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In this work, we rigorously study chemotaxis effect versus haptotaxis effect on bounded-
ness, blow-up and asymptotical behavior of solutions for a chemotaxis-haptotaxis model
in 2D settings. It is well-known that the corresponding Keller—Segel chemotaxis-only
model possesses a striking feature of critical mass blowup phenomenon, namely, sub-
critical mass ensures boundedness, whereas, supercritical mass induces the existence of
blow-ups. Herein, we show that this critical mass blow-up phenomenon stays almost the
same in the full chemotaxis-haptotaxis model and that any global-in-time haptotaxis
solution component vanishes exponentially and the other two solution components con-
verge exponentially to that of chemotaxis-only model in a global sense for suitably large
chemo-sensitivity and in the usual sense for suitably small chemo-sensitivity. Therefore,
haptotaixs is neither good nor bad than chemotaxis, showing negligibility of haptotaxis
effect in the underlying chemotaxis-haptotaxis model.
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1. Introduction

Chemotaxis, the oriented movement of cells (or organisms) toward higher concen-
trations of diffusible chemical substances secreted by cells themselves, has received
great attentions both in biological and mathematical communities. In 1970s, Keller
and Segel introduced a celebrated minimal mathematical partial differential sys-
tem to describe the collective behavior of cells under the influence of chemotaxis ™8
which reads as

up=Au—yx -(u v), x Qt>0,
TUr = Av — v + u, x Qt>0,
Ou Ov (1.1)
5—5—07 T 8Q,t>0,

u(z,0) = up(x), 70(x,0) = Tv9(x), = Q

where x > 0,7 {0,1}, u and v are, respectively, the cell density and the chemical
concentration, @  R™(n = 1) is a bounded domain with the smooth boundary
0 and a% means the outward normal derivative on 0€). The seminal Keller—Segel
(KS) minimal model (IT]) and its numerous variants have been widely investigated
since 1970. The striking feature of KS type models is the possibility of blow-up of
solutions in a finite/infinite time, which strongly depends on the space dimension.
A finite/infinite time blow-up never occurs in 1D 50 g critical mass blow-up occurs
in 2D: when the initial mass uy 1 < 47”, solutions exist globally and are uniformly
bounded, whereas, when wug 1 > 47”, there exist solutions blowing up in finite or
infinite time, cf. Refs. [11], [14, 27, 28 and [32], and even small initial mass can result in
blow-ups in = 3D 4849 See Refs. [T, 13, A7 and 49 for more surveys on the classical
KS model and its variants.

It is now well known that such chemotactic aggregation will be prevented by
suitable introduction of logistic source of the form au — bu?(a  R,b > 0) into the

u-equation in ([TT)):
u=Au—x -(u v)+au—bu?, = Q,t>0,

(1.2)
TUr = Av — v + u, x Qt>0.

Indeed, for n < 2, any b > 0 will be sufficient to rule out any blow-up 2304451
A recent subtle study fromP3 further shows that the chemotactic aggregation can
2

bu? bu
InY (u+1) In(In(u+e))

some a R,b> 0,7 (0,1). These results convey to us, for n < 2, that blow-up

be even prevented by a sub-logistic source like au — or au — for
is fully precluded as long as a logistic or sub-logistic source presents, and, in this
case, the blow-up phenomenon possessed by (LT completely disappears.

For n = 3, the blow-up prevention in (2] by logistic source becomes increas-
ingly intricate, and it has been explored qualitatively and quantitatively in a series
of works #5254 Ty summary, it is only known thus far that properly strong logis-

tic damping in (IZ) can prevent blow-up driven by the chemotactic cross-diffusion
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in (TI). More precisely, in the parabolic-elliptic case 7 = 0, the logistic damping
(n—2)

outweighs chemotactic aggregation when b = ~—— 255 Ty the fully parabolic
case 7 = 1, the issue becomes even more delicate: for n = 4, sufficiently strong
logistic damping can prevent blow-up#8 and, in the case of n = 3 or in smooth
convex domains, explicit smallness of % on boundedness and convergence is avail-
able 852 We would add that, in 3D bounded, smooth and convex domains, even
through logistic damping guarantees global existence of weak solutions2? weak
damping sources may fail to suppress blow-up for (II)). Indeed, for n = 3, radi-
ally symmetrical blow-up has been observed in a parabolic-elliptic simplification of
(1) under a proper sub-quadratic damping source2® For more dynamical prop-
erties like mass persistence and long time behavior, etc., one can consult# 52 for
instance.

Besides chemotaxis influence, cells are observed to direct their movement also
towards higher concentration of certain non-diffusible substance, known widely as
haptotaxis. Such an important extension of chemotaxis to a more complex cell
migration mechanism has been introduced by Chaplain and Lolas® to describe
processes of cancer invasion into surrounding healthy tissue. In that process, cancer
invasion is associated with the degradation of the extracellular matrix (ECM) with
density w, which is degraded by matrix degrading enzymes (MDEs) with density
v secreted by tumor cells with density u. Besides random motion, the migration
of invasive cells is oriented both by a chemotaxis mechanism and by a haptotaxis
mechanism (cellular locomotion directed in response to a concentration gradient of
the non-diffusible adhesive molecules within ECM). In this way, the evolution of
(u, v, w) satisfies the following combined chemotaxis—haptotaxis model with logistic

source:
u=Au—x -(u v)—=¢ (v w+pul—uv—w), = Qt>0,
TUp = Av— v + u, x Qt>0, (1.3)
wy = —VwW, x Qt>0,

where the newly introduced parameters £, ¢ > 0. In the past decades, the global
solvability, boundedness and asymptotic behavior for the corresponding no-flux or
homogeneous Neumann boundary and initial value problem (L3) and its numerous
variants have been widely investigated for certain smooth initial data. To get a
clear picture for comparison between (3] and (L2)), we here try our best to collect
the most relevant available results about ([3]). First, for haptotaxis-only models,
i,e. x = 0 in < 3D: the local existence and uniqueness of classical solutions for
= 0 is shown in Ref. 26, boundedness of weak solutions for a similar model (where
+u in the second equation in ([[3) is replaced with +uw) is proved in Ref.
and asymptotic behavior of solutions is examined in Ref. 23] global existence of
classical solutions is studied in Refs. [43] and [45, and, boundedness of solution is
studied in Ref. [33] with © > n&. Next, for combined chemotaxis—haptotaxis model:
for 7 = 0, the global existence and boundedness of classical solutions to (3] is
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established in Ref. for any p > 0 in 2D, and for large enough p > 0 in 3D;
later on, global boundedness is further subsequently studied under the condition
p> 3 and p> #X (cf. non-borderline boundedness for the chemotaxis-only
system ([[2)) 3242 and also the exponential decay of w under smallness of wy and
largeness of % is also discussed; for 7 = 1, global existence and boundedness of
classical solutions are established for any x > 0 in 1D in Refs. and [12 with
asymptomatic behavior, and first for large % and then for any px > 0 in 2D54
very recently, instead of requiring logistic damping in (3], implicitly small initial
mass of ug or weaker damping sub-logistic source like u(1 — w — m) with
v (0,1) or u(l —w is demonstrated to guarantee boundedness for

@3) in 2D

- In(ln(’ljJ,Jre)) )

o o

(N I Y
(| I I N
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where and below, x,&,> 0,7 {0,1} and n = 0, as for the initial data (ug, Tvg, wo),
for convenience, we assume, for some §  (0,1), that

(UO,T7}07’LU0) C(Q) x Wloo(Q) x C2+0(Q) with ug =,=0,

8’(1)0

T =0 wo =0, =0. (15)

W s
Although haptotaxis may have some influence on the properties of the underlying
system on short or intermediate time scales® our next main findings manifest, for
small 7, that haptotaxis effect is almost negligible in terms of global existence,
boundedness, blow-up and long time behavior.

Theorem 1.1. (Negligibility of haptotaxis in the chemotaxis—haptotaxis model
@A) Let Q@  R? be a bounded, smooth and conves-plus domain in the sense of
Definition 21 below, the initial data (ug, Tvo, wo) satisfy (LH) and the parameters
X, §>0, 7 {0,1} andn=0.

(B1) (Negligibility of haptotaxis on global existence for arbitrary n) Assume

4
m:= uy 1< - (1.6)
X

Then the corresponding chemotazxis—haptotazis model (L4 possesses a unique
global-in-time, positive and classical solution which is locally bounded in time.

(B2) (Negligibility of haptotaxis on boundedness for small n) Besides the subcritical
mass condition (L6l), assume further that

m

oo
1 _ (diam (2))2
n<vei=m —e St

ds. 1.7
o A4ms 3 (L7)

Then the global solution of (LA obtained in (B1) is uniformly bounded in
time in the sense there exists C1 = C1(ug, Tvg, wo, Q) > 0 such that

u(t) 1~ + v(t) wrie + w(t) e <Cp,  t=0. (1.8)

(B3) (Almost negligibility of haptotazis on blow-up for small n) For e >0, m >0
and xg 09, we define (U, V.) [C(Q) x WL>2(Q)]? as follows:

Ve(z) L In ¢ L In ¢
e\l) = — EEY)
X (e2 + 7|z — xo]?)? 1 ¢ (€2 + 7|z — xo]?)?
and
meXV (@)
Ue(-’lz‘) - 79 eXV (z) .

Then, if m is supercritical and n is small in the sense that

4 47l
m>—, m —

X X
the corresponding solution (uf, v, w®) of (LAl with (ug,Tvo,wo) = (Ue, 7Ve —

Tinfq Ve, wo) fulfills either (A) or (B); here (A) means, for some ey > 0, the

I Nt and 1< vy, (1.9)
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corresponding solution (u, v, w) blows up in finite or infinite time, and
(B) means ‘almost’ (approzimate) blow-up in the sense, for all € > 0, that
the resulting solutions (u€,ve, w®) exist globally and are uniformly bounded in

time but
v ) 00): L1 4 —4 mo__
liminf —2Y L=t (@) o 4(mx = 4m) (v — 1) (1.10)
0+ —Ine Kx&[2+ (v —n)d]
and
i inf min{ u€ peo(@x(0,00))s V¢ Lo (Qx(0,00))}
e—0+ —Ine
A(mx — Am) (v —

— mEXE[2+ (v —n)d]”

where K = max{l, wy <} and (due to (L7) and [LA)) § is uniquely deter-
mined by

é
1 (diam (2))2 m
m —e St = ds = 1+ Voo (1.12)
o 4ms 2
(Convergence of chemotazis—haptotazis model [LAl) to chemotazis-only model
[CI) in a global sense) Under (L), any global-in-time w vanishes expo-
nentially in the sense for any A (0,02 — m), there exists Cy =

Co(ug, Tvo, wo, A, Q) > 0 such that
w(t) pe < Coe™™,  t=0. (1.13)

Under (L), any global bounded solution (u,v,w) satisfying (L) of (L4l) con-
verges exponentially to that of chemotazis-only model (L) in a global sense:
for any p (0, min{\y, v —n}), there exists C5 = Cs(ug, T, wo, p,2) >0
such that

u(t) = o(t;u,v) = < Caée™, 120 (1.14)

the v solution component satisfies v(t) = P(t;u,v) for all t = 0 and, finally,
for any k(0,02 —n), there exists Cy = Cy(ugp, Tvo, wo, K, L) > 0 such that

w(t) wre <Cge™™  t=0. (1.15)

(Convergence of chemotazis—haptotazis model (L) to chemotaxis-only model
([T in the usual sense) Under (L), there exists a small xo (0, Hu;l—lT\r._l)
such that, whenever x < xo, the w solution component vanishes exponentially
as in ([LIH) and the solution component (u,v) of the chemotazis—haptotazis
model (L) converges exponentially to the solution (u®,v°) of chemotazis-only
model ([IT) in the usual sense: for any A (0, min{A1, v —n}), there exists
Cs = Cs(ug,vo, wo, A\, Q) > 0 such that

u(t) —ul(t) peo + v(t)—1(t) Lo <Cse” ™, t=0.  (1.16)
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Here and below, A1 (> 0) is the first nonzero eigenvalue of —A under homogeneous
Neumann boundary condition. The symbols ¢ and ¢ are solution operator for (L)
via variation-of-constants formula:

t
o(tiu,v) =ePug—x IR ((u v)(s))ds
0

and Y(t;u,v) = (A + 1) tu(t) if 7 =0, and, if T =1,

¢
Yt u,v) =B Vg 4 eEDA Ny (5)ds.
0

We adopt commonly abbreviated notations: for instance, for a function f

Tl=

f@) o= f(t) ) = |f(z,O)[Pdx

Q

Qal-

T

I raq,riLr(9) = f(t) Todt
0

Remark 1.1. Comments on negligibility of haptotaxis versus chemotaxis in (4]

(R1)

(R5)

We mention that convex-plus domains contain convex domains, cf. the text
right after Definition 2T} also, we mention that Theorem [I ] (cf. Remark [2T]),
at least, global existence in (B1) and in Lemma [310 and assertions for the
limiting case £ = 0 hold for bounded smooth but not necessarily convex-plus
domains.

In light of (B1) and (B2), cf. details in Sec.[] in the limiting case of x = 0, any
solution to the resulting haptotaxis-only system (4] exists globally for all n,
and, moreover, when 7 < v or {n = v, 7 = 0}, then the solution is uni-
formly bounded as in ([C8) and w decays exponentially or algebraically. This
again shows the negligibility of haptotaxis on global existence, boundedness,
blow-up and long time behavior.

In view of (LI0) and (LI, in the limiting case of £ = 0, the alternative
(A) must happen. This together with (B1), (B2) and (R1) recover exactly
the well-known 2D critical mass blow-up phenomenon in the chemotaxis-only
setting.

By ([LI0) and Remark 3.1l a control of u(t)v(t) rec(o,1m;z1(Q)) in time or
initial data is crucial to derive boundedness versus blow-up. This gives a
different (perhaps equivalent) criterion than the widely known L= T-criterion
in the chemotaxis-only systems 51

We comment that (B4) (more general, every maximal solution of (I4]) is com-
parable to that of (L] in this sense, cf. Lemma [B.1]) merely says solutions of
(T4 converge exponentially to that of (ILT]) in the solution operator (global)
sense I But, under a further smallness of y, this convergence can be lifted to
the usual sense that solutions of ([L4]) converge exponentially to that of (L)

in accordance with (LI8) and (LI6).
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Theorem [[T] indicates rigorously the negligibility of haptotaxis versus chemo-
taxis in () on global existence, boundedness, blow-up and long time behavior
within (7). This opens up new directions for us to explore haptotaxis effect in
more complex chemotaxis-haptotaxis settings.

In the rest of this section, we outline the plan of this work, which comprises five
main sections.

In this section, we observe from existing literature empirically that haptotaxis
plays little role in chemotaxis models, which motivate us to study rigorously the
haptotaxis effect in our chosen chemotaxis—haptotaxis model ([4). Finally, we state
the negligibility of haptotaxis versus chemotaxis in Theorem[L.I]on global existence,
boundedness, blow-up and long time behavior.

In Sec. 2l we first state the local existence and a convenient extensibility of
smooth solutions to the IBVP (). Afterwards, we obtain a standard W14-
estimate for an inhomogeneous heat/elliptic equation, cf. Lemma 23] and then, we
develop important a priori estimates on v and w in Lemmas 2Z4H2.@ in particular,
the explicit lower bound of v and the exponential decay of w for suitably small
7. Finally, for convenience of reference, we state the widely-used 2D Gagliardo—
Nirenberg (GN) inequality® and a consequence of the Trudinger—Moser inequality,2®
cf. Lemmas 2.7 and

To make our presentation more smooth, we divide Sec. 3 into three subsections
to show the negligibility of haptotaxis in (1.4) on global existence (cf. Sec. 3.1)
and boundedness (cf. Sec. 3.2). As an added result, we also exhibit in Sec. 3.3 the
negligibility of pure haptotaxis effect by showing that the system (1.4) with x =0
always has a global-in-time classical solution for any mass wug 1, which becomes
uniformly bounded for n < v or {n = v, 7 = 0}. Our analysis starts with an
important identity associated with (1.4), cf. Lemma 3.1, which along with smallness
of wgp 1 or smallness of 77 enables us to apply the Trudinger—Moser inequality in
Lemma 2.8 to derive two integral-type Gronwall inequalities. As a result, we obtain
the key improved L'-bound of uInu rather than L'-bound of u. Then, using quite
known testing procedure and semi-group estimates,37:3%:51:93:56 we conclude the
desired global existence and global boundedness in respective cases, cf. Lemmas 3.5,
3.8 and 3.10.

In Sec. 4, we shall illustrate the almost negligibility of haptotaxis in (1.4) on
blow-up as detailed in (B3). We observe, if n < vy, the stationary problem of
(1.4) is the same as that of the minimal chemotaxis-only model. Making use of
this observation and based on the existing knowledge on the minimal chemotaxis-
only system,'!"!4 we essentially build our almost blow-up argument on the use of
the energy identity provided in Lemma 3.1 to an equivalent system (4.16) with
initial data (U., 7V, — 7infq Ve, wo) of (1.4). Under the conditions in (1.9) and
assuming that the resulting solution exists globally and is uniformly bounded, we
can show that the functional acted on our stationary problem both has a finite lower
bound and an explicit upper bound involving L>(0, c0; L!(2))-norm of U¢(V )T,
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cf. Lemma and its proof. Finally, upon simple translations via the link ({IH),
we readily recover our almost blow-up assertion for our original system as in (B3).

In Sec. Bl we shall show the negligibility of haptotaxis in (L4) on long time
behavior as detailed in (B4) and (B5), which indeed are direct consequences of
our more general results provided in Lemmas [5.] and The proofs are shown
conveniently via Neumann semigroup type arguments and the key ingredient relies
on the fact that v has a positive lower bound and that solutions to the haptotaxis-
only system ([C4) with x = 0 are uniformly-in-time bounded (cf. Lemma BI0)
under the smallness on 7 in (7).

2. Preliminary Knowledge and a Prior: Estimates

For convenience and completeness, we begin with the local well-posedness and a
convenient extendibility of classical solutions to the chemotaxis—haptotaxis system
(T4, which are well-established via a proper fixed-point framework and parabolic
regularity theory.

Lemma 2.1. Let x,&,7,m = 0, Q R™(n = 1) be a bounded and smooth
domain and let the initial data (ug,Tvo,wo) satisfy (LHl). Then there exist a
mazximal existence time T,  (0,00] and a unique triple (u,v,w) of functions
from [C°(Q % [0,T))) n C%1(Q % (0,T),))]? solving the IBVP ([LA) classically on
Q% (0,T,,) and such that

0<u, 0<v and O0<w<=max{l, wy p~}:=K on Q% (0,Ty). (2.1)
Moreover, the following convenient extensibility criterion holds:

either T,, = +o0  or limsup( u(t) pe + v(t) wre) = +oo. (2.2)
t—Tm—
Proof. By well-developed fixed point arguments based on the Banach contrac-
tion principle and the standard parabolic regularity theoryt021126137k38:014418
detailed discussions, one can readily derive the local existence and uniqueness of
classical solutions as well as the following extensibility criterion:

for

either T,,, = 400 or limsup( u(t) e+ v(t) wre +  w(t) p1) = +o0.

t—Tm—

(2.3)

Due to the nonnegativity of initial data, especially, ug =, = 0 in ([L3]), the positivity
of solution components (u, v, w) in (21I) follows from the (strong) maximum princi-
ple along with the Hopf boundary point lemma. Next, we show that the extensibility
criterion (Z2)) is equivalent to (23). To this end, for any p = 2, we compute from
the w-equation in () and use (2 and Young’s inequality to deduce that

1d
—— | wP==w w|p_2 v w4+ (p—v—2nw)| w?
pdt g Q Q
KP
s+ 1 ul+E pup ot 0T @4
Q P
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Solving this Gronwall inequality directly, we find, for ¢t  (0,T},), that

wt) o <[ wo Bp+ KP sup  w(s) byl Tmrt, (2.5)
s€(0,t)
Based on this, it follows easily that the criterion ([2:2)) is equivalent to (2.3]). O

Henceforth, we shall assume that the basic conditions in Lemmal[21] are satisfied.
C, C; (numbering within lemmas or theorems) and C., etc. will denote some generic
constants which may vary line-by-line.

Thanks to the no-flux boundary condition, the next L'-information follows
easily.

Lemma 2.2. The local-in-time classical solution (u,v,w) of system ([L4) satisfies
u(t) pr= wo pr:=m, t (0,Tm) (2.6)
and
0 if T=20,

o(t) 1= uo 1+ t (0,Tn). (27
(wvo p1— wp pr)e t ifr=1,

Proof. A direct integration of the w-equation in ([4) and a use of the no-flux
boundary condition yield (2.6). Then, an integration of the v-equation entails

d
T— UV+ V= u= U, (2.8)
at g Q Q Q
which directly gives rise to ([27]). m|

The following widely used reciprocal bounds, turning information on w into
control on v, are derived by using the elliptic regularity if 7 = 0 or the variation-
of-constants formula for v and LP-L%estimates for the heat semigroup {e‘};>o in
Qifr>0.

Lemma 2.3. Let Q@ R? be a bounded and smooth domain and let
2
q LgfL flsp=<2,
p (2.9)
q [1,00] ifp>2.
Then there exists Cy = Cy(p, q, Tvo, ) > 0 such that the unique local-in-time clas-
sical solution (u,v,w) of the IBVP (L)) verifies

v(t) wras=Ch1 14 sup u(s) o, t (0,T)). (2.10)
s€(0,t)
In particular, for any q [1,2), there exists Co = Ca(q, Tvo,2) > 0 such that
v(t) L2 + v(t) wia=Co, t (0,T). (2.11)
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Proof. In the case of 7 = 1, by the variation-of-constants formula, it follows that

t
o(t) = e tetPug 4+ e eIy (s)ds. (2.12)
0

Then using the widely known smoothing LP—L? estimates of the Neumann heat
semigroup {em}tzo in €, see, e.g. Refs. 15 and 47 and applying those estimates to
(2.12), one can easily derive (2.10), cf. Refs. 15 and 51. In the case of 7 = 0, the
standard well-known W?2?- or Wh4-elliptic theory readily entails (2.10). Due to the
mass conservations of u in (2.6), we first take p = 1 in (2.9), and then from (2.10)
and the Sobolev embedding W14(2) < L;qu(ﬂ) for ¢ < 2, we readily obtain the
desired estimate (2.11). m|

By the ODE satisfied by w in (1.4), we get more detailed information about w
in terms of v.

Lemma 2.4. Let (u,v,w) be the solution of system (1.4) obtained in Lemma 2.1.
Then for any t (0,T,,), the unique solution component w of (1.4) is given by

wo (LE)B_ fot[v(ﬂﬁaT)—ﬂ]dT

w(z, t) =

T Tt uele) Lo REEDlings”

(2.13)

which satisfies 0 < w(x,t) < max{l, wy r~} and

wo ()

o)l < (1) < ~ Jfw@n—nldr 914
1+ UJO(ZE)(ent — 1)6 0 = w(l’y ) = wO(l‘)e 0 ) ( ) )

Proof. When w = 0, upon dividing the w-equation in (1.4) by w? and then mul-
tiplying an integrating factor and rearranging, we rewrite the w-equation as
d 1

Bl — [Sv(z,r)—n]dr _ — [S[v(z,r)—n]dr
ds w(z,s)e ’ ne =

)

which, upon being integrated from s = 0 to ¢ and being rearranged, gives (2.13).
Next, by (2.13), we can readily derive the lower bound for w in (2.14). We further
use the nonnegativity of v to obtain

wo(x)e’fite* fgtv(fb,r)dr - wo(m)entef fot v(x,r)dr
1+ nuo(z) o ense” o 0@ndrgs ™ 1 g (x)(ent = 1)e~ Jo verdr

< max{l, wo(x)},

w(x, t) =

which gives the upper bound of w and hence completes the proof of this lemma.
O

From the expression of w in (2.13), one can compute its gradient (cf. (5.7) with

Ta replaced by 0) and then find, if 88“;“ = 0 on 012, the no flux boundary conditions
in (1.4) are equivalent to the homogeneous Neumann boundary conditions:
Ou Ov  Ow

5_5_5:0 on 9 < (0, c0).
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Indeed, only in a couple of convenient places involving Neumann heat semigroup
for instance, we shall use these facts tacitly, cf. (B32)), (EI0) and (GI4).
Nowadays, a vast of literature uses the point-wise lower bound (without even

mentioning any source) for the heat Neumann semigroup (e*);~ in
1 (diam (2))2 _
ePz(x) = e z(x  Q,t>0) for all nonnegative z  C(Q).
(4mt)= Q

(2.15)

As we traced, the first rigorous proof for (ZI3]) with n = 1 appears to be Lemma 3.1
in Ref. 12 for Q being an interval in R'. Later, the authors in Lemma 2.2 in Ref. [7]
and Lemma 2.1 in Ref. simply say that “In the same way as in the proof of
Lemma 3.1 in Ref. [I2] we can obtain the point-wise estimate ([ZIH)”. To clarify
those gaps and give a simple justification for a class of domains including convex
domains, we make the following definition.

Definition 2.1. Let 2 R"(n = 1) be a nonempty measurable set. We say that
) is convex-plus if the Neumann semigroup in 2 outweighs the Cauchy semigroup
in the sense that

1 x—y|? ~
etPr(x) = D) e ZF z(y)dy(x  Q,t>0) for all nonnegative z  C(f2).
0

Q

(2.16)

Obviously, the inequality (2I6) becomes equality for Q@ = R™. We also com-
ment that the point-wise lower estimate (2.I6) holds for smooth convex domains
(hence, the name of convex-plus). Indeed, for such a domain and for a continuous
function z with compact support contained in €2, one can readily check that the
lower bound function in (ZI6]) forms a sub-solution to the corresponding Neumann
initial-boundary value problem:

fi=Af inQ, % =0o0n 99, fli=o = z.

Therefore, by comparison principle, the point-wise lower estimate (2.I6]) holds for
all =z C.(Q) (space of continuous functions having compact supported in §2).
Then, by the density of C.(£2) in C(€2), the point-wise lower bound (2I6) follows
immediately.

Of course, the point-wise lower bound estimate (213 follows trivially from
([218) upon noticing diam(Q2) = sup{|lz—y| : z,y  Q}. With such clarifications, the
mass conservation of u in (2.6) and the second equation in (([L4]) give rise to a uniform

THOUTONT 2!

positive point-wise lower bound for v This is crucial in our forthcoming

analysis.

Lemma 2.5. Let Q  R? be a bounded, smooth and convex-plus domain. Then, for
any given o (0,Ty,), the local solution component v of (LA fulfills
m¢(o),  (z,t) Qx(0,T) if7=0,

v(x,t) =o' = (2.17)
m(¢(o), (x,t) Qx(0,T,) ifT=1,
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where the function ¢ is defined by

t
1 (diam (2))2
)= —e HEERTE g (2.18)
0 4778

Therefore, the local solution component w of (L4l) satisfies

(Um - 77) ( ) e~ fct(v(:c,r)fn)dr
v =+ nuw(z,o)[l — e (& -m =]

w(z,t) < Ke~ =m0 (2 4)  Qx(5,Tp). (2.19)

Moreover, in the case of T =0 and n = v, the local solution w of (L4l) satisfies

K

Te @1 x0T, (2.20)

w(z, t) <
Remark 2.1. We particularly thank the referee for a comment on this lemma,
which motivates us to formulate the notion of convex-plus in Definition 2.1l This
is the only place where we need this additional requirement on €2 for the purpose
of deriving explicit bounds. Without the convex-plus assumption on €2, implicit
positive lower bound involving m and Q for v can also be found Lemma 3.1 of
Ref. [8 Thus, with modifications, Theorem [[.T] holds for bounded smooth domains.

Proof. With the clarifications above, the key idea is to employ the point-wise lower
bound in ([ZIH) with n = 2 and the representation of the v-equation in (4. In
the case of 7 = 0, see details in (Lemma 2.1 with n = 2)20 When 7 = 1, one
simply utilizes the point—wise lower bound in (ZI5) to (ZIZ) and then uses the
order property of (ef )t>0 by the maximum principle and (Z8) to obtain readily
(@I7), see similar arguments %12
Then applying the lower bound of v in (ZI7) to (ZI3) or alternatively solving
the differential inequality w; < —(
c —
—
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Lemma 2.6. Given o (0,T,) and given p > 1, for any € > 0, there exists
C = C(p,e,0,7v9) > 0 such that the local solution of (L) verifies, fort (o,T),

| w(t)]P < e P == | y(o)|P
Q Q

t
+ KPe (=) ompog == (t=s) | y(g)|Pds. (2.22)
o Q

Proof. For any ¢ > 0 and ¢t (0,T},), we use the lower bound of v provided by
Lemma 275 and Young’s inequality with epsilon to refine (Z4]) as

1d
S Ll == wl Wl e wd (v 2]l
p Q Q Q

s—(vg—n—¢ | wf”+

) T | ol”. (2.23)

Solving this differential inequality via integrating factor method, we quickly infer

222). O

The properties of w provided in Lemmas and will be very important
in deriving global boundedness of solutions in Sec. Next, for convenience of
reference, we collect the widely known 2D GN interpolation inequality for direct
use in the sequel.

Lemma 2.7. (2D GN inequality Refs. 6l and 1) Let Q@  R? be a bounded smooth
domain and let p =1, q (0,p) and r > 0. Then there exists a positive constant
Caon = C(p,q,m,Q) such that

a a

1—9 a
wpp=Con( w2 wie+ wyr), w HY(Q) nLYQ).

Finally, we present a consequence of a frequently used Trudinger—Moser inequal-

ity from Ref. 28, which will be employed in our subsequent boundedness analysis.

Lemma 2.8. Let Q@ R? be a bounded and smooth domain. Then, for any e > 0,
there exists a positive constant C. = C(€,§) > 0 such that

2|al

1
a fg<= flnf+ —+e a® fp glet T fg o
Q Q 8 ERTOT

+ f pln fO ., a R O0<f LY, g HY(Q).(2.24)
Lt

Proof. Note that In z is a concave function in z and
use of Jensen’s inequality implies that

QT = 1; then a simple

f 1 e
In —.
Qf b

In

L e gy &
leﬂ Qf le le
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Now, for any € > 0, we apply the Trudinger—Moser inequality@' to find a positive
constant C. = C(€,§2) > 0 such that

1 €29 < 1 ag
n— = 1 in e
Q f fooa
C 1 2|al
= 11 < — 2 2 —
Jon ==t ote a gtig 9
which easily yields the desired estimate (2.24]). O

3. Negligibility of Haptotaxis on Global Existence and
Boundedness

In this section, using the subcritical mass condition wg 1 < 47” for model (L),
we shall demonstrate (B1) and (B2) by showing that global existence of classical
solutions to ([C4) for any n = 0 and uniform-in-time boundedness for small 7,
indicating that the haptotaxis effect on global existence and boundedness in 2D
is negligible. Our purposes are based on the following evolution identity, which
along with subcritical mass wug 11 enables us to derive an integral-type Gronwall
inequality. As a result, we can improve the L!-bound information on u to the L!-
bound of wInw, which is the key step to establish the global existence of solutions

to the system (LA).

Lemma 3.1. The local-in-time classical solution (u,v,w) of (LA fulfills

F'(t)+7x v+ ul (Inu—yxv—&w)?

Q Q
—¢ wwint wwlw—1), ¢ (0,T), (3.1)
Q Q
where F(t) is defined by
F(u,v,w)(t) = ulnu—x wv—¢ uw+§ (W41 o), t (0,T).

Q Q Q Q
(3.2)

Proof. Multiplying the first equation in (I4) by Inu — xv — w, integrating by
parts over ) via the no-flux boundary condition, we derive upon noticing , us =0
that

— ul hu—yv—&w)|> =  w(lnu—xv—E&w)
Q Q

=—  (ulnu—yuww —E&uw)+x ur+E&  uw.
at g Q Q
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Next, from the facts that u = 7v; — Av 4+ v and w; = —vw + nw(1l — w) because of
(T4, we infer from integration by parts that
1d
wy = (Tos—Av+vy =7 P4+ -— (V2 +] o), (3.4)
Q Q Q 2dt o
and
wwy =—  wow+1n  uw(l—w). (3.5)
Q Q Q
Finally, substituting (34)) and 3.3) into ([3.3]) and then applying simple manipula-
tions, we readily conclude B with F(¢) given by ([B.2]). |

3.1. Global existence without restriction on n

With the help of Lemmal[3.] we now use the subcritical mass condition wug 1 < 47”
to derive an integral-type Gronwall inequality and then to obtain a time-dependent
bound for wlnw 1, which is indeed sufficient for us to perform the bootstrap
argument to conclude global existence.

Lemma 3.2. Under the subcritical mass condition m = wug 1 < 47“ in (L4),
there exists C' = C(ug, Tvg, wo, Q) > 0 such that
(lnw)(t) g1+ v(t) 2 <Cevl,  t (0,Th), (3.6)

where K and 7 are defined by 21 and B3), respectively.

Proof. First, we apply the estimates in [21]) and (236]) to B1) to discover that

F't)+7x 02+ ul (nu—yxv—E&w)> <E(K w
Q Q )

+nméK(K—1), t (0,Tn), (3.7)

which, upon being integrated from 0 to ¢, yields simply that
t

F(t) < F(0) +¢K w +mnéK(K —1)t, t(0,Ty). (3.8)
0 Q

For our later purpose, since my < 4w, we first select positive constants € and v as
follows:

41— my
=—>0,
16mmy
T 1 (4m = mx)x -0 39
v 4 +my 2 X 24w +mx +2 2r(4r + my)] .

Then by straightforward computations, we see that

X 1 2
A== — —
5 M g-te (x+1)

(47 + mx)x 27 1 27 1
= -— 3 —F— 4= 0. 3.10
167 4T +myx 2 47T+mx+2 - ( )
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By the definition of F(¢) in (B2]), we use (Z1)) and (26) to deduce that

Fit)= wulnu—(x+7v) w—¢& uww+vy wo + X W+ v]?)
Q Q Q Q 2 g
= ulnu—(x+7v) w—mEK+~y wv + X (W2 41 v*. (3.11)
Q Q Q 2 g

Next, for €, as specified in ([.9), we apply the consequence of Trudinger—Moser
inequality 224)) with (a, f,g) = (x + 7, u,v) along with the L!'-boundedness of v
in (27) to find a positive constant C; = C1(€2) > 0 such that

1
ulnu—(x+7) w=—-m —+e (x+7)?* | v>—Cy (3.12)
Q Q 8m Q

where Cs is a finite number and is defined by

m 1€2]

Plugging (BI2) into (BII) and employing B.I0), we infer that

max{ wug 71,7 Vo 1} -

FO) +méK +Co=y w+X o*+A | o, t (0,T,). (3.13)
Q 2 g Q
Combining (38)) and BI3)) and observing A > 0 due to BI0), we conclude an
integral-type Gronwall inequality as follows:

voow =EK wv +mnEK (K — 1)t + Cs, t (0,T). (3.14)
Q 0 Q
where C3 = F(0) + m{K + Cs is a finite number. Here and below, we have
assumed for convenience that ug Inug belongs to L(Q) for convenience. Otherwise,
we replace the initial time t =0 by t =0 (0,7),) so that u(o)Inu(o) belongs to
LY() since u(o) C(Q) and u(a) > 0 in Q.
Solving the integral-type Gronwall inequality ([BI4) via integrating factor
method, we infer that
&y
uv + w=Csev ', t (0,Tp). (3.15)
Q 0
Then by (B)), one can simply deduce that F(¢) grows no great than exponentially
as well:

F(t)<Cse>t, ¢t (0,T). (3.16)

Similarly, this along with BI3]) shows that v %{1 grows no great than exponen-
tially:

P | oP =GNt b (0,T). (3.17)
Q Q
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Finally, in view of (3:2)), (315) and (3.I6) and the fact —slns < e~ ! for s > 0, we
conclude that

lulnu| =  wlnwu—2 ulnu
Q Q {u<1}

sF#t)+x w+& uw—2 ulnu
Q Q {u<1}

<F(t)+x w+méK +2e Q]
Q
gt

= 076 5 t (O,Tm),

which together with (BI7) yields precisely our desired estimate (B:6]). O

Next, we wish to raise the regularity of u based on our obtained local L*-
boundedness of u In w.

Lemma 3.3. Under the condition m < 47’7 in (LA), for anyT (0, 00), there exists
C(T) = C(ug,Tvo,wo,T) > 0 such that the local solution (u,v,w) of the IBVP

(T4 verifies that
ut) 247 wEt) o+ wlt) e=CT), ¢t O,min{T.7,}). (3.18)

Moreover, for any ¢  (1,00), there exists Cy(T') = C(q, uo, Tvo,wo,T) > 0 such
that

v(t) wia 4+ w(t) wia < Cy(T), ¢ (0,min{T,T,}). (3.19)

Proof. Testing the u-equation by u and then integrating over Q2 by parts, we find
that

d
— W42 | uff=2x v u- v+2 u u- w (3.20)
dt o Q Q Q

For the v-equation, we first take gradient of the v-equation and then multiply
it by wv| v|? and, finally integrate by parts and note the fact 2 v - Av =
Al v|? —2|D?v|? to see that

T— | u*+2 || oPP+4 | vPD*PP+4 | o
dt Q Q Q

0
=—4 wAv| =4 wuw v | v*+2 | v*=] v]*. (3.21)
Q Q on ov

By the ODE for w, we set p =6 in (24 to discover

— | w46 (w—n+2pw)| w®=—-6 wl w'® v- w (3.22)
dt g Q Q
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Then the combinations of [B20)-B22) gives

—  @HT o'+ w®+2 | ulP+2 || PP
dt g Q Q

+4 | oPID*P+4 | o*+6  (v—n+2nw)| w®
Q Q Q

=2y w u- v+2 wuw u- w—4 uAv| v =4 w v | v
Q Q Q Q

2 | U|2 4 .
+2 ] -6 w w* v w, t (0,min{T,T,}).
o0 ov Q

(3.23)

Next, we use similar ideas?58 to bound the terms on the right-hand side of (3:23)) in
terms of the dissipation terms on its left-hand side. First, using Young’s inequality
with epsilon and the facts that |Av] <  2|D?v| and 0 < w < K thanks to (Z1),
we estimate, for any €; > 0, that

2y u u- v+2 u u- w—4 ulv| v?
Q Q Q

-4 uwov | vP=-6 w w v w
Q Q
< | uf+2B+xY) W o +28 WP wf
Q Q Q
212,12 212 6 5K 6
+4 | oFID™["+ | | ofP+6Ker | o+ - | ol
Q Q Q (6e1)5 @
43+ X2 + €2
< L uPra | PP || PR B
Q Q Q 3(3€1)2 Q
2 6 SK 2 6
2B+ x*+3K)er | "+ T+ 2% | w]®. (3.24)
Q (6e1)s Q

As for the boundary integral in (323), one can use®?54 the boundary trace embed-
ding to bound it in terms of the boundedness of v 2. in (BI7) to conclude, for
any e > 0, that

) 2
| oP==| vP<e | | ofI+Cq | o
0 v Q Q
212 RNA .
se | | vF+Cqev 7, t  (0,min{T,T,,}).
Q
(3.25)
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Proof. Multiplying both sides of the u equation in () by 3u?, integrating over 2
by parts and applying the boundedness information in Lemma[3.3] Young’s inequal-
ity with epsilon and the 2D GN inequality, we estimate, for ¢ (0, min{7, T,,,}),
that

d 2

— W46 u uP=6x w u- v+66 W u- w
dt o " Q Q

=2 ul w49 WF vP+92 WP w)?

Q Q Q
35 2
<2 aul uff+9* u'+ 41( | o]®
Q Q Q
35 2
+9¢2 u4+—§ | w]®
Q 44 g
8
<2 ul uP+90¢+E) ut Ty +Ci(T)
Q 3
<2 ul uf+9(x*+ &0,
Q
3 4 3 4 3 8
< u? 7, uz %, 4+ wu? ®, +Cy(T)
L3 L3

<2 ul u+9032+ENCHT) uf I, + Cu(T)
Q

<3 u| ul®+Cs(D),
Q

which, upon being integrated from 0 to ¢, shows the local boundedness of w 3.
Then an application of Lemma with p = 3 yields that

u(t) 15+ ()

T
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either Moser iteration or Neumann semigroup method, shown widely in Refs. 21],

37, 38, 46} b1, 53 and B6.

Lemma 3.5. Under the condition m < 47“ in (LA), for anyT (0, 00), there exists
C(T) = C(ug,Tvo,wo, T) > 0 such that the local solution (u,v,w) of the IBVP

(T2 fulfills that
u(t) Lo+ v(t) wie + W) wre <CT), ¢ (0,min{T,T,}). (3.31)
Thus, Ty, = o0 and (u,v,w) of (A exists globally in time and is locally bounded.

Proof. By the variation-of-constants formula for the w-equation in (L4) and
the well-known smoothing LP-L%-estimates for the Neumann heat semigroup
{em‘}tzo, we utilize the local boundedness provided in ([29) to infer, for
t  (0,min{T,T,,}), that

u(t) e < €Pug g +x e TTIE L ((u 0)(8)) peeds
t

+¢ . I8 ((u w)(s)) peds

< w g~ +Cix 14 (t—s)7z

+ ¢ T+ (t—s) 275 e M09 (4 w)(s) rads
0

< uy 1=+ Cix 1+ (t—s)2

+C%¢ 1+(t—5)7%7% e M=) 4 s w peeds
0

< wg e +Cs(T)(x +§) 14278 dz+2 e M2z
0 1
2
< w =+ C3(T)(x + ) 7+)\—1 . (3.32)

Here, )\ is the first positive eigenvalue of —A under homogeneous Neumann bound-
ary condition. Then the desired local boundedness ([B.31]) follows directly from (3.29])
and (832). Hence, by the extensibility criterion ([2:2) in Lemma 21l we must have
that T,, = oo, that is, the classical solution (u, v, w) of ([4]) exists globally in time
and is locally bounded as in (B31]). O

3.2. Uniform boundedness under a smallness on n

With the aid of the energy identity in Lemma Bl in the sequel, besides the
condition wug ;1 < 47”, we impose the smallness condition n < vZ in (1) to
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derive a weighted Gronwall inequality of integral form and then to obtain a time-
independent bound for wlnw p1, which is indeed sufficient for us to perform the
bootstrap argument to conclude uniform boundedness.

Lemma 3.6. Assume that both the condition m < 47“ in [LG) and the condition
n < o2 in () hold. Then there exists C = C(ug, v, wo, ) > 0 such that

(ulnu)(t) p+ + v(t) 7

1 K CEK
Gr—mox T K wemomme 26 (3.33)
T mx)x CH |

where § > 0 is determined by (L12).

=C 1+

Proof. Recalling we have shown in Sec. 3.1l that T}, = oo, and thus, we need only
to show uniform-in-time boundedness. First, by 7 < v in (7)) and the definition
of ¢ in (II2), we deduce from Lemma 27 that

7+ vy ° 1 — (s Wiam (@)

< = —
K 2 " 0 dms®

which entails the exponential decay of w in ([ZI9) of Lemma as

ds:=vi"<v onQx[j,00) (3.34)

(vg‘o;n) (t—0)

w=Ke~ on ) % [§, 00). (3.35)
Now, substituting the estimates ([21), (20) and B35) into (BII), we have

F'(t) +7x Qv?—&— Qu| (Inu — xv — &w)|?

v —n) wm —n)
<=¢(Ke — 2 = (t-9) uwvo +nmEK (K —1)e™ 2 - =0 =4, (3.36)
Q

which, upon being integrated from 0 to ¢, shows trivially that

b owmen 2mnéK (K —1
F(t)SF(0) + K e T 0=0) gy 4 —mngm ( )
) Q Voo =1
Under the subcritical mass condition m < 47”, we still have exactly the same lower
bound of F(¢) as in (BI3) and hence

, t=4. (3.37)

v w=F{t)+mEK+Cy  t (0,T),
Q
which, combined with (837) and a weighted integral form of Gronwall inequality,
gives
t

v w=EK e
Q é Q

m _
,M(Sﬂ;)

w+ B, t=4, (3.38)

where since n < v2 in () and BI3), B is a positive finite number and is given
by

2mnéK (K — 1) — o)

Vs =1 Vos 1

B =F(6) +méK + Cy + (3.39)
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In the case of £ > 0, setting
t

yit)= e
o Q

then rewriting (3:38)) and multiplying an integrating factor, we find, for ¢t = §, that

Ve
70

, (3.40)

m _ / m_
2K l_e,(lwz_")(t,a) )] (t—8)— 28K 1_67&2_")“,5)
i yvE—n) 2 yovm =)
E y(t>e =e ’

which, upon integration from ¢ to ¢ and rearrangement, shows that

é‘K 28K [1767@“75)
—y(t) < eYVEI-T)

Using (B40) and substituting (341]) into B38) and B37), we, respectively, con-
clude that

] 28K
—1<ev™E W —1, t=4 (341

B 2EK
w =< —eVVITMW .t =4 (3.42)
Q
and
28K
F(t) < BeVOE-W | {=4. (3.43)
The latter along with the lower bound of F in (3I3) shows that
B 2EK
v+ | o = — < eYVE- |t =0, (3.44)
Q Q min 5, A

Finally, in view of (32), (842) and B:43), we finally conclude that

lulnu| = wulnu—2 ulnu
Q Q {u<1}

IN

Fit)+x ww+¢& uw—2 ulnu
Q Q {u<1}

<F@t)+x wv+méK +2e Q|
Q

28K X 1
< BeVOVEW 14+ 2 4K +2e7YQ|, t=6.
Y

which together with ([844]) and the bounds for B,~ and A, respectively, in (339,
B3) and BI0) yields our desired estimate ([B.33]). O

Next, we again use the exponential decay property of w in (ZI9]) to refine the
arguments in ([B.3]) to obtain time-independent bound for the terms on the left-hand

side of (B.I8).

Lemma 3.7. If m < % and n < v, then there exist k = 1 and C(k) =

[ooh]

C(ug, Tv9, wo, k) > 0 such that the global classical and positive solution (u,v,w) of

(T2 verifies that
u(t) p2+717 v({t) o+ w(t) s <Ck), t = ko; (3.45)
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and, for any g (1,00), there exists Cq(k) = C(q,uo, Tv0, wo, k) > 0 such that
U(t) wta + w(t) wtla < Cq(k), t= :ZC(S, (346)

where 6 > 0 is determined by ([L12).

Proof. Observing, besides 0 < w < K, that w decays exponentially as in (330])
on % (4, 00), we then can easily refine [8:24]) as follows: for any €; > 0 and t = 4,

2y u u- v+2 u u- w—4 ulv| v?

Q Q Q
-4 w v | vP=6 w w* v w
Q Q
4(3 2 2
< JuPrd | oPIDRPR || PPy BT O
Q Q Q 3(3€1)? Q
5K VR -n)
F2B 42 +3K)a | uff+ ——em 0 pog2e |yl
Q (6€1)5 Q

(3.47)

Since we have shown the uniform boundedness of wlnu 1+ v r2 in (333),
applying the 2D GN inequality and using the same arguments used to show ([B.23])—
B21), we can readily improve them in the following manners, for ¢ = §:

0
2| vl23—| P || PP+ G,
o9 v Q

| of<C u QcC
Q
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Finally, substituting the estimate above into ([B:49]), we end up with

d
GRS R

+ min{4,4, w2 —n)} @ +7] v+ w|®)=Cy, t=ks, (3.50)
Q

which quickly entails the uniform boundedness information:
(W 7] o' +] wl®)(D)
Q
Cy

min{4, 4, (v —n)}’
from which ([B40) follows easily. On the other hand, taking o = 4, noting v§" =
(2 4+1n)/2 > n in B34) and choosing € = (v —n)/4 in Lemma 2.6 we derive
from (Z22), for any p > 1, that

< (W47 ot w|®)(kS) + t=kd, (3.51)
Q

w(t) < w(d) e+ sup v(s) e, =0 (3.52)

Uglo -n s€(d,t)
Finally, based on (3H1l), we first take p = 2 in Lemma to obtain the uniform
Wh4-boundedness of v for any ¢ (1, 00), which combined with 352) gives our
desired estimate (3.46]). m|

Armed with the uniform boundedness in Lemma B.7 one can easily adapt the
arguments done in Lemmas [3.4] and B3] to obtain first uniform (L3, Wee WW1ee)-
global boundedness of (u,v,w) thanks to Lemma 23 and (852)), and then uniform
L*>-boundedness of u. Finally, we obtain the following desired uniform bounded-
ness.

Lemma 3.8. Under the subcritical condition m < 47“ in [LA) and the condition
n < vl in (L), the global solution (u,v,w) of the IBVP (L) is uniformly bounded

according to (LF)).

3.3. Haptotaxis-only (x = 0) is unable to induce finite time

blow-up in (I4)
From the crucial starting boundedness provided in Lemmas and [3.6, one can
easily see that the obtained bounds become unbounded when y = 0. Will haptotaxis
induce finite blow-up in () with x = 07 In the sequel, we indeed shall give a
negative answer by showing that all classical solutions to the IBVP (L4]) with x =0
exists globally-in-time and is uniformly bounded if n = 0 is small.

Lemma 3.9. There exists C = C(ug, Tvg,wo, ) > 0 such that the local-in-time
classical solution (u,v,w) of the IBVP ([L4l) with x =0 fulfills

(ulnu)(t) 1+ v(t) 32 <C, t (0,T). (3.53)
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Proof. It follows from @Bl with x =0, for ¢t (0,7},), that

4 u(lnu—&w)+  u|l (mu—&w)>=¢ ww+né  uww—1). (3.54)
dt g Q Q Q

Vo &w
Now, setting p = ue_%7 by the facts 0 < w < K and u = m from (2I]) and
[24), we see that p %2 < wu 71 = m. Then using the L3-boundedness of v ensured
by (ZII) with ¢ = g, Young’s inequality and the 2D GN interpolation inequality,

from ([B.54) one has

d
2—  ep?lnp+4 | pP+2 €¥plnp
dt g Q Q

< K&t wp? 425K pPPlnp+némK(K —1)
Q Q

1 2
< CK33e8E P 4 et P4 2et K 3 L pEmK(K — 1)
3 Q 3 Q Q

8
=C1+ §€€K(C2 przpa+Coply)

= pla+Gy, (3.55)
which gives
d C
= e np+  pPlnps =2 (3.56)
dt o Q 2

Solving the Gronwall differential inequality (3.50]) and recalling the facts that 0 <
w< K, u ;» =m and the algebraic fact —2s%>Ins < e~! for s > 0, we readily
infer that

Allnpl < ep?|lnpl=  e*“p?lnp—2 evp?lnp
Q Q Q {0<p<1}

< P lmp Qs t (0,T) (3.57)
Q

and, with the elementary fact —slns < e~! for s > 0, we get that

ullnu] =  wlnu—2 ulnu
Q Q {0<u<1}
=2 epllnp+E& ww—2 ulnu
Q Q {0<u<1}
<20, +Kém+2eQ, t (0,T},). (3.58)

In the case of 7 = 0, we integrate the v-equation in (4] by part to see

| v+ v*=  uv. (3.59)
Q Q Q
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To bound the term on the right, we employ (Z24)) with (a, €, f,g) = (1, &, 2% 210)

78w 2w Y m

and use the L'-boundedness of v in ([Z7) and B58) to deduce that

- mul mu " 1 2 2m n mu Cs
ws —In — ) — v 1 — n—- ——
0 o 27 or 2 T T 2r 1 mE o,

1
SC’6+§ U%z.

Inserting this into B59), we quickly get the H!-boundedness of v:
v(t) In=Cr,  t (0,Tn). (3.60)

In the case of 7 > 0, upon integration by part from the v-equation in (4] and a
use of Young’s inequality, we find that

d
T— | o422 | v+ AP s wP=seRE ph (3.61)
dt g Q Q Q Q

Due to the uniform L!-boundedness of p?Inp in @5T7), the 2D GN inequality
involving logarithmic functions in Lemma A.5 in Ref. 3§ or Lemma 3.4 in Ref.
entails that

pt< | pl*+Cs.
Q Q
Substituting this into (B:61]) and combining (B5H), we obtain an ODI as follows:

d 2
—  (2¢p*Inp+7| v?)+min 1,- (25 p%Inp + 7| v|?) < Co.
dt ¢ T o

Solving this ODI and noting ([B.51), we get the L?-boundedness of v and then by
(ZII]) we obtain the H!-boundedness of v. This along with (3.60) and (B5]) gives

rise to (B53). 0

Lemma 3.10. The unique classical solution (u,v,w) of the IBVP ([[A4) with x =0
exists globally in time. Moreover, when n < v} if 7 >0 and n < v} if 7 = 0 with
v defined in (1), then the solution is uniformly bounded as in ().

Proof. In light of the key boundedness in Lemma B9 global existence follows
easily from Lemmas [B.3H3.0l When n < v, we first see from (2.19) of Lemma 27
that w decays exponentially on € % (§, o), and then we easily follow Lemmas 31
and to derive the desired global boundedness. When n = v} and 7 = 0, we
get from (Z20) of Lemma [ZH] that w decays algebraically on 2 % (0, c0), and then
BA10) correspondingly becomes: for any €; > 0 and ¢ = 0

26w ou- w—4 uwAv] v =4 w v | vP=6 w w* v w
Q Q Q Q
4(3 2
= Ll | PR+ | ] PP+ tB )
Q Q Q 3(3e1)z  a
5K

+2(3+3K)e; | v+ ——— + 2% | w|®.
( ) Q (Gel)é(l + nt) Q
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With these preparations at hand, one can easily adapt the arguments in Lemmas[31]
and B8 to derive the desired global boundedness. |

Remark 3.1. Rechecking our arguments, we can easily find a critical global exis-
tence criterion for (I4]), namely, if

u(t

o
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reduced to
m
—Av+v=u, xz Q, —AVJrV:U—ﬁ, r
u = mex’ xr Q7 = —mexv X Q
o€ q XV’ ’

5 9 (U,V)=(u,v—2) - 5V

u v
=)= — o0 )=
ov ov’ v ’ ov 0 ov’ z o,

u=m= v U=m, V=0
Q Q Q Q

(4.2)

We point out, even through, the steady state problem ([2]) is the same as that of
the chemotaxis-only model (II]), while, the functional (not a Lyapunov functional)
associated with our chemotaxis—haptotaxis model () is more complex; indeed,
by B2), the functional reads as

F(u,v,w) := Frs(u,v) =& ww, Fis(u,v)=  wulnu—y wv
Q Q Q

Q(v2 +1 o) (4.3)

+

Do |2

the latter is a Lyapunov functional of the chemotaxis-only system ([@2]). First, by
the arguments in (2.1) and Lemma 3.5 of Ref. [I4, we obtain a lower bound for Fy;

when  ug = 47’” for any | Nt.

Q

Lemma 4.1. Suppose m = (ug = 477” for alll NT. Then, with Fis defined by
@E3), it follows that

M = —inf{Fys (U, V) : (U, V) is a solution of the stationary system (L2}

(0,00). (1.4)
Next, for convenience, for € > 0, m > 0 and zg 99, we redefine (U, V;) as
follows:
1 €2 1 €2
Vi(x)=— In —— In 4.5
D= @rre—wr? T " @rre—apy P
and
mexV (@)

Lemma 4.2. Let (U, V.)cs be defined by @) and @8). Then (U, V.) [C(Q)n
Whee(@)]?, Ve =0, oUc=m and the infimum of Ve is uniformly bounded in €
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and it is given by

2 1
- ;relgVe(x) =7 In[e? + 7(diam Q)?] — i In(e? +mle —xo)?) . (4.7)
In addition, we also have
4 1
Fus(Ue, V) < —4 m—% In- + R, (4.8)
€

where R is defined in [@I4]) below and |R.| is uniformly bounded in €.

Proof. By direct computations, the first three assertions follow. Simple calcula-
tions along with the integrability of In |z — x| on €2 yield the uniform boundedness
for info V. and ([@7). In the sequel, we shall show (£48) by assuming 2o = 0 for
convenience. By the definition of U, in (0], we compute

UnU.—x UV, = eXV Inm+ xVe—1In exV
Q Q € a Q
__Xxm eXV V.
%
o o
=mlnm—mln XV
Q

which, together with the definition of Fjs in [@3]), allows us to deduce that

X

Frs(Uo, Vo) =mlnm—mln ¥ +2 | ViP+2 v2 (49
Q 2 g 2 g

Next, we estimate the terms on the right. Using the definition of V. in ([@3H]), we
compute that

XV €2 1 €

—mIn e =—m In —_— = — n ———
Q o (€2 + 7lz[?)? 2] o (e +7lz]?)?
2
m €
=2mlne — — In(e? + 7|z|*)2 — mIn —_—
o o™ o (@ T TP

(4.10)

2

Noting Q@  B(0, R) with R being the maximum distance between z¢ = 0 and 02,
we further get
[©2]€? € R T €

=< < 27€? — dr=1--—"
(e2 + wR?)? q (2 + 7lz]?)? e o (€24 mr2)2 " e+ TR?
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as well as
R
Ll B e 2
2 g X o (€ +mlz]?)? X o (e2+mr?)?
81 9 9 €2
:Y 111(6 +WR>_2ln6+m_l
(4.11)

Moreover, after some direct calculations, we obtain

2

2
XIVE = In(e® + m|z|*) — In(e? + mlz]?)

1
12 o
2
= In?(e + 7|z|?) — 9] In(e? + mlz]?)  In(e? + 7lz]?)
Q

2
In(e® 4+ 7|z)?)
Q

N 1
1212
which enables us to infer that

1 2

X 2 1 2/ 2 212 2 212
= Vi=— In*(¢"+mlz|*)" — ——= In(e® + 7|z . (412
2 g 2x o ( ) X192l o ( ) (4.12)
Finally, we substitute (Z10)-#I2) into [@3)) to conclude that
4 1
Fro(U, V)< —4 m— % In - + R., (4.13)
€
where
_ _m 2 2\2 _ [€2]
Re —mlnm ﬁ an(e +7T|.’L'| ) mh’lm
8w 9 9 €2
+; 111(6 +7TR)+m_1
1 1 2
+— W +alz?)? - —— In(e? + 7z)?)? . 4.14
X o ( ) N ( ) (4.14)

By the integrability of In|x| on £, it follows that |R.| is uniformly bounded in
¢ — 0. Therefore, the desired estimate ([@8]) follows from (LI3]) and [@I4). O

Thanks to the properties of (U, V.) provided in Lemma [£2 we can set
(ug, v, wo) = (Ue, Ve — info Ve, wp) in our original system (). In the sequel, we
study the unboundedness of such emanating solutions, denoted by, (u¢, v, w®) . To
that purpose, we use the following change of variables

m m
U=u, V=v—0=v— — infVi+ — e '+ — |,
o e 1€2] (4.15)

W=w onQx[0,T5)
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to transform our original chemotaxis—haptotaxis system (4] equivalently as

Uy=AU—x (U V)—¢ (U W), x Q>0
Vt:AV—V—FU—%, Q>0
Wy=— V— imfVi+ o et e WhgWA—W), = Qt>0,
Q 12 1€2]
g—g—ana—‘:—EU%—If:aa—‘::Q x 00, t>0,
U(z,0) =Uc(x), V(x,0)=V(z), W(z,0)=wo(x), x Q.
(4.16)

Let us denote the resulting solution of (Z16) by (U, V<, W€). Then it follows from
[EI3) that

U€:U€7 Ve =0 — — lgf‘/e+ﬂ e,ter

— . We=w" onQx[0,T).
o] o] 0. 7)

(4.17)

Because of this relation, we only need to focus on the existence of blowup solutions
to (AI6) under supercritical mass condition m > 4T,

To start off, using the functional F (¢) defined in (@3], performing the same com-
putations as in Lemma Bl to the transformed system (@I0]), we find the resulting
differential equality that

F/(US VW) + x Q(v;>2+ QUfl (InU = xVe—EeWe)?

m ¢ m
— e +

_ E€EY/E € € €\2 _ ~f€ IR
€ UVW +nt UW)+¢ lgv+m| o "

Q Q

x  UW- (4.18)
Q
Lemma 4.3. Let n < v with v defined in ([LT). For given m > 0 and
for any € > 0, suppose that (U, V<, W€) is a global and uniformly bounded-in-
time solution of (@IGl). Then there exists a subsequence of times t§, — oo such
that (U, VE,We)(t) - (US,VE,0) in [C?(Q))? for some functions (US,,VE)
[C%(Q)]2. Furthermore, (US,, V) is a solution of @2) and

2
F(UVE.0) S F (U Vi) +mKE Kt max o —inVe 04—
+ K¢ 6+ o — UG(VG)J’_ Lo0(0,00;L1(Q)) s (4.19)
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where K = max{l, wy =}, 0 is a positive and finite number defined by (12
and —infq Ve is defined in (1) of Lemmal2l and it is uniformly bounded in .

Proof. For € > 0, notice from ([@IT) that (u, v, we) is a global and bounded
classical solution to the system ([L4l) with (ug, vo, wo) = (Ue, Ve —infq Ve, wp). Then
we first use the standard bootstrap arguments involving interior and boundary
parabolic (Schauder) regularity theory™? to the second equation in (T4 to infer
the C?+0:170/2_estimate for v¢. Then we use the formula for w in ([ZI3) to infer the
same type estimate for we. Finally, we derive the same type estimate for u¢ from
the first equation in (L4)). Turning back to (U, V¢, W€) via [@IT), we altogether
have, for some 6 (0,1), that

(U<, Ve, W) 30 (1) =Ci(e), t=1. (4.20)

This along with the Arzela—Ascoli compactness theorem shows that {(U€, Ve,
We)(t)}i>1 is relatively compact in [C2?(2)]3, and then it follows that F defined
in [@3)) is bounded for ¢ = 1. Hence, by the exponential decay of W€ in (2.19)
of Lemma 218 there exists a subsequence ¢, — oo such that(U¢, Ve, We)(t5,) -
(UL, VE,0) in (C?(Q))? for some functions U, VE  C?(Q). This immediately
shows that (US,, VS) verifies the last two lines in (2]). Moreover, it further follows
from (43) that

FUSVEWO(E) » F(USL,VS,0) astl - oo, (4.21)

By n < v in (L7) and the definition of § in (LIZ), we use [2.I7) of Lemma 2.1l to
conclude v¢ = % on Q % [§,00). Finally, we use (ZIJ) of Lemma 25 (cf. (3.34)
and (330)) to see that

vR-n) vm—n) _
W =w*<max{l, wy pe}te 2 0 = e () op O x [0, 00).

(4.22)

Now, integrating (£I8)) from 0 to ¢, using the nonnegativity of U¢, W€ and the fact
U¢ = m as well as the bound 0 < W€ < K, we conclude, for ¢t > ¢, that

t t
F(US, VW) () + x (V) + U] (InU"—xV = W)
0 Q 0 Q
t t
=F (U, Ve,wo) + € USVEWE + né Us(We)?
0 Q 0 Q

Q

t
+& — infV_+
0 Q

m _s + m
mo. m oy
1] 19 Q
) )
< F(U.,V.,wo) + £ UVW® + e Us(W*)?
0 Q 0 Q

b wmon

—l—Kf UE(VT)Jr Loo(8,t:L1(Q)) 5 e T 2 —(376)d8

uewe
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t
+mK2n¢ e~ (X =M (5-0) gg
4
4 t m
(vixd —n)
femax 2 —infV, UWe +mK e~ 5 (=9 s
€2} Q 0 Q 5

=FU,Vi,wy)+ K¢ 6+

v — 1 Ue(ve)Jr L>(0,00;L1(92))

2

m —
UOO

+mK%*n 6+ + mKE&max ﬂ,—igﬂ/E o+

v =1 [€2]

oo

which, upon an obvious use of [{@21]), trivially implies [@I9]), and
Y VR U U=V WO S Cole). (4.23)
10 19
Furthermore, we employ ([@20), (422]) and (£23)) to extract a further subsequence,

still denoted (¢f,)x>1 for convenience, such that

(V) () - 0 ast — oo (4.24)
Q

and
U (nU(t) = V)P - 0 as £ — oo. (4.25)
Q
Then using (#24), we evaluate the second equation in (@I6) at ¢t = ¢} and send
k — oo to infer
m
—AVL + Ve =U — . (4.26)
1€2]
By a connectedness argument, one gets US, > 0 (cf. Lemma 3.1 of Ref. @7). Then
we send k — oo in [@2H) to obtain | (InUS — xVE)|? = 0 in Q, which gives rise
to

meXVoo

Us, = (4.27)

Q&=

Finally, collecting (#20) and ([£.21), we know that (US,, V<) is a solution of (£2).
O

Lemma 4.4. Let n < v with v defined in (L) and let m > 47’7 and m
{% 21 NT}. Then either (I): for some ey > 0, the corresponding solution
(U0, Veo Weo) of ([@IG) blows up in finite or infinite time, or (11): for all e > 0, the
resulting solutions (U, V¢, W€) of [@IQ) exist globally and are uniformly bounded
in time but

Us(VtT ;o 00): — mo_
tming L V)T = @eonzr@) o Amx —4m) (v —n)

Sox ~Ine *waptom-my
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min{ US re(ax (0,000 (V) Looax 0,000}

E
|
£33 _H_
/U\ —
\N'“/ :
<t ||
|
>
: - ]
5 ]
g9+ N | |
=1 0

and

‘Sojo1e sse00Y UedQ o4 1de0xe ‘peniued Jou AILIS ST UOINGLISIP PUB 888y “TZ/T0/L0 U0 ADOTONHOTL ANV FONTIOS 40 ALISHIAINN ONOHZYNH Ag
LUOO"D IS ISP [JOM MMM LUOJ§ PAPEO|UMOQ *10S *|dd SPOUIR N SPPOIN “UIR I
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Hence, the lower bound estimates ([LI0) and (CIT) follow simply from (£2]) and
E23). O

5. Negligibility of Haptotaxis on Long Time Behavior

In this section, we first show that any local-in-time classical solution of (L) is
comparable to that of (1)) in the solution operator sense, from which (B4) fol-
lows. Moreover, we show that any solution of chemotaxis—haptotaxis model (4]
converges exponentially to that of chemotaxis-only model (II]) in the sense of (B5)
for small x.

Lemma 5.1. Let (u,v,w) denote the maximal classical solution of the IBVP ([L4)
defined on (0,T,,). Assume that

T 1 (diam ()2
N <Mm = Uy L1 — e T m ds, (5.1)
o A4ms
where TT"‘ is understood as oo if T =0 or T, = oo. Then, for any A (0,1, — 1),

there exist positive constants K; = K;(ug, Tvo, wo, A, ) > 0 such that, for any
t [O7Tm)7

w=<Ke M

)

w(t) Lo < Kso[l+1t sup  v(s) ] 1—&—% e M (5:2)

s€[0,t)

Moreover, with v given in (B5) of Theorem [, it follows v(t) = ¥(t;u,v)
for all t  (0,Ty,) and, for any p (0,min{\y, 7., — n}), there exists K3z =
K5 (ug, 700, wo, i, Q) > 0 such that, for anyt [0,Ty,),

t
u(t) —ePug+x eI (u(s) w(s))ds pe
0

< K3¢ sup u(s) pe[l+¢ sup  v(s) pe] 14+ 1 emnt, (5.3)
s€[0,t] s€[0,] H

Proof. By (&) and the fact A (0,7, — 1), we first fix a unique a«  (0,7},)
according to

@ 1 iam 2
U 11 O P N+ A< . (5.4)
o 4ms

It then follows from Lemma that

v=n4+ A onQx[ra,T,) and w< Ke 7 on Q% [ra,T,,). (5.5)

Recalling from the expression of w in [221I), we have, for ¢t [ra,T),), that
w(Ta)e” Jealv(r)—nldr

1+ qu(ra) ! e Ralotr)—nldrg s

(5.6)



Math. Models Methods Appl. Sci. Downloaded from www.worldscientific.com
by HUAZHONG UNIVERSITY OF SCIENCE AND TECHNOLOGY on 07/01/21. Re-use and distribution is strictly not permitted, except for Open Access articles.

38 H. Y. Jin & T. Xiang

Thus, for t  [ra,Ty,), we compute from (B.0) that

( w)efrtq[v(r)_n]dT
w(Ta) — w(ra)

B ro U(r)dr
1+ nw(ra) :a e~ Jralv(r)=nldr g

_ nuw(ra) Ttaeffrsor[”(r)*”]d’" w(re) —w(re) ° wv(r)dr ds

1+ nw(ra) Tta e Jralv(r)=nldrgg)2

(5.7)
Now, for ¢ [ra,Ty,), we estimate from (B.5)-(E71) that
w(t) e
=[ wla) L=+ K(t—71a) s[up , o(r) Le] 1+ ? o~ At—Ta)
relra,
(5.8)

The exponential decay estimate of w in (5.2)) then follows from (53) and (58)) upon
taking suitably large positive constants K;.

Since the equations for v in the chemotaxis—haptotaxis model ([4]) and in the
chemotaxis-only model ([II)) are identical, they have the same solution operator 1),
and so v(t) = ¥(t;u,v).

Next, we utilize the variation-of-constants formula to the u-equation in (I4]) to
get

u(t) = ePug— x . elt=9)A (u(s) wv(s))ds—¢ . elt=9)A “(u(s) w(s))ds.
(5.9)

Therefore, we use the smoothing LP—L9-estimates for {em}tzo to bound, for

any g (0, min{As, 7, — n}), that
t
ut) —ePug+x  eTIA L (u(s) wv(s))ds
0 Lo

t
=¢ B8 (u(s) w(s)) peds
0
¢ 1
<016 (14 (t—s)"2)e M) u(s) w(s) peds
0
¢ 1
<Ot (14 (t—s) 2)eME9ensgy
0
¢ 1
= Cote ™ (1+42z272)e" M7z,
0

<Csée ™, t [0,T}), (5.10)
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where we have applied (&2 with A = p, the fact g < min{\y,n,, —n} and Cs is
given by

n

Co=C1Ky sup u(s) pe[l+t sup  v(s) pe] 1+ (5.11)
s€[0,t] s€[0,t]
The desired estimate (23] follows trivially from (BI0) and (GITI). |

Lemma 5.2. Let n < v with v defined in (L) (or BI) with T,,/T replace

by o). Then there exists Xo 0 ) such that, whenever x < xo, the

? Tuoll 1
global solution component (u,v) of the chemotaxis—haptotazis model ([LAl) con-
verges exponentially to the solution (u°,v%) of chemotaris-only model (L) in
the sense, for any A\ (0, min{ A1, m,, — n}), there exists a positive constant

Ky = K4(ug, Tvg, wo, A\, Q) > 0 such that
u(t) —u’(t) peo + v(t) —0(t) po < Kge ™™, t=0. (5.12)
Proof. From the chemotaxis—haptotaxis model ([L4)) and chemotaxis-only model

(1), we first observe that the differences p := v —u" and ¢ := v — v° solve the
following system:

pr=0p—x (p V)=x (u c)—¢& (v w), x Qt>0,

T = Ac—c+ p, z Q,t>0,
p ow o’ e (5.13)
5 gUE—E—E—O, X 8Q,t>07
p(x,0) =0, 7c(x,0) =0, w(x,0)=wy(x), z Q.
Henceforth, we shall assume x [0, ”ujﬁ); by Sec. 3 on global existence and
L

boundedness, we see that w,v,w,p,c exist globally-in-time and are uniformly
bounded in the sense of (LJ).

To proceed further, we apply the variation-of-constants formula to the first
equation in (BI3]) to estimate p as

plt) 1= < x IR (p(s) (s)) pds

+x =98 (u(s) ¢(s)) peds

+¢ ) =2 (u(s) w(s)) pds

=1 + Iy + Is. (514)
By the choice of A (0, min{\1, 7, — n}), we see

A+ min{Ay, mm — n}
u = 2 =

po (A, min{Ay, 9, —n}).
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Recalling that, for such p, we have indeed estimated I3 in (BI0) and (EIT)) as

I;<Cy u LOO(QOQ)(].‘i’t v Loo(ro)) 1+Z ge_ﬂt

< Me M, t>0, (5.15)
where Qo = Q % (0, 00), the fact u > A is used, M is finite and it is given by

_ (min{A;.nm-n}-Mt
2 ) < oo,

M = Cysup( u Loc(goo)(l—‘rt v LOO(QOO)) 1+ﬁ Ee
>0 w

(5.16)

We note that M depends only on ug, Tvg, wo, A, £2; for M > M to be determined
below as in (B.21]), let us define

T=sup{T >0: p(t) = <Me ™ t (0,7} (5.17)

By continuity of p and the fact p(0) = 0, it follows that T is well-defined and T > 0.
In the sequel, we shall (via connectedness argument) show that 7' = oco. To this
purpose, in the case of 7 = 1, we use the variation-of-constants formula for ¢ in

G13)

t
ct) = B (5)ds
0

and use the smoothing LP—L4%-estimates for {etA}tzo (c.f.) to estimate

t
c(t) Lo < e=A=Dp(s) Laods
0

t
<C, (1+(t— S>7%>67(A1+1)(t75) p(s) peds
0

t
<M (1+(t— 8)—%)6—(A1+1)(t—s)e—ASdS
0

t
= CoMe ™ (142 2)e M-V, < OsMe ™, ¢ [0,7),
0
(5.18)

where we have applied (BI7) and the fact A < Ay < A1 + 1 in the last line. In
the case of 7 = 0, the estimate (5.I8) follows readily by W?2P-elliptic estimate and
Sobolev embedding.

Now, we employ the semi-group properties, (517) and (5I8) to bound I; + I

in (B.I4) as
t
L+DL<sCix 0 px@. Q+(= 5)7%)67>\1(t75) p(s) peods
0
t

+Cux u e,y (14 (t— 8)7%)67)\1(2575) c(8) peeds
0
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t
sCMy V0 pe@.) (Q+(t— s)fé)eﬁ‘l(t*s)e#‘sds
0

t
+C3CsMx u oy (L4 (t— 5)72)e M)A g
0

SCMx( 00 e+ U pe@)e N, [0,7).  (5.19)
Recalling from Sec. that the solution of (4] is uniformly bounded in x

[O,Mlﬁ). Therefore, by continuity, we first choose a (perhaps small) xq
L

(0, 27— fulfilling

* Tuoll
Csxol v pe(ou) + U pe@.)) <1, (5.20)
and then we fix M > M in (5I7) according to
M =2M[1 — Csxo( ° L)+ u LOO(QOO)>]_1. (5.21)

Finally, substituting (E.15]) and (519) into (&.I4) and using (B.I6]), for any x < xo,
we infer that

p(t) L < CsMxoCsxo( 10 pe(an)+ U peu))e M +Me ™ (5.22)
1 0 — A\t
= 5[1 +Csx0( v Le(ou) T U peu))Me ™™, t [0,T).

Given the fact in (520), comparing (5:22) and (G.I1), one can easily conclude from
the maximality of 7' (or the nonempty set (0,7") is both open and closed) that
T = oo. Therefore,

u(t) —u'(t) peo = p(t) Lo < Me M, t=0. (5.23)
Then the maximum principle applied to the second equation in ([E13]) yields easily
v(t) =00 (t) e = c(t) Lo = pt) po < Me ™, t=0. (5.24)

The desired convergence estimate (512) follows directly from (523) and (G24)).
O

Proof. Proof of negligibility of haptotaxis on long time behavior in (B4) and (B5).
In the case of global existence, i.e. when T,,, = oo, upon identifying 1, = v, the
exponential decay in ([LI3) is merely the first estimate in (5.2]). The exponential

decay in (ILI0) is simply (B12). To see (LIT), for any x (0,02 —n), taking
R tl),

_ o R =n=r)
A= 5 =K+ 5

and noticing, since (u,v,w) is assumed to bounded according to (L)), that

sup Ko[l+t sup  v(s) peo] 142
>0 s€[0,¢) A

_vEn-n,
2

e < 00,
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we readily conclude the W1>°-exponential decay of w in (LIH) from (5.2)). Similarly,
for any p (0, min{\1,n,, — n}), taking

_ (ptmin{h, g —ny) - (mindAs, 9 — 0} — p)
2 2
and observing by the boundedness of (u,v,w) in (L8) that

(min{A1.nm-n}—p)
sup K3 sup u(s) pe[l+t sup v(s) pe] 1+ n D e S L S oo,
t>0 s€0,t] s€[0,t) A
we quickly derive the desired exponential decay in ([I4) from (B.3). O
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