1.11) b, and bs are su ciently small, % <by <V2;

then there exist 5, >0 and 5 > 0 such that whenever € (0; 5) and € (0; ») it
holds that

JuC;t) — Us|Les + [V ) = Vil + [[W(5E) — Wy |lLe < Coe™ 2t for all t>Ty;
with some Ty >0, where C, and - are positive constants independent of t.

The rest of this paper is arranged as follows. In section 2, we show the local
existence of solutions and prove some basic properties of solutions. In section 3,
we demonstrate the details of obtaining the necessary a priori estimates of solutions
and prove Theorem 1.1. Then in section 4, we prove the global stability of coexis-
tence steady states under certain conditions stated in Theorems 1.2 and 1.4 by em-
ploying the Lyapunov functional method alongside Barbalat’s lemma. The appendix
shows the existence of positive coexistence steady state under conditions imposed in
Theorem 1.4.

2. Local existence and preliminaries. In what follows, we shall use C; (i =
1;2;:::) to denote a generic positive constant which may vary in the context.
Without confusion, the integration variables x and t will be omitted, for instance,
fot Jo F(x;s)dxds will be abbreviated as fot Jo F(x;s). The existence and unigueness
of local solutions of (1.4) can be readily proved by Amann’s theorem [4, 6].

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.
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Lemma 2.1 (local existence). Let the assumptions in Theorem 1.1 hold. Then
there exists Tmax € (0; o] such that the problem (1.4) has a unique classical solution

(U;v;w) € [COC X [0; Tmax)) NCHH( % (0; Tmax))]?
satisfying u;v;w >0 for all t>0. Moreover,
(2.2) if Tmax <oci then | i (u:t)wm + Vi) fwie + [WE D) = oo
Proof. Denote z = (u;v;w). Then the system (1.4) can be written as

ze=V-(P(2)Vz2)+Q(z); xe ;t=>0;

(2.2) L=y Xe@ ;t>0;
z(-;0) = (uo; Vo; Wo); Xe ;
where
d; 0 0 u( 1 — 1U—b1V—SiV\\,I\,)
P(Z): -V d2 0]; Q(Z): V( 2 — 2V+Ufb2W)
—vw — uw 1 w( 3— 3W+V+UC%V

The matrix P (z) is positive de nite for the given initial data, which means the system
(2.2) is uniformly parabolic. Then the application of [4, Theorem 7.3] yields a Tmax >
0 such that the system (2.2) possesses a unique solution (u;v;w) € [C°( % [0; Tmax))N
CZ( % (0; Tmax))]®.

Next, we prove the positivity of u;v, and w: Applying the strong maximum prin-
ciple to the rst equation in (1.4), we have u(x;t) >0 for all (x;t) € X (0; Tmax);
due to the fact uy = 0. Moreover, we can rewrite the equation of v as follows:

Vi — dy v+ Vu-Vv+ (X, t) =0; xe ;te (01 Tmax);
(23) gl :0, X€@ ;tE(O;Tmax);
V(X;0) =vp(x) > 0; Xe ;

where (X;t)= v u—v( o — ov+uU—byw): Then the strong maximum principle
applied to (2.3) yields v(x;t) >0 for all (x;t) € x (0; Tmax): Similarly, we can derive
that w >0 for all (x;t) € x (0;Tmax): In addition, since P (z) is a lower triangular
matrix, the blow-up criterion (2.1) follows from [5, Theorem 5.2] directly. Then the
proof of Lemma 2.1 is completed. ]

Lemma 2.2. Let the assumptions in Theorem 1.1 hold. Then the solution of (1.4)
satis es
(2.4) U@ Bfle~ <K

for all t=>0; where K :=max{1;||ug||L~=}; and

(2.5) limsupu(;t) <1 forall xe

t—oo

Proof. The results can be easily obtained based on a comparison principle applied
to the rst equation of (1.4) along with the nonnegativity of u;v, and w, but we omit
the details for brevity. |

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.
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Lemma 2.3. Suppose the assumptions in Theorem 1.1 hold. Then the solution of
(1.4) satis es

(2.6) IVl <Ky for all te (0; Tmax);
and
t+ 4K ~
.7 / / vZ< =L forall te (0; Tmax);
t Q 2

+ (2 +K+1)?(Q)]
2 2 !

where K; = ||vp]|L1 is a constant such that

if Tmax < oo;

. ~ Trmax —
(2.8) 0< <min{L;Tmax} and Tmax:={ _
00 if Tmax = oo:

Proof. Integrating the second equation of (1.4) by parts with respect to x €
and using the fact (2.4) as well as the positivity of (u;v;w); we end up with

E/v+/v+ 2/v2=(2+1)/v+/uv—b2/vw
dt /o Q Q Q Q Q

<(2+K+1) [ v
Q

yrasuioE
2 Jo

— 2 2 b
which gives
d 2 o (2 +K+1)?| |
) — = < :
2.9 dt/QV+/QV+2/QV* 7,
Applying the Gronwall inequality to (2.9), we derive
+ K +1)?2
(2.10) /VSHVOHLI"'( 2 > 1| =Ky
Q 2

which yields (2.6). Integrating (2.9) over (t;t+ ) and using (2.10), one has

t+ 2 2
[ [ [ya Gl | Tl 2 KD |4,
t Q 2.JQ 2 2 2 2

which gives (2.7). |

Lemma 2.4. Suppose the assumptions in Theorem 1.1 hold. Then there exist two
constants K, >0 and K3 >0 which are independent of and such that the solution
of (1.4) satis es

(2.11) Iw(; D)L <Kg  forall te (0; Tmax);

and

t+ -
(2.12) / /w2 <Kz forall te(0;Tmax); 2022
t Q
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Proof. Multiplying the third equation in (1.4) by by, adding the result to the
second equation in (1.4), followed by an integration, we have

dt/(V+b2W)+ 2/V + by 3/ w?
/v+/uv+b2 3 Qw+b203/lu+w'

Adding [,(v + bow) to both sides of (2.13), along with (2.4) and (2.6), one obtains

g/(V"'sz)"'/(V"'sz)"' 2/V2+b2 3/W
dt /o Q Q Q
uw
= +1/v+/uv+b f+1/w+bcf/
(2+1) A A 2( 3+ 1) A 2% | Gw

<( 2+1+K>/v+b2< 3+1+c3)/w
Q Q

(2.13)

S( 2+1+K)K1+b2( 3+1+C3)/W
Q

bo 3/W2+b2( 3+ 1+c3)? |;
2 Jo 2 3

<( 2 +1+K)K;+

which gives
(2.14)

2
E/(v+b2w)+/(\/+b2w).|.b273 w2 < ( 2+1+K)K1+b2( 3+ 1+C3)7 |:
dt /o Q 2 Jo

2 3

With Gronwall’s inequality applied to (2.14), one has

bo( 5 +1+c3)? |,
2 3 '

215) [ (vrbaw) < [ o bam) + (2 + 1 KK +
Q Q
which gives (2.11) by de ning
Volls + bal[Wolls +( 2+ 1+ K)K, + 2latireol
bo
Then integrating (2.14) over (t;t+ ), and using (2.15) and (2.16), we derive that

t+ 2
b2 3 / / W2 S / (V + bQW) + |:( o+ 1+ K)K1 + b2( 3+ 1+ C3) | |:|
2 Jv Ja % 23

bo( 5 +1+c3)? |.
2, ’

(2.16) Ky =

<hoKy + Ky + (2 +1+K)K; +

which gives (2.12) by letting

2.17) K3:=b2 ~<b2K2+( s +2+K)K; +
2 3

ba( 5 +1+c3)? | .
2 , '

The proof of Lemma 2.4 is now completed. O

For later use, we list some well-known LP-LY% estimates for the Neumann heat
semigroup (cf. [50]).

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.
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Lemma 2.5. Let (%)~ be the Neumann heat semigroup in , and let ;>0
denote the rst nonzero eigenvalue of — in  under Neumann boundary conditions,
where d is a positive constant. Then for all t > 0, there exist some constants ; (i =
1;2;3;4) depending only on  such that

(i) If 2<p <o, then

5 aks 1 924980}2G2T8) 7.043 -4.114|TeIPpD HI/AL4 1996265 TF 50P°0 Tb [CED [TI/ET076. 0788 1 TF 41989° -1 7400 (Rep 61103 m
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Proof. Multiplying the rst equation of (1.4) by — u and using the fact that
lu(;t)|lLe < K in Lemma 2.2, we end up with

uw
2dt/|VU‘2+d1/| \ =-— 1/u(l—u) u+b1/uv u-+bhs Qm

<K] 1(1+K)+b3]/| U|+b1K/v\ ul
Q Q
o KLESROLOE | W2 [
Q

2 Q| dy d,

which gives

22 2 2
(3.3) /|Vu‘2+d/| o < 2bK /V2+2K[1(1+dK)+b3]| I
Q 1

On the other hand, using (2.4) and Young’s inequality, we have

/|Vu|2=/Vu-Vu=—/u ugK/l UI<f/| UI2+7\ B
Q Q Q Q

which, substituted into (3.3), gives

8 s [ [

3.4
(3.4) <zb§K2/V2 K2 (2 1+ K)+bsP [ +] )
- d1 Q dl

Then applying Gronwall’s type inequality (e.g., see [44, Lemma 3.4]) and using the
fact (2.7), from (3.4), we obtain (3.1) with

(3.5)

Ky =

2 +1 [4p’K?K K2 (2 1+ K)+bs]?| |+ :
IVuol + ( e, KOO e P | "w ;

Now we integrate (3.4) over (t;t+ ), and use (2.7) as well as (3.1) to obtain for all
t € (0; Tmax) that

T S e T

8IK2K, | KZ (2 (1 +K)+bsFP| [+] |).
d1 2 dl ,

<Kji+

which gives (3.2) with

4 8bIK?K; | KZ(2[ 1(1+K)+bs°| [+] |)
. Kyi=— | K2+ L + :
(3.6) * 7 3, ( T d,
Then we complete the proof of Lemma 3.1. ]

Lemma 3.2. Let the assumptions in Theorem 1.1 hold, and let (u;v;w) be the
solution of (1.4). Then there exists a positive constant Kg independent of  such that

3.7) V()| <Kg  forall te (0; Tmax):

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.
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Proof. Multiplying the second equation of the system (1.4) by v, integrating the
result by parts, and appealing to Young'’s inequality, we obtain

1d
2dt/v+d2/\Vv|2+ 2/v+b2/vw
= /vVu-Vv+ 2/v+/uv
Q Q Q
d2 2 2 2 2 / 2
<= + + (K +
3 |9 g [VIuE e o) [ v
2 3 5
<% [rovee g (o) ([rvur) +oce o [ v
2 Ja 2dz \Jo Q Q
which gives

(3.8) c(ijt/v +d2/ |Vv2§dz</gv4)é (/Q|Vu|4>;+2(K+ 2)/Qv2

Using the Gagliardo{Nirenberg inequality in two dimensions, we can nd two positive
constants C; and C, such that

(3.9) VI < CL(IVV[L2[VilLz + [IV][E2)
and
(3.10) [Vull?s <Cao(| ulliz||VullLe + [ Vullf2);

where the boundary condition %”I@Q =0 has been used to obtain (3.10). Then using
the fact | Vu||_z <Ky (see Lemma 3.1), (3.9), and (3.10), one has

o () (=)

2c,C
< dl 2Uwvile Ve + [IVIE2)(A ullez]|Vullie + [[Vul/2s)
(3.11) 2C1CoKy °CiCoK}
< Wl ulle + OV v
2 2
2C1CyKy 2C1CyK2
+ —— V|2 ulle + ——2|V|]}-
d2 d2

<2 V([ + CsIVIIE | ullEs + CallvIIE

2 2 2
with C; = ¢ CICZ;;‘) (4d) and ¢, = (Ci1C2KI)® +§ de CiCaK] | Substituting

(3.11) into (3.8) and using Young’s inequality, we derive “for all te (0; Tmax) that

d
(3.12) GelVIEe SCslIVIEall ullE: +[Ca+2(K + )]V

By virtue of (2.7), there exits a constant t, € [(t — )4;t) for any t € (0; Tmax) such
that

4K
(3.13) v«m)@<Cy=mw{Wﬂu-2l}
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in both cases te (0; ) and t> ; where isde nedin (2.8). We can also derive from
(3.2) that

to+
(3.14) /t /Q| u(-;s))? < Ks:

Noticing the fact to <t <ty + < ty+ 1; we integrate (3.12) over (ty;t) alongside
(3.13){(3.14) and get

IVE D22 < VG to) 22658 o IAUCIEdHCLR2KE o) o o gEukrtCataics o

for all t € (0; Tmax); Which gives (3.7) by de ning

1 C3Kz+Cy+2(K+ 2)
—

(3.15) K¢:=CZe

This completes the proof. d

Lemma 3.3. Let the assumptions in Theorem 1.1 hold, and let (u;v;w) be the
solution of the system (1.4). Then there exists a positive constant K; independent of
such that

(3.16) IVu(;t)|lLs <Kz  forall te (0; Tmax):
Proof. To begin with, we rewrite the rst equation of (1.4) as follows:
(3.17) U —d; u+u=F(x;t)

with F(x;t) := qu(l —u) — byuv — b33 + u: Then by (2.4) and (3.7), for all
t € (0; Tmax), one has

L I R L

(3.18) KA+K)| |2 +b K|V +bsK]| |2 +K]| |2

<
<[ 1(1+K)+bs+1]K| |2 +bKKg:

We apply the variation-of-constants formula to (3.17) and obtain
t
(3.19) u(;t) = el® 2=y, +/ e@A-DI=9IE (;5)ds:
0

Then using the estimates (2.18) and (2.19), one can derive from (3.19) that
[VuC; s

t
§||Ve(d1A‘1)tu0||L4+/ |VeldtA=DA=SIE (.:5) | ads
0
t
ge*t||Vetd1Auo||,_4+/ [Vet=SILAE (. s)|| 4ds
0
t
<2 1679 Y| Vugl|s + 2/ (1+(t—s)‘%)e‘dl 1E=S)||F(;s)]|2ds
0

<2 1[[Vugllis + 2 ([ 1@+ K) +bs + 1K |%+b1|<|<6)/ (1+z 1)e  7qz
0

<2 1| Vil + 2= ([ 1@+ K) +by + 2K| [ +biKKg ) (1+ (1=4)(@ )F);
11
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where  denotes the usual Gamma function de ned by (z) = f0°° tZ—le~tdt: This
gives (3.16) with
(3.20)

K7 =2 1| Vugllue + == ([ 1@+ K) +by + K| 2 +biKKe) (1+ (A=4)(d 1)7);

and completes the proof of this lemma. d

Lemma 3.4. Let the assumptions in Theorem 1.1 hold, and let (u;v;w) be the
solution of (1.4). Then there exists a positive constant Kg independent of  such that

(3.21) V(5 t)|ls <Kg  for all te (0; Tmax):

Proof. Multiplying the second equation of (1.4) by v? and integrating the result
over along with (2.4) and (3.16), we get

1d
ga/Qv?’+2d2/ﬂv|Vv|2+ g/ﬂv4
=2 /VQVU-VV+ 2/v3+/uv3—b2/v3w
Q Q Q Q
2
gdg/v|Vv|2+—/v3|Vu|2+( 2+K)/v3
Q d2 Q Q

2 3 3
Sdg/V|VV|2+(/V6> </|Vu|4) +(2+K)/v3
Q d2 Q Q Q

2 K'? ? 3 3 .
<t f VIV A+ = Ve + Co + KOV
Q

which implies

3K2 2
“—IV[Ee +3C 2+ K|V

4d 3
IV +3 vl <

From (3.7), it follows that |vi(;)| s = |V(:t)]f. < K. Then applying the
Gagliardo{Nirenberg inequality and Young’s inequality, we can derive that

d
@22 Sviis+

3K2 2 3K2 2 a3
Zae VI = == v
3K2 2C1 3.4 3,2 3
< L (B, + vE )
(3.23) d> L3 L3
3K2 2C1Kg 3,4 3K2Z 2CK§
< TR0 w4 SR e
2 2
4d :
< FIVVE e+ Cy;
where Cy = 9(K7 :;351'(6)3 LS ;ClKg. On the other hand, using Young’s inequality,
one has ’
(3:24) [B( 2 +K)+1|lv[{s <3 2|v|[Ls + Cs;

where C3 = 4~% J[3( 2 + K)+1]*| |. Then adding |v||}, on both sides of (3.22)
and substituting (3.23){(3.24) into the resulting inequality, we obtain

d
GelVIILs + [IVIIEs < Ca +Cs;

which immediately gives (3.21) with Kg:= (|||} + Co + C3)é : This completes the
proof of Lemma 3.4. O
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Lemma 3.5. Let the assumptions in Theorem 1.1 hold, and let (u;v;w) be the
solution of system (1.4). Then there exists a positive constant Ky independent of
such that

(3.25) (IVC;B)||Le <Kg  for all t€ (0; Tmax):

Proof. Using Lemma 3.4 and the fact 0 <u < K (see Lemma 2.2), one has
uw
u+w
IKA+K)| |5 +biK|V]les +bsK| |5+ K] |5

[ 1(1+K)+bs+1]K| |5 +b KKg:

IFGOlIe =] 1@ - u) = biuv —by ==+l

(3.26) <
<

Taking V on both sides of (3.19) and using LP-L9 estimates (2.19), we have from
(3.26) that

IVuC;t)fLee

t
SHVe(dlA—l)tuoHLoc +/ ||Ve(d1A_1)(t_S)F(';S)HLacdS
0
t
gc1||uo|\wl;w+/ [Ve(t=S)UAE (:5) |~ ds
0
t
< Cif|uoflwriee + 2/ (1+(t—s)"8)e % 1E=9)|F(;;s)|Lsds
0

<cifluollwriee + 2([ 11+ K) +by + 1]K| I%+b1KKs)/ (1+2z-%)e % 12qz
0

§C1||U0le;oo+d121([ 1(1+K)+b3+1]K‘ |%+b1KK8)<1+(d1 1)% (126)),

which gives
(3.27) IVUC B~ < K
with

Kg = c1|uolw e

+d121 ([ 11+ K)+Dbs +1]K| |%+b1KK8) (1+(d1 )8 (1=6)>:

We rewrite the second equation of (1.4) as follows:

(3.28) Vi—dy Vv+v=— V. (VWu)+ ov(1—-vV)+uv—hyvw+v:

Then applC08 [()51)]TJ/]TI/F11 9.9626 Tf 20.479 0 Td [(K)]TJ/F8 9.9626 T 9.17 0 Td [( )] TI/F7 6.9738 Tf 6.003 -1.494
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which implies

t
VGOl <[t 2 7ty | + / le@A=DEDT . (vWu)(i8)L~ds
(3.29) c 0
+/ [e(@=A DS y( 5 + 1+ U)](8) || ds:
0
Using (2.20) and (3.21), we have

(3.30) oAty | <2 5[VollL~

and
t
/ (@A DES)y( 5+ 1+ u)](;S)|L~ds
0

t
(3.31) SCerl+K)s /0 L+ (t=9) e v(:9)[ads

+oo

<( 2+ 1+K)Kg 3/ (1+z %)e ?dz
0

:( 2+1+K)K8 3[1+ (2:3)]

On the other hand, using the LP-L9 estimate (2.21) alongside the fact that C§°( ) is
dense in LP( ) for any 1 <p < oo and estimates (3.21) and (3.27), we have

t
/ |e(@A-DE=S)7 . (vTu)(-;S)||L~ds
0

t
S / L+ (t—s)"%)e % 1Yv(;8)[|Ls|[Vu(;8)|L~ds
(3.32) 0

IN

4K8K§/ (1+Z_%)e_d2 12dz
0

KsKg 5
—g L+ (1=6) (2 1)
21

Substituting (3.30), (3.31), and (3.32) into (3.29), one has (3.25) with

Ko:=2 sflVoflLe +( 2 +1+K)Kg 3[1+ (2=3)]

aKeKyg _ 5\ .
— o (1 @e @ i) .

+

Remark 3.6. From the de nitions of K4; K5, and K7, we see that ||v(-;t)||L~ <
Ko < co(1 + by + b?) with some constant ¢, > 0 independent of b;. This result will be
used later in the stability analysis in section 4.

3.2. Boundedness of kw( ,t)kra . To obtain uniform-in-time boundedness of
[Iw(:; t)||L, wWe rst give some higher order derivative estimates of u;v below.

Lemma 3.7. Let the assumptions in Theorem 1.1 hold, and let (u;v;w) be the
solution of (1.4). Then there exists a constant Ky > 0 independent of t such that for
allp>1

t+ .
(3.33) / DU}, <Ky for all te (0; Tmax)
t
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and

t
(3.34) / e P9 u|P, <Ky forall te( ;Tmax);

where  and Tmax are de ned in (2.8).
Proof. We rewrite the rst equation of (1.4) as follows:

ur—dy u+ru=F(xt); xe ;t=>0;

tu=o; Xe@ ;t>0;
u(x;0) =up(x); Xe ;
where
bsuw

F(x;t):= 1u(l—u)+u—byuv—

u+w

Then by the boundedness of |F (x;t)|(due to the boundedness of u and v; see (2.4)
and (3.25)), we can obtain (3.33) by [30, Lemma 2.3]. Moreover (3.34) follows from
the maximal Sobolev regularity property; see [15, Lemma 2.5]. d

Next, we shall show the following lemma.

Lemma 3.8. Let the assumptions in Theorem 1.1 hold, and let (u;v;w) be the
solution of (1.4). Then there exist two positive constants K;; and K, independent of
t such that

(3.35) HVV(';t)HL2 <Ky forall te (0; Tmax)
and
t+ -
(3.36) / | Vv[Z: <Ky forall te (0; Tmax);
t

where  and Tmax are de ned in (2.8).

Proof. Multiplying the second equation of (1.4) by — v and integrating the result
by parts, we have

— Vv|© +d Y
gi ) IVVE e [ |V

= V-(WVu) v-— 2/v v+ Q/V2 v—/uv v+b2/vw V:
Q Q Q Q Q

Noting the facts (2.4), (3.25), and (3.27), and using Young’s inequality, we can derive
that

(3.37)

V-(vVu) v= Vv-Vu v+ /v u v
Q Q Q
(3.39) < K [l v+ K [ ] ull v
Q Q

2 *)2 2K 2
<Z [ v [ 8 ) up
2 Jo do Q d2 Jo
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72\/V v+ 2/V2 vf/uv v+b2/vwv
Q Jo Q Q

(3.39) <( Ko+ 2K§+KK9)/\ v|+b2K9/w| V|
Q Q

212
/| v+ ZbK /W2+C1;
Q

2( Ko+ 2K9+KK9) IQ‘

and

with C; = a . On the other hand, Young’s inequality gives us
2 *) 2 2 *)2
( (KS) +1)/ |VV|2:( (KS) +1)/V v
do Q do Q
2 2
(3.40) < ( (Ks) +1> Kg/ | ]

/| V2 +C,

with C, ;= 20 (Ks >2d+;,d2>2*<3 121 substituting (3.38), (3.39), and (3.40) into (3.37), one
has

2K 2 2K 2
(3.41) g/ |Vv|2+/ |Vv|2+d—2/\ v|2gﬁ/| u|2+%/w2+cl+cgz
dt /g Q 8 Jo d2 Jo d2 Jo

Using (2.12) and (3.2), and applying Gronwall’s type inequality (cf. [44, Lemma 3.4])
to (3.41), one gets (3.35) directly. Then integrating (3.41) over (t;t+ ), we obtain

t+ 212 t+ 21K 2 t+
%/ /‘ V|2§/ |vv|2+ﬁ/ /| U|2+%/ /W2+(C1+C2) :
8 t Q Q d2 t Q d2 t Q

which gives (3.36) due to (2.12) and (3.2). Then we complete the proof of this
lemma. d

Next, we give the estimate of ||w(-;t)||_z.

Lemma 3.9. Let the assumptions in Theorem 1.1 hold, and let (u;v;w) be the
solution of (1.4). Then one can nd two positive constants K;3 and K4 independent
of t such that

(3.42) Iw(; D)Lz <Kyz  for all te (0; Tmax)

and
t+ t+ -
(3.43) / [VW(-;8)|i: +/ [w(;9)|IPs <Kyg  for all te€ (0; Tmax);
t t

where  and Tmax are de ned in (2.8).

Proof. Multiplying the third equation of (1.4) by w followed by an integration by
parts, one has

2dt/W+/|VW|2+ 3/w

(3.44) o2
/(vau+wqu)-Vw+ 3/w2+/vw2+c3/ ;
Q Q Q oW+u
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Since |Ju(;t)|jLe~ < K (see Lemma 2.2), |[v(;t)|lL~ < Kg (see Lemma 3.5) and
[[Vu(;t)||L= < K (see (3.27)), one can use Young’s inequality to obtain

(3.45)
/(WvVu+wqu)-VW§ KgKg/W\VWH K/W|VV||VW|
Q Q Q

1
§7/ |Vw|? + 2(r<g;)2r<§/w2+ 2K2/W2|VV|2
2 Q Q JQ

and
(3.46) 3/W2+/VW2+C3/ uw? <( 3+K9+c3)/w2:
Q Q oqw+u Q
Then substituting (3.45) and (3.46) into (3.44), we obtain
(3.47) éjt/QW2+/QVW2+2 3./Qw?’gz 2|<2/vi2|vw2+c:1/Qw2;

where C, :=2[ 2(K3)2KZ+ 5+ Kg+csl:

Using the Gagliardo{Nirenberg inequality in two dimensional spaces, one can nd
two positive constants C, and C3 such that

(3.48) IW[[7 4 < Co ([[VW]|L2|Iwl|L> + [|wl]72)
and
(3.49) IWV][Ea <Cs (Il vl VVee + IVV[IE2) < CsKun(ll Ve + Ky

where we have used the fact | Vv(:;t)||L2 < Ky in (3.35) and a result in [10, Lemma
1] for Neumann boundary conditions. Then we can use (3.48) and (3.49) alongside
Young'’s inequality to obtain

2 2K2/w2|vw2gz 22 w2 |V
Q

<Cy (VWi Wiz + [wlif2) (I vz + Kiy)

(350) §C4||VW|||_2||W|||_2|| V|||_2 + C4K11||VW|||_2||WH|_2
+Cyllw|f2] VL2 + CaKin W72
l+4CfK121
4

where C, =2 2K2K;;C»C3. Then substituting (3.50) into (3.47) yields

1
< SIIVWIIEs +2C|wlfE= || vIIE: + IwlIE;

(3.51)

d 1 1+ 4C2K2 +4C
GeIWIE: + SIVWEs +2 sliwllis <2CT|wliE:]| vili- + K +4C

; w2

<CswlE=(ll vl +1)

. 14+4C2K 2, +4C, +8C?
with Cy ;= 1H2Cakin #4901 #8504

4
Since [ [|w||2. <Kj (see (2.12)) and [ || V|2, < K2 (see (3.36)), by using
the similar argument as in Lemma 3.2, we can obtain from (3.51) that
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W D2 < Kaeorentes;

which gives (3.42) with K3 = (KzeCsK12+Cs )
Integrating (3.51) over (t;t+ ), using (3.42) and f | V][i: <Kz (see (3.36)),
one has

1 t 2 t 2 t 2 2
: / IVw[?s+2 / W25 < w2, +Cs / IWl2.(l V]2 +1)
t t t

2
< K7y + CsK (Koo + 1) 1= Kyy;

which gives (3.43). d

Lemma 3.10. Let the assumptions in Theorem 1.1 hold, and let (u;v;w) be the
solution of system (1.4). Then there exists a constant K;5 >0 independent of t such
that

(3.52) IVV(; D)L <Ky forall te (0; Tmax):

Proof. By the second equation of (1.4), one has

4dt/ |Vv|4—/ |VV|°VV - Vvy

=d VV|2Vv -V —/V2V~VV~V
555 s [I9VERV- v [ ovEey v )

+/ V[ 2v(1 — V) +uv — bovw] - Vv|Vv|?
Q
=1+ + 15

Since V. v-Vv=1 |Vv|?2 — |D?v|?, we can estimate the term I, as follows:

|1:d2/|vV\2vV-v v
Q

d
(3.54) =—2/ Vv [? |Vv|27d2/ |Vv[2|D2v?
Q
_d Vv|?
=5 [ oveEEas = [ 1vIvvee —a, [ oo

Using the facts ||u(:;t)||L~ < K (see Lemma 2.2), |[V(-;t)||L~ < Kg (see Lemma 3.5),
and |[Vu(; t)||L~ < K§ (see (3.27)), one can estimate terms I, and 15 as follows:

(3.55)
I,=— / |VV|2VV - V(V - (vVU))
Q

= /V\VV|Q~VVV~(VVU)+ /\Vv|2 vV - (vVu)
Q Q
< [ ITITITVEI< 9 + ol u\)+ﬁ [ 9vEDVIk 9]+ K|
Q
d d 2(Kg)? 4 2K
<G [ vwver+ G [ ovpoive + S0 [ ovts /|Vv\| ul?
Q Q

d d (K2 + K2
<72/ |V|VV|2|2+£/ ‘VV|2‘D2V|2 [( 8) ]/ |VV|4 /| u|4
4 Jo 2 Jo do
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and

|3=/V( oV(1 — V) +uv — bovw) - Vv|Vv[?
Q

2/ |Vv|* -2 2/v|Vv|4+/vVu-Vv|Vv|2+/u|Vv\4
Q Q Q Q

(3.56)
—b2/W|Vv\4—b2/v\Vv|2VW~Vv
Q Q
<K [ W KKy [ [9vE by [ (9 Tw
Q Q Q
Substituting (3.54){(3.56) into (3.53), and using Young'’s inequality, we end up with
d
a/ \Vv|4+d2/ \Vle|2\2+2d2/ |Vv|?|D?v|?
Q Q Q
2 2K 2
(3.57) <ady [ ot as ey [ 0
@ @ Q d2 Q
+4b2K9/ \Vv|3\Vw\+4K§K9/ Vv |3
where C; = M +4( 5+ K): With the inequality @\EVI <2 |[Vv[Zon @

for some constant ‘>0 (see [39, Lemma 4.2]), and the trace inequality ||” || _2@q) <
7 [[L2(q) for any " >0 (see [42, Remark 52.9]), we derive

2@ VV|? 4 do 212 4.
(3.58) 2d, |[VV|*———dS <4 dy [Vv|*dS < = [ [VIVV[*]*+Cy | |VV|™:
eQ 0 eQ 2 Jo Q
On the other hand, using Young'’s inequality, we have

(359) 4K§K9/ |VV|3§C1/ |VV|4+C3
Q Q

with Cy = Z(KKa)120 e substitute (3.58) and (3.59) into (3.57) to obtain

d d
oT/ |vV|4+i/ |V|VV|2|2+2d2/ Vv |D%v?
t/o 2 Jg Q

§(2c1+c2)/ |VV|4+79/| u|4+4b2|<g/ |VV|?|Vw| + Cs:
Q d2 Q Q

Moreover, integrating by parts, noting ||v(;;t)||L~ < Kg and using Young’s in-
equality, one has

(201+C2+2)/ |VV|4:C4/ |VV[2VV - Vv
Q Q
=—C4/vV\Vv|2-Vv—C4/v|Vv|2
Q Q

§C4K9/ |V|Vv|2||Vv|+C4K9\/§/ IVV[2|D2v|
Q Q

2K 2
<% [wepp+ 3 [ vvpione+ 25 oy
Q
d o K
<% [wiwvpr+ G [ mvepe [ wvies S
Q
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which gives
d CiK§
(3.61) (2C1+CQ+1)/ \VV|4§Z2/ V|V 2% + /\VV| ID?v|? + i":
Q Q
Similarly, one can derive that
/|VV\6:/ V[TV - T
Q Q
——2/v|Vv|2V|Vv\2«Vv—/V|Vv|4
Q Q
§2K9/ |Vv|3|V|vV|2|+f2K9/ Vv[4D2|
Q Q

3 .
<3 / V[ + 4K2 ( / VTP + / |Vv|2|D2v2):
8 Q Q Q

which entails us that

5
212 2,12 6.
(3:62) /QWIVV\ | /IVV\ D7V _32K2/Q|VV| -

Then substituting (3.61) and (3.62) into (3.60), we obtain

d 5d
= / ot [ vt ety [ o
CiKil |

22
4 K /| u\4+4b2K9/\vV| |Vw|+C3 + &

4 2K2 , - 512b2|<9 , CiKY| |
+ + Cy 4+ 24 90 1.
/| u 128K2/ V[ + /|VW| 5

and hence

(3.63)
d 4 4 16 2K2 o 4, Bl2b3KZ o 4CIK¢
— + < — D + —= +C3+ ;
i [ 17 [ vt B [ ot 22 [ w0

where we use the fact | u| < +/2|D?u|. Then applying Gronwall’s type inequality (cf.
[44, Lemma 3.4]), and using (3.33) and (3.43), from (3.63), we get (3.52). d

Lemma 3.11. Let the assumptions in Theorem 1.1 hold, and let (u;v;w) be the
solution of system (1.4). Then it holds that

(3.64) [W(D)lLe < Kig;

where Ki >0 is a constant independent of t.

Proof. Multiplying the third equation of (1.4) by w2, and integrating the result
by parts, we obtain

3dt/W +2/W|VW|2+ 3/

(3.65) s
=2 /w2(vVu+qu)-Vw+ 3/w3+/vw3+c3/ :
Q Q Q oqw+u
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By the facts ||u(;;t)||L~ < K (see Lemma 2.2), |[vV(:;t)||L~ < Ko (see Lemma 3.5),
[Vu(;t)||Le~ < Kg (see (3.27)), and ||VV||L+ < K;5 (see Lemma 3.10), one can derive
that

2 /wg(vVu+qu)~Vw
Q
(3.66) <2 K§K9/W2|VW|+2 K/WQ\VV||VW|
Q Q
S/W\Vw\2+2 2(Kg‘)ng/ w3 +2 2KQ/W3|VV\2
Q0 0 Q
and

uw3
(3.67) 3/w3+/vw3+c3/ <( 3+K9+c3)/w3:
Q Q oW+u Q

Substituting (3.66) and (3.67) into (3.65) gives

(3.68) g/W3+3/W|VW|2+3 3/w4§6 2K2/W3\Vv|2+C1/W3;
dt Jo Q Q Q Q

with C; :=6 2(K{)?K2 +3( 3 + Ky + ¢3): Then using the Gagliardo-Nirenberg in-
equality and Young’s inequality, and utilizing the facts ||w(:;t)|| 2 < Ki3 (see (3.42))
and | Vv||Ls < Kj5 (see Lemma 3.10), one has

6 2K2/W3|VV|2§6 ZK? (/ w6> (/ |Vv4>
Q Q Q

<6 KK w32,

3,4 2
(3.69) <6 PKIKEColl VW2 |E w3y + w212 )

=6 2K2KZCoKys||[ VW5, +6 2K2KZCoKE,
g/W|VW|2+Cg:
Q

Then substituting (3.69) into (3.68), and adding fQ w? on both sides of the resulting
inequality alongside the Young’s inequality: (C; +1) [,w? < 35 [, w*+Cy, we obtain

E/W3+/W3§C3+C4;

which gives (3.64) directly upon an application of Gronwall’s inequality. O

Next, we shall show the boundedness || Vv (:;t)||L-. Precisely, we have the follow-
ing lemma.

Lemma 3.12. Let the assumptions in Theorem 1.1 hold, and let (u;v;w) be the
solution of (1.4). Then there exists a constant K;7 >0 independent of t such that for
all te€ (0; Tmax)

(3.70) IVV(; D)L~ < Ki7:

Proof. From Lemma 2.1, we know that (3.70) holds for all t € (0; ], where s
de ned by (2.8). Hence to prove Lemma 3.12, we need only show (3.70) holds for all

te(; Tmax)-
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To this end, we rewrite the second equation of (1.4) as follows:
(3.71) Vi—dy v+v=— V. (VWu)+ ov(1—-vVv)+uv—hvw+v:

With the variation-of-constants formula for (3.71), we obtain

t
TV(t) = VedA-DE Dy ) /Ve(dQA—l)(t‘s)[V~(vVu)]ds

t
+ / Veld2A=DE=S)[ ,y(1 —v) + uv — bovw + v]ds;

which gives

(3.72)
t
WVt |Lee < [[Vel®2ADE Dy )||Le + / |Veld22=DA=S)[y . (yVu)]||_~ds

t
+ / |Vel@2A=DA=S)[ ,y(1 —v) + uv — byvw + V]||_~ds

=t

Using the semigroup smoothing estimates in Lemma 2.5, we rst estimate the term
‘L as

3.73) = Vel®A DI Dy(; )L < Cy;
and estimate the term ‘5 as

(3.74)
t
= /||Ve(d2A‘1)(t‘5)(Vv-Vu+v u)||L~ds

. /t |Ve(@=A-DE=S) vy . vu)|_~ds + /t |Vel@2A-DE=S)(y )| _~ds
=91+ “20:
Then from Lemmas 2.5, 3.5, and 3.10, and (3.27), it follows that
t
= [ TR Iy T s
<C, /t(l +(t—s) 2 1) 1D gy Tyl Luds
(3.75)

t
SCz/ (L+(t—s) H)e @ FVE) Ty | VulL~ds

t
§C3/ (l+(t—s)*%)e*(dz 1+1)(t-5) 4g

<Cy

Copyright (©
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and
t
2= /||Ve(d2A’”“’S)(V u)||Leds

t
§C5/ (L+(t—s) 2 p)e (@ DSy y|| nds
(3.76) .
§c6/ (L+(t—s) 2 p)e (@ 1+ ) ds

do

t _P_ t
§C7/ (1+(t—s)*%*%)pf1 e pfllp(tfs)ds+c7/ e PE=S)|| u|P.ds:

Choosing p >4, we can check that Q(pptzl) <1, and hence

t b c
/(1+(t—8)*%*%)‘” e*dé—ip“*)dsgcg/ (1+(t—5) 7o ) e~ 54" as
< Cy;

which, alongside (3.34), gives ‘25 < Cy( for some constant C;o >0 from (3.76). This
entails that

(377) ‘9 < Cy+Cyqp:

Finally, using the boundedness of |[V(:;t)||L; ||[u(:;t)|L~, and ||w(:; )| s, we get the
estimate for “5 as follows:

(3.78)

t
‘3 :/ |Veld2A=DE=S)[ y(1 —v) + uv — byvw + V]| _~ds

t
gcn/ (L+ (t—s)"z 5)e (@ 1+DES) | Ly(1 —v) +uv — byyw + V|| sds
<Cia:

Then, substituting (3.73), (3.77), and (3.78) into (3.72), we obtain (3.70). The proof
of Lemma 3.12 is now completed. d

Lemma 3.13. Let the assumptions in Theorem 1.1 hold, and let (u;v;w) be the
solution of system (1.4). Then one can nd a constant K;s > 0 independent of t such
that

(3.79) W )| < Kis  for all t€ (0; Tmax):

Proof. By the variation of constants formula, w can be represented as

t
w(;t) =eA Dty — / e(A=DE=S)7 . (wvVu + wuVv)
0

t
+/ e<A—1)<t_S)W< s+l W —VHCy )
0 u+w

t
<e@-Dty, /e(A—l)(t—s)V-(vau+wqu)
0

t
+/ e(Al)(ts)W< s+ 140y u >;
0 u+w
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and hence

t
[w(t)[|L <[le® Dty + / [eA=DEST . (WvVu +wuvv)||
0

t
+/
0

Using the well-known semigroup smoothing estimates (see Lemma 2.5), we have

(3.80)

=J1 +Jy + Jd3:

eA-DE=9)y (k14
u+w/ ||

(3.81) J1 = ([ < Cyf|Wol|Le

for some constant C > 0. Noting the facts ||u(:;t)|[L~ < K (see Lemma 2.2),
IV(; D)L~ < Kg (see Lemma 3.5), [|[Vu(;t)|[L= < Kg (see (3.27)), || VV(; D)L~ < Kir
(see Lemma 3.12), and ||w(-; t)||Ls < Ky (see Lemma 3.11), one can use (2.21) with
the fact that C5°( ) is dense in LP( ) for any 1 <p < oo to obtain

t
Jy < 4/ A+ (t—s)"s)e ( 1HDES) | |w(yVu+ uvv)|sds
0

t

< 4(K9K§+KK17)/ L+ (t—s) $)e (1 HDES) |y sds

(3.82) o

< 4(K9K§+KK17)K16/ 1+ (t—s) s)e ( 1tDE9)gs
0

4(KoKg + KK 7)Kys

1

< 1+ (1=6) {):

Moreover, we can use (2.20) to derive that

t
3 < o 3+1+c3>/ (L+ (@ —s) H)e 9w ds
0

3.83 t 1
e = s 3+1+°3)K16/ (1+(t—s) 3)eds
0
< 3( 3+ 1+c3)Kig(l+ (223)):
Then substituting (3.81), (3.82), and (3.83) into (3.80), one obtains (3.79). O

Proof of Theorem 1.1. The combination of Lemma 2.2, (3.27), and Lemmas 3.5,
3.12 and 3.13 yields a constant C; >0 independent of t such that

UG Ollwree +IVEDllwe +[IWED][Le < Coj

which together with the extension criterion in Lemma 2.1 proves Theorem 1.1. d

4. Global stabilization of solutions. In this section, we are devoted to study-
ing the global stability of coexistence steady states as asserted in Theorems 1.2
and 1.4 by the Lyapunov functional method along with Barbalat’s lemma as stated
below.

Lemma 4.1 (Barbalat’s lemma [8]). If h:[1;00) — R is a uniformly continuous
function such that tIim flt h(s)ds exists, then tIi}m h(t) =0.
—00 S

Moreover, we need higher regularity of solutions as follows.
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Lemma 4.2. Let (u;v;w) be the unique global bounded classical solution of (1.4)
given by Theorem 1.1. Then for any given 0 < < 1; there exists a constant C >0
such that

||U(-;t)HC2+ ;1+7(Q><[1;oo))+ ”V(';t)HCZ‘F i1+7(Q><[1;OO))+ ||W(';t)HC2+ 31+7(Q><[1;oo)) <C:

Proof. By the boundedness of (u;v;w) (see Theorem 1.1) and the interior LP
estimate [36], we nd a constant C; >0 such that

4.1)
ullwas @i sivan + IVIwg @uivdiivan + IWlwa @xpis vy <C1 - Toralli=0:

Then the Sobolev embedding theorem with p suitably large gives

(42) ||u||C1+ T

~ +
7 (Qx[§;00

) + ||W||Cl+ %(QX[%,OO)) S CQ:

Using (4.2) and applying the Schauder estimate [34] to the rst equation of (1.4), we
obtain

4.3) ||u||C2+ 13 (G fi41i3]) <Cs foralli>Q0;
and hence
(a.4) lullgas 45 @z ooy < Ca
The second equation of (1.4) can be rewritten as
(4.5) vi—dy v+ Vu-Vv=G(x;t); xe ; t=>0;
where

Gx;t)=— u-v+v( o— ov+u—bhow):

By (4.3) and (4.4), we have

IG + || Vull¢ Cs foralli>0:

”c;éxﬁxﬁ+éﬁ+a) ;ixﬁxﬁ+%ﬁ+ﬂ)§

Then applying the standard parabolic Schauder estimate to (4.5), one can nd a
positive constant Cg4 > 0 such that HV||C2+ - ) < Cg for all i > 0, which
gives

(4.6)

(Ox[i+1;i+3

IVllgat 142 (@ ti4o0y) < C7F

Finally, similar arguments applied to the third equation of (1.4) give us a con-
stant Cg > 0 such that ||WHC2+ 47 (G [154-00)) < Cg; which completes the proof of
Lemma 4.2. 0

4.1. Global stability for b = c3 = 0. In this subsection, we rst show the
global stabilization of coexistence steady state in the case of b3 =c3 =0. In this case,
the system (1.6) becomes

Ug=d; u+u(l—u-—byv); Xxe ;t=>0;

vi=dy v— V-(vWu)+v(l—v+u-—Dhbyw); xe ;t=0;
4.7) wi= w— V-WVu+wuVvv)+w((l—-w+v); xe ;t=>0;

=gy =Bw=yq xe@ ;t>0;

u(x; 0) =up(x); v(x;0) =vo(X); w(x;0) =wp(x); XE€
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One can easily check that the system (4.7) has a unique constant coexistence steady
state (u*;v*;w*) de ned by (1.7) provided

(4.8) O<by<?2 and 1+biby+by>b;:

Our purpose is to study the global stability of (u*;v*;w*). To this end, we introduce
the following energy functional:

(4.9) E1(t) = Zu(t) + Zu (1) + Zn(1);

where
S
Is(t):A(s—s*—s*ln§>; se{u;v;w}:

The energy functional like (4.9) is the Lyapunov functional to the corresponding ODE
(cf. [11, 29]), and it can be extended to PDE models with di usion (cf. [19, 53]) or
prey-taxis.

Then we have the following results.

Lemma 4.3. Let the condition (4.8) hold. If
(4.10) (by —1)* + (b2 — 1)* <4;

then there exist ;>0 and ;>0 such that whenever € (0; ;) and € (0; 1) there
holds for some Ty >0 that

(4.11) Ju(;t)—u||Le+|VC D)=V ||Le +|W( ) —WH L < Kige™ ' for all t>Ty;

where Kig >0 and >0 are constants independent of t.
Proof. The coexistence steady state (u*;v*;w*) satis es equations

1—u*—byv*=0;
(4.12) 1—v*+u*—bow*=0;
1-w"+v*=0:

Then one can check that (4.12) has a unique positive steady state (u*;v*;w*) de ned
by (1.7) under the condition (4.8).

Step 1. In this step, we shall show the global stability of (u*;v*;w*) by means
of the energy functional £;(t). Using the rst equation of (4.7) and the fact that
1—u*—byv¥=0;we nd

d _ u*
aIU(t) —/Q (1 — U) Ut

(4.13) = —dlu*/ [Vup? +/(u U (L —u—bv)
Q Q

u2

2
:—dlu*/ﬂ |Vu‘;| —/Q(u—u*)2—bl/Q(u—u*)(v—v*):

Similarly, we can use the second equation of (4.7) and the fact 1 —v* +u* —bow* =0
to obtain
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(4. 14)

o[

2 .
v V‘ + v*/ vu vv+/(V—V*)(l—V+U—b2W)

dv/|vv2 /Vqu /(v v+ /(ufu)(v v*)
—bg/ﬂ(v—v*)(w—w*):

Furthermore, with the fact 1 — w* +v* =0 and using the third equation of (4.7), we
have

(4.15)
d w*
— T = 1— —
0= [ (15w
L vw)? . [ VVU-VW+uVv-VYw )
=-w QV_F w A W + Q(W—W)(l—w+v)
_ AL /vVu Vw + uvv - Vw
o W2

/(vv W) + /(v VW - w:

Then substituting (4.13), (4.14), and (4.15) into (4.9), we end up with
(4.16) —El(t) =— [ XA XT —/ YB.YT,;
Q Q

where X = (U —u*v — v 5w —w*), Y = (Y, Y, YW) and A;B; are symmetric
matrices denoted by

1 b12—1 0 dlu* _ v2u _ w%uv

A1 = b12—1 1 b22—1 : B1 = _ v2u dgV* _ w2uv
by—1 w*uv w*uv *
0 > 1 ——s =z W

Next, we show that the matrices A; and B; are positive de nite and positive
semide nite, respectively. Notice (4.10) implies 0 <b; <3. Then

bll_l -l :(3—b1)(1+b1)>0
1 4
and
h — 12 — (b — 1)2

4
Therefore, A, is positive de nite and there exists a constant >0 such that
(4.17) XA XT > X2

On the other hand, after some calculations, one can derive that

dut — v2*u

v*u
——3 dQV*

_ Vi(didaut — 2viu?) | vi(4didou” — 2vEJullf )
- 4 - 4
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and

*

Bi|=——[ 2v'wulv?+ 2w (diu* +dovi)udv + 2(v¥)?u® — 4d;dautve]

Y
I

[ 2w Ul V]2 + 2w (dyu* + dov)[|u]F o V][ ]

b‘%h‘%b‘é

[ 2(v*)?||ullf = — 4dydau*v*]

Noticing that ||u||_~ and ||v||_~ are independent of parameters and (see Theorem
1.1), we can nd appropriate numbers ;>0 and >0, for example,

2d1d2U*
=,/———— and
P v uli

1= \f2didourve=lul2 < VIZ < vews ull e+ we (dau + dove))

suchthatif0< < 1;0< < 4, then

4didoutv > AW |Ul|P o [V
+ 2wr(dov* +diu) Ul s VIR s + 2Ol

which guarantees that B is a positive semide nite matrix, and hence
(4.18) YB.YT >0:
Substituting (4.17) and (4.18) into (4.16), we obtain
(4.19) %Sl(t) + F()<0
with
Fi(t):= /Q(u —u)2+ (v —v)?+ (w—wH)Z
Moreover, we can show that & (t) > 0 for all t>0: In fact, letting ”(z) ==z — u*Inz

for z > 0; one can check that *'(z) =1 — ”7 and ”'(z) = ‘;—2 By Taylor’s expansion,
there exists a quantity = u+(1— )u* with < (0;1) such that

)
2

u*
2 2

(4200 u-—u* —u*ln% =) - ") = (U—u*)?=_—(Uu—-u*)?>0;

which implies Z,(t) > 0. Similarly, we have that Z,(t) > 0 and Z,(t) > 0. Then it

follows that &;(t) = Z,(t) + Z, (t) + Z,,(t) > 0.
Then integrating (4.19) with respect of t over (1;00) along with &;(t) > 0, gives

o 1
(4.21) / Fi(t) < =&1(1) <oc:
1
Then using the regularity of u;v;w obtained in Lemma 4.2, one can derive that F;(t)

is uniformly continuous in [1;00). Then using (4.21) and applying Lemma 4.1, we
obtain

Fl(t):/g(u—u*)Q+/Q(v—v*)2+/ﬂ(w—w*)2—>0 as t — oo;
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which gives

(4.22) Jim (lu—u* e + v = vl + [l —w* =) = 0:

By Lemma 4.2, we nd

(4.23) [u—u*jwie + ||V = V*||wie + [|[W—W*|lwie <C; forall t>1:

Then applying the Gagliardo{Nirenberg inequality and using (4.23), one has

1 1 1 1
(4.24) U= UL < Coflu = U™l e [lu = U7[[Z2 S CoCF [Ju— U722
which together with (4.22) implies
(4.25) lim ||Ju—u*|L~ =0:
t—oo
The same argument gives us that
(4.26) lim (v —Vv*||Les + [[W —W*||L) =0:
t—oo

Step 2. In this step, we shall show that the convergence rate is exponential. In fact,
(4.25) implies there exists t; > 1 such that

*

- 3
”75 =[u+(1— U< forall t>t:

Then by (4.20), one has

2
u*
Similarly, using (4.26), there exist two constants t; > 1 and t3 > 1 such that

2
(4.27) (u—u"?<u—u* —u*In% < E(u—u*)Q:

(4.28) 9\2/* (U—u*)?<v—-v*—v*In \;l—* < V%(v —v*)? forall t>ty;

and

(4.29) i(W —w*)2<w—w* —w*In W i(W —w*)? forall t>ts:
Qw* W+ T W

By the de nition of & (t) and F;(t) along with (4.27), (4.28), and (4.29), we can nd
two positive constants ; and 5 such that

(4.30) A1) <&M < o F1(Y)

for some t >t =max{ty;ts;t;}: Then the combination of (4.19) and (4.30) gives
%Sl(t) + —zgl(t) <0 forall t>t;

which implies for all t >t

(4.31) S <E@Me =0V <ce3h

Then it follows from (4.30){(4.31) that

1
Fi(t) < =& () < Coe-=t forall t>t
1 1
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which, alongside the de nition of F;(t), gives

Cs
(4.32) lu—u[[fa + v = VIR + [l - w P, < e
1

for all t>t:

Then combining (4.24) and (4.32), one can nd there exist two positive constant C,
and 3 such that

(4.33) lu(;t) —u*|lL~ <Cye™ 3 forallt>t:
Similarly, it holds that
(4.34) VG ) — V¥ |Loe + [[W(-t) — W*|[Le < Cse™ 4t forall t>t:

Combining (4.33) and (4.34) gives (4.11) and hence completes the proof. |

4.2. Global stability for bz > 0, ¢z > 0. In this subsection, we investigate
the large time behavior of solutions for the system (1.6) with b3 >0 and c3 > 0: For
simplicity, we assume c3 = 1: We underline from Remark 3.6 that ||v||_~ is bounded
by a constant independent of b, as by is small. Hence, if by > 0 and by > 0 are
suitably small, 1 —bs — by ||v||L~ >0 is warranted. To derive the stability in the case
of bz;c3 >0; we rst derive a lower bound estimate for u:

Lemma 4.4. Let (u;v;w) be the unique global bounded classical solution of (1.6).
Let by >0 and b; >0 be su ciently small such that 1 —bs — by ||v||_~ > 0: Then there
exists a constant ty € (0; o0) such that

(4.35) u(x;t) >min{u;1 —bs —by|[v|L=} Forall (x;t)e x (ty;0)
and
(4.36) liminfu(x;t) >1—b; —by|vljL~ forallxe ;

where u = min,-
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Recall that u(x;ty) > u: Then u is a lower solution of the following PDE problem:

U —d; U%=U%K —-U%; xe ;t>t;
(4.38) @@“fo(x;t) =0; xe@ ;t>to;
UO%(x;tg) = u(X; to); X€E ;

and consequently,

(4.39) a(t) <U%(x;t)  forall (x;t) € x (to; 00):

Applying the comparison principle to (4.37) and (4.38), and using (4.39), one has
min{u; £} <u(t) <U°(x;t) <u(x;t) forall (x;t)e  x (to; o0);

which indicates (4.35) and (4.36). d

Next, we shall show that the coexistence steady state (u.;v.;w.) is globally
asymptotically stable under some conditions. Similarly, we introduce the following
energy functional:

(4.40) E(t) = Tu(t) + A (1) + Tw(t);

where

Js(t) = (s—s*—s*lns); se{u;v;w};
Q S

*

and (u.;v.;w,) = (uj;vi;wy) is de ned in (A.1). Then we have the following
results.

Lemma 4.5. Let (u;v;w) be the solution of (1.6), and let (u.;Vv.;w.) = (uj;vi; w;)
be the coexistence steady state de ned in (A.1). If (1.11) holds, then there exist 5 >
0; 2> 0 such that the solution (u;v;w) will exponentially converge to (U,;V.;w,) in
L>*-norm as t— oo whenever 0< < sand 0< < .

Proof. Using the rst equation of (1.6) and the fact that 1—u,—b;v,—bs u*"fw* =0
in (1.10), we derive

%Ju(t) =/Q (1-5)u

[Vul? /
= —dju, +
1u /Q 02 Q(u
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With 1 —v, +u, —bow, = 0 in (1.10), we can use the second equation of (1.6) to
derive that

(4.42)

Gh0= [ (1-%)w

dyv */'VVP vo [T vy -vru-bw)

—dzv*/ AT /Vu w /(v v.)? + /(U—u*)(v V.)

—bg/g(v—v*)(w—w*):

Similarly, using the third equation of (1.6) with c3 =1 and the fact 1 — w, +v, +
=0 in (1.10), we obtain

U+W

(4.43)
d W,
ajw(t)_‘/g(lfw)wt
|Vw|? vVu - Vw +uVv - Vw u
= —W, o+ W, +/wW—-w)|l-w+v+——
a W Q w Q u+w

2 ) .
:7W*/ |[Vw| . w*/ vVu-Vw+uVvv - Vw 7/(wa*)2+/(va*)(wfw*)
Q Q Q Ja

w2 W
W, " |
" /ﬂ (us +w,)(u+w) (U=t —we) = o (U +w,)(u+w) (w = w.)*

Using the de nition of &(t) in (4.40) and the identities (4.41){(4.43), we have

d
(4.44) —52(t)=—/ XA X —/ Y1B,Y,;
where X; = (U —u,;V — Vi;w —w,), Yy = (¥4, ¥, YW) and A,; B, are symmetric
matrices denoted by
1— bz W, by —1 baU, —W,
(Us+w, ) (u+w) 2 2(Ux+W, ) (Uu+w)
A2 = .z, : . :
bsu,—w, bo—1 1 4 Uy
2(Ux+wW, ) (u+w) 2 (Us+wy ) (u+w)
d,u, _ v2*u _ w2*uv
B, := _ v2*u doV, _ W;UV
_ Wz*uv _ W;UV W,

Recalling that ||u||_- and ||v||_~ are independent of parameters and (see Theorem
1.1), one can nd appropriate numbers >0 and >0 such that if < (0; 2) and
€(0; »), then

Adidouv, > AW |uf[fe [VIE <+ 2w (dovs + diu) ullfe [VIE<+ 2 (v)? [l

which gives rises to

_ Vi(4didau, — 2v,u?) S V. (4didau, — 2viul?.)
B 4 = 4

>0

V. u 2
— 2* dQV*

‘ dlu* __Vv.u
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and
w
|By| = _T* [ 2vaw,u?vZ+ 2w, (diu, +dov)u?v? + 2vZu® —4didou. v, ]
w
> —f[ VWU V][ E e+ 2Wa(dius + dova) Ul VI
+ 2(v.)’[lullf~ —4didau.v,]

>0:
These imply that the matrix B, is positive de nite and hence
(4.45) YiBaY{ >0:

Next, we claim the following:
o If 5 <by<+v/2andb; =b3=0, then the matrix A; is positive de nite.
In fact, if b; =bs =0 and 0 <b, <+/2, one can check that the system (1.6) with
¢z =1 has a unique positive coexistence steady state (u.;V.;w,) satisfying (see also
(A.3) in appendix)

u, =1,
_ b24-2by4+4—byy/(b2+2)(b2+10) .
(4.46) L (5 I
_ 2—bo++/ (b2+2)(b2+10) .
W, = 2(ba+1) :

Moreover, when by =h3 =0, the corresponding matrix A, becomes

1 . —
2 2(0,+wW, ) (u+w)
Ay = -3 1 b ;
W, be—d 1+ — U
2(0,+W, ) (u+w) 2 (04 +W, ) (U+w)

which is positive de nite if |A2| > 0: After some calculations, one can check that

(W*)2 + SU* + (b2 - 1)W* .
S U AW UFW)2 (U Fw)(UuFw)

(4.47) 41| =3 — (b — 1)?

From Lemma 4.4, we know that if by =bs =0, it holds that

liminfu(x;t) > 1;
t—oo

which implies there exists T; > 0 such that u(x;t) > g for all t>T; and hence

V2

(4.48) u(x;t) +w(x;t) > - forall xe andt>T;:

With (4.48) in hand and using the facts u, = 1 and 0 < b, < /2, we can directly
calculate that

(4.49)
3— (b, —1)% -

2 2
(U +V\EV\;>;)(U+W)2 23_(b2_1)2_2%21_(b2_1)2>0

On the other hand, if by > -1, one can derive that

10°

_ _ 9y +4— b3+ (b — 1)/(b> + 2)(b; + 10)
3u, + (b2 — Dw, =3+ (b2 — Dw, = 2(b> +1) "
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and hence

3u* + (b2 - 1)W* =

(4.50) .+ W)U +w)

Combining (4.47), (4.49), and (4.50), one nds that the matrix A, is positive de nite
if % < by < /2. By the continuity of (u,;v,;w,) with respect to b, and b; (see
Remark A.1), if b; and bs are small enough and % <by <2, A, is positive de nite
for all t>T;. Then there exists a constant >0 such that

(4.51) X1 AoX] > X2 forall t>Ty:

Combining (4.44), (4.45), and (4.51), one has

%Sz(t)+ Fo() <0 forall t>Ty;

where
Fo(t) = /Q(u —u)2+ (v =)+ (W —w,)%
Using the similar argument as in the proof of Lemma 4.4, we can show that
JuC5t) — Uyl + IV(5E) — Vil + Ju(t) —us|jL~ <Ce™ ' forall t>T,

hold for some positive constants C; , and T: |

Proof of Theorems 1.2 and 1.4. Theorem 1.2 is a consequence of Lemma 4.3 and
Theorem 1.4 results from Lemma 4.5. O

Appendix. The homogeneous coexistence steady state (u,;V.;w,) in (1.6) sat-
is es the following equations:

1—u, —byv, —b3—%=_=0;

U +W,
1—-v,+u,—bow, =0;

U, —_N-

1-w,+vi+ =5 =0

which has two explicit solutions (uj;vy;wy) and (u3;v;;w3) as follows:
Ut = 208 (03— 1) by (0242) (b —3bs +205b) +(1+h2) (24 (b —2)bs —b3)
1 2(1+b1 4b2) (1+b1 (1+b2)+(2+b2)b3)

(bl ba+baobs +b3)\/20+12b2 +b% +4b% (bg 71)+4b1 (3+b2 ) (bz 7b3)720b3 —14bsbs +b§ .
2(1+4+b1+b2)(1+b1 (1+b2)+(2+b2)bs) ’

+

44205 +b3 +2bs —4bsbz —4b2bs —b2 —2b; (1+4b2) (b2 +b3—2)

* —
A1) Vi= 2(1+B1b5) (101 (17D5)F (2155 )bs)
’ + (bg*bg)\/20+12b2+bg+4bf(b§71)+4b1 (3+b2)(b27b3)720b3714b2b3+b§ .
2(1+b1+b2) (1+b1 (1+b2)+(2+b2)bs) !
W* — 2+4b1+2b§7b2+5b1b2+2b%b2+9b3+5b1b3+7b2b3+2b1b2b37b§
1= 2(1+4b1+b2) (1+by (1+b2)+(2+4b2)bs3)

2(1+b1+bz2) (1+b1 (1+b2)+(2+b2)bs)

+
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and

2b2 (b3 —1)+by (b2+2) (b2 —3b3+2b2bs )+ (14b2) (24 (b2 —2)bs —b2)
2(1+4b1+b2) (1+by (1+b2)+(2+b2)bs3)

" (Dabo-+babs-+bs)y /2011205 +b3+4b2 (B3 —1)+4b; (3+bg) (b —b) —20b; —14bzby 103
2(1+b1+b2)(1+by (1+b2)+(2+b2)bs) ’

u; =

vE = 4+2bo+b3 +2b3 —4bobs —4b3bs —b2 —2by (14+b2) (ba+bs —2)
27 2(1+b1+b2) (14b; (1+b2)+(2+b2)bs)

(bs—b)/20+12b;+b2+4b2 (b2 —1)+-4b; (3+b3 ) (b2 —b3) — 20D — 14byby+b32
- 2(1+Db1 +b2) (101 (1+b2)+(2+b2)b3) ,

(A.2)

2+4+4b1 +2b7 —bo+5b1 ba +2b3 by +9b3+5b1 b3 +7babs +2b1 babs —b3
2(1+4b1+b2) (1+b1 (1+b2)+(2+b2)bs)

_ (14b1+b3)4/20+b3+4b? (b3 —1)+4b; (b2+3) (b2 —bs) —20b3+b2 —2b2 (7hs —6) ,
2(1+by+b2) (1+4by (1+b2)+(2+b2)bs) )

ws =

Remark A.1. It can be seen from (A.1) and (A.2) that (u7;vi;wj) and (us;vs;w3)
are continuous with respect to by;bs, and bs for any by;bs;bs > 0: If by =hs =0; we
have

u* — .
1 L]
b3+2bz+4—byy/(b2+2)(b2+10)
* — 2 .
(A.3) Vi = 501D ;
% — 2—ba+4/(b2+2)(b2+10)
Wi = 2(b2+1)
and
us =1,
v = b3+2bg+4+ba /(b +2)(b2+10) .
2™ 2(bo+1) !
Eg— 27b2*\/ (b2+2)(b2+10) .
27 2(ba+1) :

Clearly, if 0<b
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