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Abstract This paper is concerned with the parabolic-parabolic-elliptic system

us = Au —xV - (uVo) + 6V - (W"Vw), xe€Q,t>0,

v = DAv + &V - (vWVw) +u— v, zeQ,t>0,

0=Aw+u—i u,/wIO, xeQt>0,
1Q Jo " Ja

Oou _ Ov _ Jw _

E_E_E_O’ x €0Q,t >0,

u(z,0) = uo(x),v(x,0) = vo(x), zeQ

in a bounded domain Q C R™ with a smooth boundary, where the parameters x,&:,&2 are
positive constants and m > 1. Based on the coupled energy estimates, the boundedness of
the global classical solution is established in any dimensions (n > 1) provided that m > 1.
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1 Introduction

To study the convection effect on tumor-induced angiogenesis, Orme and Chaplain [22]
proposed the system

u = Au—xV - (uVo) + &V - (uVw),
vy = Av 4+ &V - (vVw) + au — P, (1.1)
wy = Aw + yu — dw,

where u(z,t) is the density of endothelial cells (ECs), v(x,t) refers to the density of adhesive

sites, and w(x,t) describes the density of the matrix; one can find more details about the
background of this in [13, 15, 25].

*Received August 5, 2021; revised July 7, 2022. The research of H.Y. Jin was supported by the
NSF of China (11871226), Guangdong Basic and Applied Basic Research Foundation (2020A1515010140 and
2022B1515020032), Guangzhou Science and Technology Program (202002030363).

fCorresponding author: Haiyang JIN.

@ Springer



No.1 H.Y. Jin& K.Y. Xu: BOUNDEDNESS OF A CHEMOTAXIS-CONVECTION MODEL 157

When & = & = 0, system (1.1) becomes the classical Keller-Segel (KS) chemotaxis model

up = Au — xV - (uVv),

(1.2)
vy = Av + au — Pv,

whose solution behaviors, including boundedness, blow-up and pattern formation, have been
studied for a long time [2, 6]. An interesting feature of the KS model (1.2) is the blow-up of the
solution in higher dimensions (n > 2). More precisely, it has been proven that for any initial
mass m = fQ updz > 0, there exists some initial data such that the corresponding solution
blows up in finite time [28] in the case where n > 3. In the two dimensional spaces (n = 2), there
exists a critical mass m, = ;‘2—’; such that the solution exists globally with a uniform-in-time
bound when [, uodz < m, [21], while the solution blows up if [, ugdz > m. [7].

For when & > 0 and & = 0, system (1.1) has been referred to as the attraction-repulsion

Keller-Segel (ARKS) chemotaxis system,

u = Au—xV - (uVo) + &V - (uVw),
vy = Av + au — B, (1.3)
wy = Aw + yu — dw;

this has been used to describe the aggregation of Microglia in Alzheimer’s disease in [20]. Com-
pared with the classical KS chemotaxis model (1.2), the ARKS model (1.3) has the mechanism
to prevent the blow-up of the solution if repulsion dominates in the sense that &1y > xa. More
precisely, if £&1v > xa, the global bounded solution exists in two dimensions for the full ARKS
model [10, 18] and in higher dimensions (n > 3) for the parabolic-elliptic-elliptic ARKS model
[24]. However, if &7 < xa (i.e., attraction prevails over repulsion), based on the existence of
a Lyapunov functional, a critical mass phenomenon was found in two dimensional spaces; refer
to [5, 11, 14] for more details. Recently, the global stabilization of a constant steady state was
studied in [12, 16, 17], in the cases where {17 > xa.

For when & > 0 and & > 0, the research results on system (1.1) seem to be at a rather
rudimentary stage, due to the coupling of chemotaxis and convection. For a one dimensional
space, the boundedness and large time behavior of a solution were studied in [13, 15]. Recently,
for a parabolic-parabolic-elliptic simplified model in a bounded domain 2 C R*(1 < n < 3),
Tao & Winkler [25] proved the global boundedness of a solution for large &1 by using a novel
Moser-type iteration to derive a priori bounds of ||v]| .

To study the convection effect & more deeply, in this paper, we shall study the existence

of global classical solutions of the system

Uy =Au—xV - (uVo)+ &4V - (uWmVw), ze€Q,t>0,
v =Av+ &V - (WVw) +u — v, xeNt>0,
1
O:Aw—i-u——/u,/w:(), e, t>0,
12| Jo Q (1.4)
ou Jv Ow
5_%_%_0, x € 0Q,t >0,
u(z,0) = uo(z),v(z,0) = vo(x), r €,
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where 2 C R" is a bounded domain with a smooth boundary and the initial value satisfies the
following conditions:
0 < up € CO(Q) with ug # 0,

(1.5)
0 <o € Whe(Q).

The third equation of (1.4) arises by using a quasi-stationary approximation procedure as in
[9], based on the assumption that the matrix diffuses much faster than adhesive sites and
endothelial cells. For the system (1.4) with m = 1, it was proven in [4] that the global classical
solution exists for all dimensions, provided that &; is large. In this paper, we shall show the
boundedness of a solution for all dimensions with & > 0 and m > 1. More precisely, we have
the following result:

Theorem 1.1 (Boundedness of the solution) Let m > 1 and let  be a bounded domain
in R™(n > 1) with a smooth boundary. Then the system (1.4)-(1.5) admits a unique global

classical solution (u,v,w) satisfying

u € C%(Q x [0,00)) NCHLQ x (0,00)),
v e ﬂ C([0,00); WHP(Q)) N C*H(Q x (0,00)) and

np<oo

w € C%0(Q x (0,00)).
Moreover, there exists a constant C; > 0 independent of ¢ such that

Ju(, e + ol Dllwree + [[w(, 1) lwre < Ch.

2 Local Existence and Preliminaries

Based on some ideas in [24, 25, 27], one can show the local existence of a solution for system
(1.4)—(1.5). We omit the details of the proof for the solve of simplicity.

Lemma 2.1 Let m > 1 and let Q be a bounded domain in R™ with a smooth boundary.
Assume that (ug, vg) satisfies (1.5). Then there exists Thax € (0, 00] such that system (1.4) has

a unique classical solution (u, v, w), where

u € CO % [0, Tmax)) N CZL( x (0, Tnax))
ve [ CO0, Tmax); WH(Q)) N CHH(S x (0, Tinax)) and

n<p<oo

w € C20(Q x (0, Thax))-
Moreover, the solutions u, v are positive in Q x (0, Tinax) and

if Thax < 00, then limsup {||u(, )|~ + ||v(-, ¢)||wir} = oo for all p > n.
¢

max

Lemma 2.2 Let (u,v,w) be the solution obtained in Lemma 2.1. Then, for all ¢t €
(0, Trnax ), it holds that

[uC, )z = lluollpr == ma (2.1)
and
[oC,8)llzr < llvollr + [luoll s, (2.2)
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as well as
| D?*w| 1» < ||Vw|lwie < Cllullre, for some p > 1. (2.3)

Proof
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is valid for all f € LI(Q);
(ii) if 2 < ¢ < p < o0, then

n (1

Ve fllr < ca (1 +t2 a—%>) e M|V f||a for all £ > 0 (2.8)

is true for all f € WHP(Q).

3 Proof of Theorem 1.1

In this section, we shall prove the global boundedness of the solution. To this end, we first

show the boundedness of ||v|| for all dimensions based on some ideas in [25].

Lemma 3.1 Assume that the conditions in Lemma 2.1 hold. Let (u,v,w) be the solution
of (1.4). Then for all n» > 1, it holds that

(- )L < M. (3.1)

Proof Multiplying the second equation of (1.4) by vP~!(p > 2) and integrating it by
parts, we obtain

1d vp+(p—1)/v”_2|Vv|2zﬁg/v”_lv-(UVw)—i—/uvp_l—/vp
pdt Jo Q Q Q Q

:_52(p_1)/vp_1VU-Vw+/uyp_l_/vp
Q Q Q

:§2p_1/vaw+/uvp_l—/vp. (3.2)
P Ja Q Q

Noting (2.1), one has that Aw = ﬁ Jou—u= % — u. Then we can rewrite (3.2) as follows:

d
- v”+p(p—1)/vp_2|Vv|2+p/v”
dt Jo Q Q

= 7§2m1(p—1) v — — uv woP™1
- [ e [wr ey [ wr, (33)

On the other hand, using Young’s inequality, we can derive that

p—1 -1 , <§2(p—1)i)_(p_1)1.
p/qu §p/9u{ » v+ » b1 pl

—a-1) [ w g0 [
Q Q
<&lp-1) [+ me
Q

that is,
p/ wP™t — &(p — 1)/ wP < my&y P (3.4)
Q Q
Then, substituting (3.4) into (3.3) and using the fact that @ > 2, one obtains
d -1 _
— vp+2/|Vv%|2+p/vp§M/vp—i—mlé P (3.5)
dt Jo Q Q € Q

Finally, we can estimate the first term on the right hand of (3.5) as
-1 -1), » » n
ermp =) [ - Bt <o [ vobpep o) ([ o
jl ) 9] ) )
@ Springer
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where we have used the estimate (see [24])

U172 < ellVU|[72 + Cin (1 + 6’%)IIUIIL1
by letting U = v%, €= £2m12(‘1+|1)+1 and ¢; = Cin max{ 52;75?'1 1} depend on n and 2

but remain independent of p.
Then substituting (3.6) into (3.5) and noting the fact that 1+p% < 2(1+p)%, one obtains

q 2
vp+p/vp<c1p(1+p )</ v%> +m1§;7p
da o

2
< 2ep(1+p)? ( / ) gl
Q

which entails that

d . :
— <ept/ vp> < 2ePeip(l +p)2 (/ v%) + ePtm €y P, (3.7)
dt 0 Q
For any T € (0, Tmax), integrating (3.7) over [0,¢] for 0 < ¢ < T, we obtain
n D 2 mlglip
/vp(a:,t)g/vg—i-ch(l—i-p)? sup </ ’U5($,t)> +——2 (3.8)
Q Q 0<t<T \JQ p

Letting

o1
Np) :—max{ sup < / vﬁ(x,w) C L ||vo|Lm},
o<t<T \Jo &

from (3.8), one can find a positive constant cp := 3 max{2c;, m1&2, ||, 1} such that
N(p) <cd(1 —i—p)%/\/'(g), for all p > 2.
Taking p = 27,5 =1,2,-- -, one derives that
N(@) <3 (1+27) 8N (207

N (1)

n

2

<L 422 (14 2)2

e (2777 +1)7 22 T+ )2 ) N

< 0223[j2’j+(j71)2*(j’1)+---+2’1] ) 2g(2*%2*“*”+~~~+2*1)N(1)

< 27 N(1).
Letting j — oo and noting the fact that |Jv(-, )| L1 < m1 + |Jvol/ 11, we have that

o Bllie < 22 A1) < 22 ma{llol e s + wolln, 2 <

which gives (3.1). O
3.1 Coupled Energy Estimates

In this subsection, we shall show the coupled energy estimate of fQ uP 4 fQ |Vo|? for p > 1.

Lemma 3.2 Let (u,v,w) be the solution of system (1.4). Then, for all p > 1, it holds
that

d / » (p—l)/ oo 2, Pl =D& / plp — 1)x2/ 5
+ L wP R VP [ uPT < 2 [ P |V2+C, (3.9
dt 2 Q [Vl 20 —1+m) Jo 2 Q [Vl (3.9)
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where C' > 0 is a constant independent of ¢.

Proof Multiplying the first equation of system (1.4) by pu?~! and integrating it over
and noting the fact that Aw = T;_ll‘ — u, we have that

L =p/up_1Au—xp/up‘1V-(uvv)+§1p/ WPV - (0 V)
= —P(P_l)/ Up_2|vu|2+xp(p—1)/up_1Vu-Vv
Q Q

~aplp-1) [ 0V Y
Q

—p(p - 1)/ uP 2| Vul® + xp(p — 1)/ uP = V- Vo
Q Q

&p(p—Vm1 [ pymr &p(p—1) / uPtm (3.10)
(p+m—1)Q[ Jo p+m—1Jg . .
Then, using Holder’s and Young’s inequalities, one has that
-1 —1)x?
xp(p — 1)/ uP 'V - Vo < ZM/ uP | Vul? + M/ uP | Vo|? (3.11)
Q 2 Q 2 Q
and . 1
&ip(p — )ma uptml < &ip(p —1) /up+m +cp. (3.12)
(p+m—1)|Qf Jo 20+m—1) Jo

Then substituting (3.11) and (3.12) into (3.10), one has that

- p PAMT 7 P=21y/ P U5 D < 7 A PIVo|?
; / u” + 2 U | u| + 2( 1 ) U 5 U | ’Ul + ¢,

which yields (3.9). The proof of Lemma 3.2 is complete. O

Lemma 3.3 Let (u,v,w) be the solution of (1.4). Then, for all p > max{n,2}, there

exists a positive constant C' such that
d
a / [Vol* +2p / Vo +p / [VoPP=D D% < C / w4 C. (3.13)
tJa Q Q Q

Proof Recalling the second equation of system (1.4) and using the identity A|Vv|? =
2Vv - VAv + 2|D?v]2, we have that

d
dt /Q [Vol*P = 2p/g(|vv|2)p_lvv - Vg
. 2p/(|w|2)1’*1vu-vm+2ggp/(|W|2)P*1w-v<v-(uvw))
Q Q
+2p/(|w|2)1’*1vu-vu—2p/ Vo2
Q Q
—p [ (VPN 2p [ [TuPe D2
Q Q
+2§2p/ |vv|2<P*1>vU~V(W~Vw)+2§2p/ IVo|2P~ DTy - V(vAw)
Q Q

—|—2p/ |Vv|2(p71)Vv~Vu—2p/ |Vo|??,
Q Q

which gives that

d
d / Vol 1 2p / Vo2V D2 4 2p / Vol + pp— 1) / Vo202 | V[ Vo2
dt Jo Q Q Q
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:p/ |Vl 2P—D) 8|V“| dS’+2§2p/ |Vo|2P= DV . V(Vu - V)
o0

+ 26 [ |Vv|“*1>w-v<mw> —2 [ V(eI

4
= > I (3.14)
i=1

To control the term I, we first state the following well-known fact, which is due to homogeneous
Neumann conditions [19, Lemma 4.2] (see also [8]):
8|VU|2
v
Here x denotes the maximum curvature of 9. Now, combining (3.15) and using the trace
inequality [|9||r200) < €l|VY| r2) + Cell¥||2(q) for any € > 0 (cf. [23, Remark 52.9]), we

have that
|V
I :p/ |V [2—D) | ”' 2 gs
o0

< 2"€P|va|p|‘%2(asz)

< 2k|Vo|? on 9. (3.15)

-1
< ZM/ |Vo[2P=2) |V | Vo[22 + 01/ Vo[22 (3.16)
2 Q Q
Using Young’s inequality, as well as (2.6) and the fact that ||v(,t)|| L < M, we infer that
Vol < / o2 1 ¢ < / Vo2V D202 + e,
Q 2(2p+ \/_

which, substituted into (3.16), gives that
-1
I < M/ |Vo|?P=2 |V |Vo|?|? + 3/ |Vo2P= | D%? + ¢y. (3.17)
2 Q 2 Jo
On the other hand, we can use (2.4), (2.6) and (2.3) to derive that
I, = 2§2p/ |Vo2P~ Dy . (Vo - Vw)
Q

< 26p (1 ; %) 1028, 0 D% s

oy -
< 26p (1+2£;) (2p + V) P o] P { / Vo2 1|D2v|2} D2 e

<zC3szp(1+§—;)<2p+f>p+1Mp+l-{/ |Vv|“1>|D2v|2} Dl (318)

Similarly, combining (2.5) with (2.6) and using (2.3), one has that

I3 = 2§2p/ |Vo|2P~ DTy - V(vAw)
Q
= —2§2p/ vAWY - (V2P )
Q
< 26p(2p = 2+ Vn)l[vll L - [ Awl Lo [ V0o - {/ |Vo[2P=1) |DQU|2}

< 26ap(zp — 2+ VA4 VSR I - { [ [l 0 A
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_p_
D p+1
< e M {/ |Vv|2(p_1)-|D2v|2} Nl o, (3.19)
Q

with ¢4 := 2y/ne3éap(2p — 2+ /n)(2p + \/ﬁ)i—ﬂ7 where the fact that |Aw| < y/n|D?w| is used.
Finally, we can use (2.6) to estimate the term I, as

I, = —2p/Qu - V(|VoP P~ D)
= —2p/ﬂu {2(p — 1)|Vu]?P=2 . (D%v - Vo) Vo + |Vo2P~Y Av}
< 2p(2p =2+ Vi) [ ulToPr D%
<2p(2p— 24 V/n) - {/Qu2|Vv|2(pl)}% : {/Q |VU|2(p1)|D2U|2}

1
2
< 2p(2p = 2+ V) lull o1 | VO Fay - {/ |Vv|2(”_l)|D2vl2}
Q

1
2

_p_
p— p— p+1
szp<2p—2+ﬁ><2p+ﬁ>p+iMwi-{/ |Vv|2<P1>|D2v|2} ullzes (3.20)
Q

for all t € (0, Tinax). Then, substituting (3.17)—(3.20) into (3.14) and using Young’s inequality,

we end up with

d 3
—/ |vU|2P+—p/ |VU|2(p_1)|D2U|2+2p/ Vol
dt Jo 2 Ja Q
2p p—1 ﬁ
<es (st 205 L] opom o b
Q

<2 [ 19ePeD D2 4 ol +
Q
which gives (3.13). The proof of Lemma 3.3 is complete. O

Lemma 3.4 Let (u,v,w) be the solution of system (1.4) and m > 1. Then, for all
p > max{nm, 2}, one has that

[, )lle + [ Vo(- Dl|zzr < C. for all ¢ € (0, Tnns). (3.21)

where C' is a constant independent of ¢.

Proof Using Young’s inequality with ¢ and the fact that m > 1, from Lemma 3.3 we can

derive that
d
S [1voRr 20 [ 1902 45 [ [9upe-0ipep
tJa Q Q

p(p—1)& +
< 01/ wbtt e < PPN e (3.22)
Q 4p—1+m) Jg

On the other hand, using Young’s inequality with € again, from Lemma 3.2, one can derive that

d -1 -1
S +p/up+p(p )/up72|vu|2+ plp — & /uerm
Q Q 2 Q Q

at 2(p—1+m)
—1)v?
< pp— D" /u”|Vv|2+p/ uP +c3
2 Q Q
plp—1)& / " / 2(ptm)
<2 [Pt ey | V|7 +oes, (3.23)
dp—1+m) Jo Q
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which yields that

up +p/ uP + _1)51)/up+m <cy /|Vv|2(p+m) =+ ¢s5. (3.24)

p—14+m

Letting y(t) := fQ uf + [, |Vv|2p7 then combining (3.24) and (3.22), and using (2.6) and the
fact that m > 1, we have that

()"’py +p/ |VU|2(P 1)|D2v|2 <C4/ |VU|2(p+m) e

|2(ZD+1) +cr

< — \%
< v J,
< p/ |Vv|2(p_1)|D2v|2 + c7,
Q
which entails that
y'(t) +py(t) < er. (3.25)

Solving (3.25), and noting the definition of y(t), it follows that

[+ [ 9o = o) <o)+ .
Q Q

which gives (3.21). O

3.2 L*-estimate of u

In this subsection, we shall show the boundedness of ||u(-,t)|/ L, provided that m > 1,

based on the semigroup estimates.

Lemma 3.5 Assume that the conditions in Lemma 3.4 hold. Then there exists a constant
C1 > 0 independent of ¢ such that

lu(-,t)||L= < Cy for all ¢t € (0, Tinax)- (3.26)
Proof From Lemma 3.4, we can derive that there exists a pg > max{nm, 2} such that

l[ullzro + [[V[[Lro < c1. (3.27)

Then one can use (2.3) to obtain
IVwllwise < collullrro < crca, (3.28)
which, together with the Sobolev theorem and the fact that py > max{nm,2} > n, gives that
V|| < cs. (3.29)
Then we can use (3.27)—(3.29), ||v||L~ < M and the fact that |Aw| < \/n|D?*w| to derive that
Vv - Vwl|pre < |Vwl||peo||Vv|Lre < c1c3 (3.30)

and
H’UA’LU”LPO S ||1)HL@0||A’LU||LP0 S 6102M\/ﬁ. (331)

Applying the variation-of-constant method to the second equation of (1.4), one has that

¢ ¢
Vo(-,t) = VelA Diyg + 52/ VeA=DE=3) (Ty . Vw + vAw) ds + / VeA=D=5)yds,
0 0
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which gives that

¢
(IV||p= < ||Ve(A_1)tvo||Loo + 52/ HVe(A_l)(t_S) (Vv - Vw + vAw) ||L=ds
0

+ /Ot |[VeADE=9) || Lods
= K + Ky + K. (3.32)
Using the semigroup estimate (2.8), one obtains
Ky = [|Vel® V|| Lo < 4| Voo oo (3.33)

We can use semigroup estimate (2.7) and (3.30), as well as (3.31), to derive that
t
Ky =& / |VeA=DE=9) (Vy . Vw + vAw) || ~ds
0

t
< c5/ (1+ (t_s)*%*m) e~ M=) (||T0 - V|| Lro + |[vAW| Lro )ds
0

1

t
< (610305 + 610205M\/ﬁ) / (1 + (t — 3)757%) e_()\1+1)(t—s)ds
0
< ¢, (3.34)

n_

where we have used the fact that fot (1 +(t— 5)_%_%0 e~ MHDIE=9)ds < 00, due to py > n.
Similarly, using semigroup estimate (2.7) again and noting (3.27), one has that

Ks <c¢r /t (1 + (t— s)—%—%) e~ AV 1y || Lrods < cg. (3.35)
0
Then substituting (3.33)—(3.35) into (3.32), one obtains that
Vo]l < co. (3.36)
Similarly, we rewrite the first equation of (1.4) as follows:
u—Au+u=—xV-(uVo)+ &V (u"Vw) + u. (3.37)

Then, applying the variation-of-constant method to (3.37), one obtains that
t
u(z,t) = eADiyy — X/ AV Y . (uVu)ds
0

t t
+& / ADE=)Y . (yVaw)ds + / e(A=DE=5)y s,
0 0

which, together with the semigroup estimates, gives that
t
Jul ) < e Dugl| o +x / el ETDY - (uVv)| e ds
0
t t
_|_€1/ ||e(t*5)(A*1)V (U Vw)|| e ds _|_/ ||e(tfs)(A—1)u||LoodS
0 0
t 1 n
< e_tHuoHLoo + 010/ (1 +(t— s)fifm) e_(t_s)HuVUHLpodS
0

1

¢
+ C11/ (1 + (t— S)_f_%) ef(t*S)HumeHLLo ds
0 "
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t
+ 012/ (1 +(t — s)*%) e =9 ||u| o ds. (3.38)
0

On the other hand, using (3.29) and (3.36), as well as |lul|zro < ¢1 in (3.27), one can derive
that

HUVUHLPO < ||VU||L°°HUHLP0 < C1Cg (3.39)
and
lu"Vw| Lro < vaHLooHum”L%l < es. (3.40)

Substituting (3.39) and (3.40) into (3.38), and noting the fact that po > nm > n, one has that
& g
t
(-, 8| e < [luoll~ +cgcmcl/ (14 (= 5475 ) o9
0
t
_1_nm
+ C3011671n/ (1 + (t — S) 2 2p0) e—(t—s)ds
0

t
+ 01012/ (1 + (t - 8)_%) ef(tfs)ds
0

S C13,

which gives (3.26). This completes the proof of the lemma. O
Proof of Theorem 1.1 From Lemma 3.5, we can find a constant ¢; > 0 independent
of t such that
(s t)llzee + ol Dlwre < e

for all ¢ € (0, Timax), which, combined with Lemma 2.1, completes the proof of Theorem 1.1. O]
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