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Abstract. We study the convergence rates of solutions to the two-species
chemotaxis-Navier-Stokes system with Lotka-Volterra competitive kinetics:

(M)e+u rnp= Ny ar (mro+ m@ np o ang);
X2 ;t=>0;

(N2)t+u rny = no or (nerc)+ 2n2(l azn; ng);
X2 ;t>0;

ce+u rc= ¢ (np+ n);;x2 ; t=0;

ut+ (U Mu= u+rP+(ni+ n)r; r u=0;
X2 ;t=0

under homogeneous Neumann boundary conditions for n;;ns;c and no-slip
boundary condition for u in a bounded domain RI(d 2 F2; 3g) with smooth
boundary. The global existence, boundedness and stabilization of solutions
have been obtained in 2-D [8] and 3-D for = 0 and millj;’}kcok,_w(m
being su ciently small [4]. Here, we examine further convergence and derive
the explicit rates of convergence for any supposedly given global bounded clas-
sical solution (ny; n2;c;u); more speci cally, in L°°-topology, we show that

1-a; . l—ay
I—-ajaz’' I—-ajas

; 0) exponentially,

if a1;a2 2 (0;1);
~ | (0;1;0) exponentially, if a; > 1 > ay;
(M GOin(GO;uGH) o
(0;1;0) algebraically, if a; =1 > ay;

(1;;0;0) exponentially, if az > 1> aj;

(1;0;0) algebraically, if a; =1 > a;:

In either cases, the c-solution component converges exponentially to 0.
Moreover, it is shown that only the rate of convergence for u is expressed
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in terms of the model parameters and the rst eigenvalue of in  under
homogeneous Dirichlet boundary conditions, and all other rates of convergence
are explicitly expressed only in terms of the model parameters a;; j; and

and the space dimension d.

1. Introduction. We consider the following two-species chemotaxis- uid system
with competitive terms:

(N)e+u-Vni= ni— V- (mVe)+ 1ni(1—ng—aing); xe ; t>0;
(N2e+u-Vnp= np— 2V-(NVe)+ 2np(l—agxni —ng); xe ; t>0;
ce+u-Ve= c¢—( ni+ ny)c; Xxe ;t>0;
u+ U-Y)Ju= u+VP+(ni+ ny))V,; V-u=0; Xe ;t=>0;
@n=@n=@c=0 u=0; XeE® ; t>0;
Ni(X; 0) = nj.0(X); c(x;0) = co(X); u(x;0) = up(X); xe ;i=12;
(1.1)

where  C RY (throughout the whole paper, d € {2;3}) is a bounded domain with
smooth boundary @ and @ denotes di erentiation with respect to the outward

normal of @ ; € R, 1; 2;a1;a >0and 1; »; ; ; ; = 0 are constants;
N1.0; N2:0; Co; Up;  are known functions satisfying

0<nioN2o€C( ), 0<coeWYI( ), wupe DA, (1.2)

ect* () (1.3)

for some q>d, # € (%; 1), >0 and A is the Stokes operator.

The system (1.1), an extension of the chemotaxis- uid system introduced by
Tuval et al. [28], depicts the evolution of two competing species which react on
a single chemoattractant in a liquid surrounding environment. Here, n; and n;
denote densities of species, ¢ means the chemical concentration, and nally, u and
P represent the uid velocity eld and its associated pressure. So, it is the mixed
combination of the complex interaction between chemotaxis, the Lotka-Volterra
kinetics and uid.

Even in the absence of chemotaxis and uid in (1.1), the reduced Lotka-Volterra
competition system has been extensively studied. It is now well-known that its
positive equilibrium (Ng; N2) with

1—31_ _ l-a

N1 = Ny (= ——
! 2 1-—aa,

= - 1.4
I aay (1.4)

is globally asymptotically stable in weak competition case a; < 1 < i [5, 6]. while,
in the strong competition case a; > 1 > a% the positive equilibrium (Ng; Ny) is
unstable and the system admits non-constant steady states when the system pa-
rameters and the domain geometry are properly balanced [11, 15, 16]. In the one
component chemotaxis-only context (n, = 0 = u), the global existence, bound-
edness and stabilization of solutions to (1.1) have also been studied widely, cf.
[23, 24, 10, 14]; see also [30, 32, 34, 36] for classical Keller-Segel models with signal
production instead of consumption, i.e., — nic replaced with —c+ nj in the third
equation.

In one-species (n, = 0), global existence of weak (and/or eventual smoothness of
weak solutions) and classical solutions and asymptotic behavior have been investi-
gated, e.g., in [31, 33, 35] without logistic source ( ; = 0) and also the convergence

rate has been explored [37] and in [13, 25, 27] with logistic source.
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In two-species context, related studies rst begin with uid-free systems with sig-
nal production (in which the asymptotic stability usually depends on some smallness
condition on the chemo-sensitivities) to understand the in uence of chemotaxis and
the Lotka-Volterra kinetics [1, 2, 18, 17, 20, 19, 22]. For the two-species chemotaxis-

uid system with competitive terms (1.1), the global existence, boundedness of clas-
sical solutions and stabilization to equilibria were very recently studied by Hirata
et al. [8] in the 2-D setting and by Cao et al. [4] in the 3-D setting for = 0. For

= 1, the global existence of weak solutions to the above system, and their eventual
smoothness and stabilization were studied in [9]. We now state the bounded and
classical solutions established in [8, 4] as follows:

(B2) (Boundedness in 2-D [8]) In the case that C R? is a bounded domain
with smooth boundary, let 1; »;a;;82, >0, 1; 2; ; ; ; =>0andlet(1.2)
and (1.3) hold. The the IBVP (1.1) with =1 possesses a unique classical
solution (ny;ny;c;u;P), up to addition of spatially constant functions to P,
such that

ni;nz € C(C x [0;00)) NCZL( x (0; 00));
ceC( x[0;00)) NC*H( x (0;00)) N L ([0; 00); WHI( ));
ue C( x[0;00)) NC*( x (0;00)) N LS, ([0; o0); D(AF));
P e CYO( x (0; x0)):
Moreover, there exists a constant C > 0 such that for all t >0
MG )Ly + IN2CG 0y +eC D lwaae y + UG D= y <C: (1.5)

(B3) (Boundedness in 3-D [4]) In the case that < R® is a bounded domain
with smooth boundary and that = 0, there exists a constant o > 0 such that
whenever max{ 1; 2}||CollL=¢ y < omin{ 1; 2}, the statements of bound-
edness in (B2) hold.

(UC) (Uniform Convergence [8, 4]) Let (ng; ny;c; u; P) be the solution of (1.1)
obtained from (B2) or (B3). Then it ful lls the following convergence prop-
erties:

(i) Assume that a;;a, € (0;1). Then, with (N1; N2) de ned in (1.4),

Ni(;;t) = N1; na(;t) = Ng; c(;t) = 0; u(;t)—0in L>( )as t— oo
(i) Assume that a; > 1> a,. Then
N(;t) —0; ny(;t) =1, c(;t)—0; u(;t)—=0in L=( )as t— occ:

In this paper, we study dynamical properties for any supposedly global-in-time
and bounded classical solution to (1.1), with particular focus on the model of con-
vergence as well as their explicit rates of convergence. Before proceeding to our
main results, let us observe that, the n;- and ny-equations in (1.1) are symmetric.
Thus, we should naturally have a result about stabilization to (0; 1;0;0). This was
not mentioned in related works, cf. [1, 8, 17]. Now, let p denote the Poincare
constant, cf. (4.19), and, nally, let

1 [@-aa) amin{di et

= —min
1. a; 1 ’
2max{,\,—l,a12 2N2}

( N; + N2) ; (16)




1922 HAI-YANG JIN AND TIAN XIANG

=%min{(l—az) zmin{%;lf_zaz}; 2 (-1 1} L7
=%min{(1—a1) 1min{%;1i71al}; 2 (a2-1) 21 (1.8)

Then we are at the position to state our main results on exponential and algebraic
convergence of global-in-time bounded solutions to model (1.1).

Theorem 1.1. Let < RY(d € {2;3}) be a bounded and smooth domain, =10
if d =3, and let (1.2) and (1.3) be in force, nally, let (n1;ns;c;u;P) be a given
global- and bounded-in time classical solution of (1.1). Then it enjoys the following
decay properties.

(1) When aj;a; € (0; 1), (ng; nz;u) converges exponentially to (N1; Ny; 0):
[N1(5t) = Nyf[Lee( y < mpe~ a2t vt > 0;
[N2(5t) — No|[Lee y < mpe™ a2t vt > 0; (1.9)
UGt y < mge™ 7@ MNP Iy > o

(I When a; =1 > ay, (ng; ny; u) converge algebraically to (0; 1;0):

N5 D)Ly < my(t+ 1)@, vVt > 0;
IN2(58) = 1| y < Ms(t+1)"a2; V> 0; (1.10)
(UG t)|lLee y < me(t+ 1) a+2; Yt > 0:

(1) When a; > 1 > a, (n1; ny; u) converges exponentially to (0; 1;0):
NG5 D)o y < m797%t; Yt > 0;
[N2(5t) — 1| y < Mge™ a2t vt > 0; (1.11)

UG ) lLse( y < moe™ 2@ min{ ei b vt >0
(1Il") When a; =1 > a1, (n1;ny; u) converge algebraically to (1;0;0):

IN1(5t) — 1L y < Myo(t+ 1)@ vt > 0;

IN2C; )L y < Mgt + 1)~ T, vt > 0; (1.12)

||u(';t)|||_oo( ) < mlz(t+ 1)7'17”; vt > 0:
(111") When a, > 1 > ay, (n1;ny; u) converge exponentially to (1;0;0):
[N1(;t) — 1| Lo y < Myge a7z vt > 0;

as—1) 2 ¢
)

(
N2 )[Loe( y < Myge” Z@iD vt > 0 (1.13)

UG O[Lee( y < Myse 2@ min{ e: } vyt > 0;

(IV) In either cases, the c-solution component converges exponentially to O:

(N3t No)y

llcGi)|[Loe y S Mee™ 2 ; V>0 (1.14)

where (Kl1;:KL) = (N1;Ny) in Case (1), (N1;K,) = (0;1) in cases (I1) and
(1), and (N1; K,) = (1;0) in cases (I11) and (111').
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Here, € (0;1) is arbitrarily given, only ms; mg;mg and mis depend on ; all
m;(i = 1;2;3;---;16) are suitably large constants depending on the initial data
N1.0; N2:0; Co; Up; , the model parameters and Sobolev embedding constants but not
on time t, see Section 4. Moreover, we have the following lower estimates:

m; =0(1);i=1,2,7,14, m3z > O(1)(1 + (1 —ayap)” 772);

ms > 0@)(1+ (1 —a) #1); ms > O(1)(1+ (L —ay) a2

1

me > O(1) (1 +(1- az)fm); mg > O(L)(1 + (a; — 1) @7 + (L — ap) " @2

2);
Mg > O(1)(1 + (a1 — 1)~ @7 + (1 — ap) " @2); mye > O(1) (1 +(1— al)w%);
and
ma; > O(1) (1 +(1- al)_ﬁ); M1z > O + (1 — a1)~ &2 + (ap — 1)~ @2);
as well as
ma2 > O(1) (1 +(1- al)‘m); Mis > O(L)(L + (a1 — 1)@= + (1 — &)~ 2):

From these estimates, we see the conditions that 1 — a;a, > 0, 1 —a, > 0,
1—a; >0and a; > 1> a etc are very crucial in their respective cases.

With certain regularity and dissipation properties of global bounded solutions,
the idea for the proof of convergence is quite known and developed, cf. [1, 4, 8, 17, 25,
26, 27, 33] for example. The strategy for obtaining the explicit rates of convergence
as stated in Theorem 1.1 consists mainly of four steps. In the rst step, we present
stronger regularity properties, e.g., W1>-regularity for n;, W*P-regularity for u
with any nite p, and W 2>-regularity for c, for any bounded solution of (1.1) than
those shown in [8, 4]; these are done in Section 2. In the crucial second step done
in Section 3, we use re ned computations to make those widely known Lyapunov
functionals (cf. eg. [1, 4, 8, 17]) explicit, which will enable us to derive the explicit
rates of convergence. Armed with the information provided by Step two, we then
move on to calculate precisely the rates of convergence in L'-and L?-norm for the
considered bounded solution, and related necessary estimates are also studied in
great details. These constitute our Step three and are conducted in Section 4.
Finally, thanks to the improved regularities, we apply the well-known Gagliardo-
Nirenberg interpolation inequality to pass the obtained L*- and L?-convergence to
the L°°-convergence; these are our Step four and are also conducted in Section 4.

2. Regularity properties of bounded solutions. Let (ng;ny;c;u;P) be a sup-
posedly given global-in-time and bounded classical solution to (1.1) in the sense
of (1.5). In this section, we provide more strong regularity properties for any such
bounded solution than those shown in [8, 4], which are needed to achieve our desired
rates of convergence in L°°-norm. We start with the regularity of u and c.

Lemma 2.1. Let < RY be a bounded and smooth domain and =0 ifd = 3.
For d < p < oo, there exists a constant C > 0 such that

luG;t)wee <C; VE>1 (2.1)
and

lleC; ) llwries + || i)l <C; VE=>1 2.2)
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Proof. Using the essentially same argument as in [33, Lemma 6.3], we obtain (2.1)
for d = 2. When d = 3, we can obtain (2.1) for k = 0 by using the Stokes semigroup
and noting the LP-boundedness of n;+ n,V for p > 3. The W >-boundedness
of ¢ can be seen in [8, Lemma 3.9] and [27, Lemma 3.12]. With these and the
L*°-boundedness of ny;n, and u, an direct application of the standard parabolic
schauder theory (cf. [12, 21]) to the third equation in (1.1) yields (2.2). O

With the regularity properties in Lemma 2.1 at hand, we now utilize the quite
commonly used arguments (cf. [26, 27]) to show the following W >°-regularity of
ny and n,. To this end, we rst establish the following L?-boundedness of the
gradients of n; and n,.

Lemma 2.2. Let the conditions be the same as Lemma 2.1. Then there exists a
constant C > 0 such that

IVNiGi )Lz + [V (D) <C; vE> 1 (2.3)

Proof. Multiplying the rst equation of system (1.1) by — ng, integrating by parts
and using the boundedness of ny; ny; u and (2.2), we get

1d
s [ O [ 1

:/U'an ng + 1/V'(n1VC) ng — 1/”1(1*n1*aln2) Ny

1
§§/| n1\2+01/\vn1|2+(32;

which yields
d
a/ |Vn1\2+/| nyf? §2C1/ VN[ + 2c;: (2.4)

Here and below, unless otherwise stated, ¢;j (numbered within lemmas) or C denote
some generic positive constants which may vary from line to line.

On the other hand, thanks to the boundedness of ||n;||_> and the HZ-elliptic
estimate, we apply the Gagliardo-Nirenberg inequality in  c RY to deduce

2¢1[|Vny |22 < cal|D2Nny[L2 N1 |z + cal[ne|/fe

5 2 5 (2.5)
< Calll naflez + fImaflez)lnafle +cslinaflis < 3l nalfs +cst
Substituting (2.5) into (2.4), one has
d 2 2 3 .
gl Vnlite + callVne|li. < 2c2 + 5cs;
which trivially gives
2c, + 3¢
VNG5 0lFe < V(D76 0D + % <c V> 1L
1

Applying the similar arguments to the n,-equation in (1.1), one can readily obtain
that [ Vn,(;t)[|2. < cg for all t > 1. We thus have shown the L2-estimate (2.3). O

Lemma 2.3. There exists a constant C > 0 such that

NG5 D)|lwiiee +[IN2(; D) wie < C; VE=>1: (2.6)
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Proof. First, we show there exists a constant ¢; > 0 such that
INC; ) llwres <c1; VE=>1 2.7
To this end, for any T > 2, we let
M(T):= sup |[VNi(:;t)||Lee:
te(2;T)

Since clearly Vn; is continuous on  x[0; T], it follows that M (T) is nite. Moreover,
since by our universal assumption n; is bounded in L*°(  x (0; o0)), to prove (2.7),
it is su cient to derive the existence of ¢, > 0 satisfying

M(T) <cp; VT >2: (2.8)

To achieve (2.8), for any given t € (2;T), using the variation-of-constants formula
to the rst equation in (1.1), we get

ni(;t) =e n(;t-1)— /tle(ts) V- (nu(;8)Ve(;; s))ds
t—

t
7/ e®S) u(;s)- Vny(-;s)ds
t

-1
't
+ 1/ e ny(;s)(1 — n1(-;s) — aina(-;s))ds;
t—1
which implies

t
[VNi(5 )l <[ Ve ni(5t—1)||i= + / Ve 7. (ny(;;s)Ve(;s))||L=ds
t—1

t
+/ Ve u(:;s) - Vny(:;s)||L~ds
t

-1

t
+ / IVe®D ny(38)(L — n1(58) — a1na(-;s))Lds
t—1

=l + 1+ I3+ 4
(2.9)
Next, we shall employ the widely known smoothing LP-L% type estimates of the
Neumann heat semigroup {e' }¢>o in  (see [29, 3, 7] for instance) to estimate
li;i=1;2;3;4.
Thanks to the boundedness of ny; ny;uin  x (1;00), (2.1) and (2.2), we employ
those smoothing Neumann heat semigroup estimates to obtain that

l1= Ve ny(it—DflLe < calln(it— 1)L~ <ca (2.10)
and that

t
I> = / Vet ¥ . (ni(-;s)Ve(:;s))||L~ds
t—1

< s /ttl 1+ (-9 e 29T (m(i9)Ve(9)) |ueds
<c5/t {1+(t—s)‘%‘%}e
t

-1

— 19| ¥ny(;8) - Ve(-; )| Lpds

d

t
+cs/ {1+(t—s)—%—ﬂe* 19 ng (;s) c(is)Leds
t—1
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t
gcs/ [1+(t—s)*§*% e” 19| vny(-;s)||Leds + c7; (2.11)
t—1

where (> 0) is the rst nonzero eigenvalue of — under homogeneous boundary
condition and we have used the choice of p > d to ensure the niteness of the
Gamma integral. Similarly, we can estimate I3 as follows:

t
I3:/ Ve u(:;s) - Vni(:;s)L~ds
t—1

t (2.12)
1 d
=0 / {1 +(t— 5)7{%} e” 9| Vny(;s)Leds + Co:
t—-1
At last, using the boundedness of n; and n, again, one has
t
o= [ VD (9 - nais) — amais)lds
t—1
t 1
Sclo/ [1+(t—s)*5}e* 1(t=9)gs (2.13)
1

t—
! . 1
<cp [ 1+ "2)e ' ds < (— +2)c:
0 1
Substituting (2.10), (2.11), (2.12) and (2.13) into (2.9), we infer that
t
IV )|~ < cll/ {1 +(t— s)_f_%}e* 1E=9)|| 7Ny (+;8)||Leds + c12: (2.14)
t—1
Then, by the L2-boundedness of Vn4(-;t) and Vny(-; t) in (2.3), the smoothness and
hence boundedness of Vn, on  x [1;2] and the de nition of M(T), we estimate
IVn1(59)[[e < VNG 8)lli= V()i
< (VM ey * M (M) (2.15)
<cu(l+M (M)  Vse(;T);
where = p—gz € (0;1) due to p > 2.
Finally, since % + Zd—p < 1, then a substitution of (2.15) into (2.14) entails
M(T) <cisM (T) +cie; VT >2;
which upon a use of elementary inequality gives
M (T) < max{2cis; (2c15)1%} = max{2¢is; (2c15)g}; VT > 2;

and hence (2.7) follows.
The argument done for ny can also be similarly applied to n, to nd that

[IN2(; D) lwiiee < C17;  VE=> 1

This along with (2.7) yields simply (2.6), nishing the proof of the lemma. O

3. Existence of explicit Lyapunov functionals. From boundedness to con-
vergence, besides enough information on regularity, we still need some decaying
estimates of bounded solutions under investigation. For the latter, the availability
of a Lyapunov functional is crucial, see [1, 4, 8, 17] for instance. In this section,
for our purpose, we particularize those known Lyapunov functionals used in those
papers to obtain the explicit rates of convergence as stated in Theorem 1.1. Let us
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start with the case of a;;a, € (0;1). In this case, the explicit Lyapunov functional
that we obtain for the chemotaxis- uid system (1.1) reads as follows:

Lemma 3.1. De ne

n a n
E]_::/ <n1—N1—N1|09N1>+a2 ;/(nz—Nz—Nzlogsz>
2 2
w 1N, & N, 2+1 /02
2 4 da, -,

Foom [ NoP+ [ (2= Ny

Then, in the case of a;;a; € (0;1), the nonnegative functions E; and F; satisfy

(3.1)

and

d 1 ay

—E1()) < —-(1- —_—
i@t 1() < —(1—a132) 1 mm{2 1+ a3
Proof. By honestdi erentiation of E; in (3.1) and using elementary Cauchy-Schwarz
inequality, one can easily derive the dissipation estimate (3.2); or alternatively, in
the proof of [8, Lemma 4.1], by taking

}Fl(t) =~ Fu(t); Vt>0: (3.2)

ai 1 N1 f a; 1Nz 3 1
ke = ;o hh= +1 = —(1-—aa);
1=, =( 2 , ); 2( 182)
upon honest calculations, one can easily arrive at (3.2). O

For the purpose of deriving our explicit Lyapunov functionals in Cases (11)-(1V),
we wish to perform honest computations here. We illustrate it for the case that
a; > 1 > a,. In this case, from (1.1), the fact that a; > 1 and the positivity of
ni; Ny, we calculate that

d
dt/nl 1/(1*n1*aln2)n1§* 1/”%* 1/“1(”2*1);

2
%/(nz—l—lognz)=—/|v:2‘ 2 Vnnz Ve
2 2 (3.3)

2/(”2—1)2—32 2/”1(”2—1)
2dt/ c? = /|VC|2 /( Ny + np)c?:

Therefore, for any positive constants i1; , and € (0;1), in view of the positivity
of nj; and , a clear linear combination of the three estimates above shows

d
_E/ [n1+ 1(”2—1—|09n2)+72C2}

as well as

2/ [+ (1+az 2 DNz — 1)+ 2 1(n2 — 1)7]

Vn,|? vn
+/[ Vel Ve Gy 2|VC|2}
n2 Ny

=/l{[m(nzl)+( 12 a22 12 1) 1} +[ 1*( 11‘612212 1)2}n§}
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+ 2 (- )/(nz—1)2+/[(ﬁvn—rf—27ﬁw)2

(e
> 2 1(1- )/(n2_1)2+[ 1—(14_&2121)2]/n§

4,
21
(2= 22 [ o

With these calculations above, we obtain the next explicit decay property, which is
a speci cation of [8, Lemma 4.3], see also [4, Section 4.2].

(3.4)

Lemma 3.2. De ne

2

E,:= [ ni+—2 [ (np—1—1logn +#/c2

2 /1a22/(2 gny) 8y »
Fa ::/n§+/(n2—1)2:

and

Then, in the case of
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Now, thanks to a; < 1, we set

a; 1 % 1+ ax
I = ;o= "= 0; 1);
1 , 2= 7 > €(0;1)
and then we easily conclude (3.6) upon trivial computations from (3.7). O

4. Convergence rates. Aided by those dissipation estimates as provided in Lem-
mas 3.1, 3.2 and 3.3, even weaker regularity properties than those in Section 2, using
the quite known arguments, cf. [1, 4, 8, 25, 26, 27, 33] for example, we know that
any global-in-time and bounded classical solution of (1.1) satis es the convergence
properties as follows:

H(nl(~;t);nz(-;t);C(-;t);U(-;t)) - (Nl;Nz;O;O)HLx( , 7 0as tooor (41)

Here, (K1; K2) = (N1; N2) when as;a, € (0;1), (K1;N,) = (0;1) when a; > 1 > ay,
and (K;; K) = (1;0) when a, > 1 > a;, where N; and N, are de ned by (1.4). In
this section, we derive the explicit rates of convergence as described in Theorem 1.1
for any supposedly bounded and global-in-time classical solution to (1.1).

4.1. Exponential convergence rate of c. We rst take up the convergence rate
of ¢, which is based on a parabolic comparison argument.

Lemma 4.1. The c-solution component of any bounded solution of (1.1) stabilizes
to zero exponentially, namely, there exists to > 1 such that

N;+ N
et < flcofLee™— 2 E) i > to:

Proof. We show the proof only for the case that a;;a, € (0;1). Firstly, it follows
from the convergence of (4.1), as t — oo, that ni(:;t) — Ny and ny(:;t) — N,
uniformly in . Henceforth, we can x a to > 1 such that

&gnlgs—ml and &gnzgﬁ on  x [tg; 00): 4.2)

2 2 2 2
This simply shows

+ —
ng+ np> H on X [tg; 00):
This along with the third equation in (1.1) and the positivity of ¢ gives
+ _
< c—u-Vec— Mc on X [to; 00): 4.3)

Let z(t) be the solution of the following associated ODE problem:
Z'(t) + Ny M2z () =0, t>to;

2(to) = [lc(; to)[|Lo~:

It is clear that z(t) satis es (4.3) together with @ z = 0, and hence an application
of the comparison principle and Hopf boundary point lemma immediately yields

c(x;t) < z(t) = [lo( o)Lt~ = ) forall x €t > to

Using the basic fact that t — ||c(-; t)||L~ is non-increasing again by comparison
principle, cf. [33, Lemma 2.1], one has

Mt N2 (o)

c(X;t) < ||collL=e” T 2 forall x e ;t>to:
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This completes the proof of Lemma 4.1 by noting the positivity of c. O

4.2. Exponential convergence rates in Case I: a;;a; € (0;1). In this case,
we will show that the solution components (ni;ny;u) converge exponentially to
(N1;N2;0).

4.2.1. Convergence rates of ny and n, in Case I. In this subsection, we shall estab-
lish the convergence rate of n; and n, on the basis of the convergence rate of ¢ in
Lemma 4.1 and the regularity of n; and n, provided by Lemma 2.3. We rst use
Lemmas 4.1 and 3.1 to obtain the exponential convergence rates of ||n; — Ny||.2
and ||nz — Na||=.

Lemma 4.2. The ni- and ny- solution components of bounded solution of (1.1)
verify

[n2(;t) — Na|[22 + |[[na(5 1) — No |22 < Kie™ 79 v > g (4.4)
where K; = Ky (tg) = 0(1) > 0 is de ned by

. N; 2 ag; 9Ny 2
2(1-aiaz) 1| |llcollfoo mln{%; (1+a?1a2)82 }( T 245\21 21 2+
9 [El(tO) + }
- a = a
mln{z( N;+ N») max{NLl;al2 12’1‘2 b (Q-ajaz) 1 mln{%;m}}e

in) 1. a1
2m|n{N1, " 2N2}

and the exponential decay rate is de ned by (1.6).

K1=

(4.5)

Proof. Applying Taylor’s formula to the function (z) =z —Njlogz at z = Ng, we
obtain

//( )
2

n N
N1 — N1 — N log Wi = (Mm)- (N = (N — Np)* = 2*12(711 — Ny)?
(4.6)
for some > 0 between n; and N;. Then a combination of (4.2) and (4.6) gives
2 n 2
rm(nl —Ng)? < ng — N; — Ny log Nill < Wl(nl —N1)?% Yt > to;
and hence

2 n 2
97,\11/(”1—N1)2 S/ (nl—Nl—N1|09Nll> < m/(nl_Nl)Z; vt > to:
4.7

Similarly, one gets for all t > ty that
2 Ny 2
— [ (N —Nx)? < N, —Nz —Nalog—= | < = [ (n—Nz)% (4.8
gNz/(l 2)/(2 2 29N2>N2/(2 2) (4.8)
On the other hand, Lemma 4.1 quickly gives rise to
[ @< let0lE <1 oalfee N M0 vzt @)
A substitution of (4.7), (4.8) and (4.9) into the de nition of E; in (3.1) gives

2 2a
Ei®) < o / (N — Npy? + 22
1

1 2 —( N1+ N2)(t—tg)
N, — No)* +mee
a 2N, /( 2 2) c

(4.10)
< Fp+mee (Nt N)-t0). g > ¢
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where

1 a3 N1 ?  a 2N 3
=2max{—; ;o mg = Collt = + +1): 411
Noa gl Me=1 lleolE<( FEREaCh N CRED

Hence, from (4.10) and the dissipation estimate (3.2), we derive that

d m
aEl + —E; < — S ( Ni+ No)(t—t0). g > ¢
and then, solving this Gronwall di erential inequality, we readily get

t
E1(t) < Ex(to)e 1) 4+ MopC Nuv N2)t0e"t/ el=—C Na% Nolsqg
to

2 me min{ Nj+ Ng;—1}
<|E1(to) + — }‘ 2 )y vyt > tg;
—{ 1(to) min{ N+ Nz -Je =
(4.12)
where we have used the following algebraic calculations:
t
e Ni+ Nz)toe—*t/ el=—C N1+ Na)lsyg
to
(t—to)e~ (1), if —-=( N1+ Ny
m[e—( Ni+ No)(t—to) _e—*(t—to)}; if — % ( Ni+ Ny)
< (t—to)e_ min{ Nj+ Ng2;—}(t—to)
- 2 e_min{ Nt Nz:—}(t_to):
~“min{ Np+ Ny -}e
(4.13)
By the de nition of E; in (3.1) and the estimates (4.7), (4.8), we see that
Ex(t) > - mm{ e /(nl CNpZ /(nszz) (4.14)
Ni" a2 2N2

Joining (4.14) and (4.12) and substituting the de nitions of , and m. in (3.2) and
(4.11), we nally arrive at (4.4) with K; and given by (4.5) and (1.6), respectively.
O

Thanks to the regularity provided by Lemma 2.3, we employ the well-known
Gagliardo-Nirenberg interpolation inequality to pass the L2-convergence of n; and
Ny in (4.4) to their L°°-convergence.

Lemma 4.3. Let < RY be a bounded and smooth domain. Then the n;- and
ny- solution components of any bounded solution of (1.1) decay exponentially to
(Nj_; Nz):

[N2(;t) — Nl + [[n2(5t) — No|[ L < Cearz(t%): vt > ¢ (4.15)

for some C > 0 independent of t. Here, the exponential decay rate is de ned by
(1.6).
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Proof. Due to the L2-convergence of ny; n, in (4.4) and the uniform W %:>°-bounded-
ness of ny; Ny in (2.6), the Gagliardo-Nirenberg inequality enables us to conclude
that

[N1(;8) — NylLe +[[n2(;; 1) — N2l
< Cl(Hnl(';t)H\?ﬁOOHnl(';t) - N1||32% + an('?t)H\‘,ﬁoe [n2(5t) — I\|2||d+2)
< Cz<||n1(';t) N1||°|+2 + [[na(;t) — Nzlld“) < cgemar®t): > ¢ty
(4.16)
This is nothing but the exponential decaying estimate (4.15). O

4.2.2. Convergence rate of u in Case I. With the information gained from Lemmas
4.2 and 2.1, we are now able to derive the convergence rate of u in L*-norm. To
accomplish this goal, we again begin with its convergence rate in L2-norm.

Lemma 4.4. The u-solution component of (1.1) ful lls

2K K
S22, < - 2 4 1™1
G0l < (oG s +

where K1; Ky, and p are respectively de ned by (4.5), (4.20), (1.6) and (4.19).

)efi"““{zp; HE): sty (4.17)

Proof. Recalling that V-u=0in andulp = 0, we multiply the fourth equation
in (1.1) by u and integrate it over  to obtain

2dt/‘u|2 /|VU|2_/( np+ NV -u+ /|u|2V u
/(nl—Nl)V LU+ /(nz—Nz)V u:

where we also used the fact [ V -u = 0. Therefore, we apply the Poincare

inequality:
o [ w2 < [ vup (4.19)

for the Poincare constant p to (4.18) deduce that

o
g ez e [

<2 /|n17N1|\V ~U|+2 /|n27N2\|V ~U|

2 2 2 2
V i V i
S P/ ‘U|2 H H /‘n - N |2 || || /|n N2|2

As a result, for

(4.18)

2 2
Ry = 2max{—P; —P}||v 12 (4.20)

it follows that

d
ﬁ/ uf? + p/|u\2§K1(/ |n1—N1|2+/ |n2—N2\2): (4.21)

Substituting (4.4) into (4.21), we derive that

d
a/ luf? + p/ lul2 < KiRge™ %) v > ty:
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Solving this ODI and performing similar computations to (4.13), we readily obtain

t
[uG; )22 < lu;to)|2.e™ PE®) + KR e e Pt/ el P—=sqds
ty

2K1 Kl _min{ p; } o
<([Ju(;to)|? +.7>e ) vt > to;
< (G + e >t
which is precisely the desired exponential decay estimate (4.17). O

Lemma 4.5. Let < RY be a bounded and smooth domain. Then, for any ¢
(0; 1), there exists a constant

K1 > 011+ (1 —arap) a%2) (4.22)
such that )
UG B[ < Rye 2@ Ml pi KW ye > (4.23)
where the exponent rate is de ned by (1.6).
Proof. Thanks to the L2-convergence of u in (4.17) and the uniform-in-time W 1:P-

boundedness of u in (2.1), the Gagliardo-Nirenberg inequality allows us to infer

dp 2p—2d — R
JuG Bl < calluC: DI U I ™ < cpe”amimom Mn{Fiz} ),

W 1:p
vt > to;
which implies (4.23) upon choosing p = [d+2(1— )]d=[(d+2)(1— )](> d). Noticing

that = O(1)(1 — a1a») by (1.6), then the lower bound for K; in (4.22) follows
from (4.17). O

4.3. Algebraic convergence rates in Case Il: a; =1 > a,. Here, we will show
that the solution components (n1; ny; u) converge at least algebraically to (0;1;0).

4.3.1. Convergence rates of n; and n; in Case Il. Again, we start with the deriva-
tion of the L!- and L2-convergence rates of n; and ny.

Lemma 4.6. There exists t; > max{1;to} such that

K
I GOl + G - 1iEs < (75 >t (4.24)
1
where
ki | ki ++/k2+2a
max{ZtlEz(tl); 1<11)}
Ks =
2 min{1; 9§212} (4.25)

> o+ =oma+@-a)
with , ki;kz, k3 and a de ned in (3.5), (4.29), (4.34) and (4.31), respectively.

Proof. Our proof makes use of the explicit Lyapunov functional provided by Lemma
3.2. To proceed, we rst apply the Holder inequality to nd

/n1§| 2 (/ ni)éz (4.26)

Next, since ||n2(:;t) — 1fj_~ — 0 as t — co and
. z—1-logz
lim 2= =992 _

z—1 z—1 0
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we can take fo > 0 such that [ny(x;t) — 1 —log na(x; t)| < [n2(x;t) — 1| for all x €
and t > fy. Accordingly, we have

/(nz—l—lognz)g/mz—l\g\ |2 (/(nz—l)z)g; ve> 1 (4.27)

In this case, (Kl1; K,) = (0; 1), so the exponential decay of ¢ in Lemma 4.1 warrants
that

/ @ <| lel2e <| lloolZoe €5 vt > ty: (4.28)

From the de nitions of E; and F, in Lemma 3.2, upon a combination of (4.26),

(4.27) and (4.28) and the fact that VA + VB < /2(A + B) for
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Then since t; > to, we infer from (4.8) and the de nition of E,(t) in Lemma 3.2
that

. 2 1 2 k3
- . 1+ = ) < ; > 11
nin{1; 92, 2}<||”1( Ol +[[n2(5 1) — 1T ) St g Vi> 1

This, upon a substitution of the respective de nitions of ky; ko, ks and a in (4.29),
(4.34) and (4.31), proves our desired algebraic decay estimate (4.24). O

Lemma 4.7. There exist two constants Kz and K, independent of t ful Iling

Ke>0@W)(1+@-a) o) Ki>0@)(1+(1—ap) o)

such that
Ks
N0 € ————; Vt>1t (4.35)
(t+1ty)a
as well as
Ky

In2(t) — 1L~ <

VE >ty (4.36)

(t"'tl)d%"‘,

Proof. Equipped with the uniform W >°-bounds of ny; n, in Lemma 2.3, as before,
by means of the Gagliardo-Nirenberg inequality, we readily infer, for all t > t;,

_d_ _1 _1
MG DL < cafna(5 D) [[whiee NGO < C2llna (55T (4.37)
and

als a2
IN2(i 1) = 1L < caf[n2(5 Ol N2( 1) — 1727
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Solving this ODI, we end up with

t pS
UG BIE: < uCity)|[Fze” =7 + KoRse™ / s+
t S tj_
 o(i— KoRsRs
< - 2 p(t t1)+
< |lu(;t)|t-e ETT

§<HU('; ty)||7.e” PUKs + K2K5|25) (t+t) Y ve>ty;
from which (4.38) follows. Here, we have used the following facts
Ks =max{(t+t))e” P': t>t1} <o

and
t g PS

Rs = max{(t+t1)e‘ F’t/

ds t2t1}<oo:
tl S+t1

The latter is due to

-t s T e P°d
. er . S 1
lim [(t+t1)e’ Pt/ ds} = lim oSt = = <o
t—oo g, Sth tooo (t+1) le P p

O

With the L2-convergence of u in Lemma 4.8 at hand, the same argument as done
to Lemma 4.5 yields the following L°°-convergence of u.

Lemma 4.9. For any € (0;1), there exists a positive constant
Ks > 0(1)(1+ (1 - a) 57

such that K
UCGYlle € —=—; V>t
(t+ 1)

4.4. Algebraic convergence rates in Case (11'): a, =1 > a;. In this case, we
shall show that (ni;n2;u) converges at least algebraically to (1;0;0). Comparing
Lemmas 3.2 and 3.3 and the n;-and n,-equations in (1.1), we see that this subsection
is fully parallel to Section 4.3, and so we simply write down their respective nal
outcomes.

Lemma 4.10. There exist t; > max{l;to} and positive constants K; and Kg
ful lling

K- 20(1)(1+(1—a1)‘ﬁ); KBZO(]—)(]-"'(].—al)_dTl-l)

such that
K7

N5 — 1L < —; Vt>1
(t+t2)d+2
and <
||n2(';t)HL°° < %, Vit > to:
(t+tp)a+t

Lemma 4.11. For any € (0;1), there exists C > O(1)(1 + (1 — a;)” @+2) such

that c
UG |Le < ) vt > to:
(t+t2)d+2



CONVERGENCE RATES IN THE CHEMOTAXIS-FLUID SYSTEM 1937

4.5. Exponential convergence rates in Case Il1: a; > 1 > a,. In this section,
we use the crucial fact that a; > 1 to show that the bounded solution components
(ny; ny; u) converge not only algebraically (as shown in Subsection 4.3) but also
exponentially to (0;1;0) and we shall compute out explicitly their respective rates
of convergence. Armed with the knowledge from previous subsections, this section
can be short and thus we include their stabilization results in a single lemma.

Lemma 4.12. There exist t3 > max{1;ts} and C = O(1) > 0 such that the n;-
solution component of (1.1) ful lls

@& -1
NGt~ < Ce™ @ W, > gy (4.40)
for some positive constant
Ko > O(1)(1 + (a1 — 1)~ T2 + (1 — ap)~@52); (4.41)

the n,-solution component satis es
In2(it) = 1w < Koe w@m MM 25 @b D0yt > g (4.42)
nally, for any € (0; 1), there exists
Kio > O(D)(L + (a1 — 1) 9% + (1 — a5) " 4%2) (4.43)

such that the u-solution component satis es

a 2 .

UGB < Kloefmmin{ 2-72 3 (-1 1; 4 P}(t*tS); vt > ts: (4.44)
Here, is de ned by (3.5) in Lemma 3.2.

Proof. A simple integration of the rst equation in (1.1) shows

d a;—1 a;—1
a/n]_:*%/nl* 1/[aln271+n17(12 ) nq: (445)

The uniform convergence n; — 0 and n, — 1 (c.f. Subsection 4.3 or (4.1)) along

with the fact a; > 1 allows us to nd t3 > max{1; to} such that

(a1 —1)
2

Thus, when t > t3, based on (4.46) and (4.45), we derive a Gronwall inequality for

InglLs:
d a; —1
a/nl"'%/nlgm vt > ta;

which trivially yields the exponential decay of ||nq||,::

ajn, —1+n; > on  x [tz;00): (4.46)

(@1 —=1) 1 ¢4
N0 < [Ina(its)|ae = @), vt > tg: (4.47)

Then, by the uniform W >°-bounds of n, in Lemma 2.3 and the Gagliardo-Nirenberg
inequality, similar to (4.37), we readily obtain the exponential decay estimate (4.40).
Since (N1; N,) = (0; 1), the exponential convergence of ¢ in Lemma 4.1 entails

/ ¢ < | G DlE <1 lllcolfce™ €5 vt > ts: (4.48)
Using the essentially same argument leading to (4.8), we get

g/(nz—l)zs/(nz—l—lognz)SZ/(nz—l)Z; Vst (449)
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By (4.47), (4.48), (4.49) and the de nitions of E; and F, in Lemma 3.2, we bound

2
1 1 2 2
ng+ — n, —1—logny,) + c
/1a22/(2 gnz) 8a22/

E>

2 1 _ (a1 _ 1 2 — (t—
< /(n2—1)2+ InaGita)fje™ = T+ 22| lcof e @)
a 2 8ay »
2 )
< 24 Fo+ |:||n1(';t3)H|_1 + 1 2| |||C0||2|_oo:|eiémm{2 ; (ar—1) 1 }(t—t3)
a 2 8a
L2

F2 + Rgeié mln{2 5 (alfl) 1}(t7t3); Vt Z t3

Cap o
(4.50)

This along with the dissipation estimate (3.5) enables us to deduce that
FE, 0+ 22 By < 22 Ree 1min? 1 @D ), v > ty;
dt 21 2,

and then, solving this Gronwall di erential inequality, we infer, for t > t3, that

2 2

Ex(t) < Ez(t3)e_7a2 2 (t—13)

az

t
+ a; 2 Rge% min{2 ; (a1—1) 1}tze_a% f t/ e[ 3 f —zmin{2 ; (a1-1) 1}]Sds
1 t3

<|Ea(ts) + Gas ]e_%mi”{% 7725 @) (),
= min{®-2-; 2 ; (a1 —1) 1}e ’
(4.51)
where we have used the following algebraic computations similar to (4.13):
t
e min{2  (an—1) 1}tsg— %2 t/ 32— min{2 ; (-1 1}syg
t3
(t—tg)e” 71 (). if 22— =1min{2 ;(a1—1) 1}
= e— S min{2 i(a1-1) 1}(t—t3)_e*a% 2 (t-13)
. Fa 1 H .
T TminZ @i D 1) ; if S F smin{2 [(a—1) 1}

< (t—tg)e  FMIN{HI 25 @D 1)

< 4 —Imin{222 02 5 (@-1) 1}(t-ts).
T min{®2-;2 ; (a1 - 1) 1}e '

From the de nition of E, in Lemma 3.2 or alternatively (4.50) and the estimates
(4.49) and (4.51), we conclude nally that

INa(5t) — 1|2 < Rge™ i MM{™573 2 5 @) 1) tt), gy > gy (4.52)
where 2
9a, » 4Kg

Ko = Eo(ts) + — : 4.53

o 1 [ 2(ts) min{222-; 2 ; (a - 1) 1}e (4.53)

Then, as we did in (4.16) of Lemma 4.3, we use the uniform W >°-boundedness of
n, in (2.6) and the Gagliardo-Nirenberg inequality to improve the L2-convergence
of ny in (4.52) to the L°°-convergence of n, in (4.42). The lower bound for Kg in
(4.41) follows from (4.53) and the fact that = O(1)(1 — a) by (3.5).
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With the convergence rates of n; and n,, we use the sprit of Lemma 4.4 to show

rst the L2-convergence of u. To start o , we utilize the L'- and L2-convergence of
n; and ny in (4.47) and (4.52) to bound the counterpart of (4.21) as follows:

[ e [
<k [ i+ [ -1y

< Rallnaie x| M Ka [ (2= 27

(a;—-1) _1lminf32 2 - - _ _
< Ryge 7 ) 4 Ry e MIn{HE 2 @) ()

(4.54)

S ZKloe_imln{az 12 12 (al—l) 1}(t_t3) = 2K10e_ (t—tg);

where, upon notice of the fact from (3.5) that = O(1)min{(a;1 —1); (1 —a)} and
the use of (4.20) and (4.53),

Rio = maX{KIHanL‘”( % (0;00))} K1K9}
= 0(1)(1 + (min{(a; — 1); 1 — az)})_l):

Solving the ordinary di erential inequality (4.54) and performing similar computa-
tions to the ones right after (4.51), we conclude from the fact that = O(1) min{(a1—
1); (1 —ay)} by (3.5) and (4.55) that for all t > t3

(4.55)

t
UG < Ui te)[fae = + 2Ryge e =t [ e m o
t3

1K 9 _min{ pi b oo (4 56)
<(Ilu(: tz)[[2s + — )e mind pi ¥ (t—ty) .
—(H ( 3)||L2 mln{ b }e 2

<o) (1 +@—1)2+(1— az)*z)efi'““”zp; Ht-to),
With this L2-convergence and the uniform-in-time W *P-boundedness of u in (2.1),
the Gagliardo-Nirenberg interpolation inequality allows us to deduce, as in Lemma

4.5, the L°°-convergence (4.44). The lower bound for Kjo in (4.43) can be seen
from (4.56). O

4.6. Exponential convergence rates in Case (I111'): a, > 1 > a;. Using the
Lyapunov functional provided by Lemma 3.3 and the arguments parallel to Subsec-
tion 4.5, we nd that any bounded solution (ni;ny; u) will converge exponentially
to (1;0;0). We here shall omit the details and just write down their respective nal
convergence results.

Lemma 4.13. There exist t4 > max{1;ty} and a positive constant
Ki > O()(1+ (1 — &) 2 + (ap — 1)),
such that the nq-solution component of (1.1) ful lls
[N1(5t) — 1L~ < Klle_mmin{ P25 @D 2H(tty, Yt >ty
the ny-solution component satis es, for some C = O(1) > 0,

(ag—1)
IN2(5 )L < Ce™ zam Wy yp >y,
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nally, for any € (0; 1), there exists
K1z > O(1)(1+ (a1 — 1) 9% + (1 — &) " a%2)
such that the u-solution component satis es

JUC; )L < Kyoe™ s@rmy Mnt 52 5 @2=1) oi 4 e}ty > ¢,
Here, is de ned by (3.6) in Lemma 3.3.

Proof of Theorem 1.1. Notice that t; > max{to; 1} > 1(i = 1; 2; 3; 4); the respective
decay estimates and their decay rates asserted in Theorem 1.1 follow from some
lemmas in this section with perhaps some large constants m;. More speci cally, the
exponential decay estimate (1.9) follows from Lemmas 4.3 and 4.5; the algebraical
decay estimate (1.10) follows from Lemmas 4.7 and 4.9; the exponential decay
estimate (1.11) follows from Lemma 4.12 and the decay rate in (1.7) follows from
a substitution of the de nition of in (3.5); the algebraical decay estimate (1.12)
follows from Lemmas 4.10 and 4.11; the exponential decay estimate (1.13) follows
from Lemma 4.13 and the decay rate in (1.8) follows from a substitution of the
de nition of in (3.6); and, nally, the exponential decay estimate (1.14) follows
from Lemma 4.1. O
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