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denoted by u(z,t), v(x,t) and w(x,t) in the model (1.1) respectively. The positive parameters x and £ are
called the chemosensitivity coefficients, and x, 3,7,d > 0 are chemical production and depredation rates.
It is noted that the chemotaxis model with attractive and repulsive chemicals was also proposed in the
paper [22] to interpret the quorum sensing effect in the chemotactic movement.

Proposed first by Keller and Segel [13], the classical (attractive) chemotaxis model was a system of two
partial differential equations (i.e. the first two equations of (1.1) with £ = 0) which possesses an apparent
Lyapunov functional. This particular structure motivated a vast amount of mathematical studies in the past
(see review articles [7,9,27]) and recent studies [3,8,26,28,29], where most of works were focused at whether
the solution blows up or not (see some early works in [10,19,20] in this area). On the other hand, for the
repulsive Keller—Segel model (i.e. the coupling of first and third equations of (1.1) with x = 0), a Lyapunov
function (which was different from that of the attractive Keller—Segel model) was found in [4] which leads to
the global existence of classical solutions in two dimensions and weak solutions in three and four dimensions.
Compared to the classical Keller—Segel model, the three-component system of attraction—repulsion Keller—
Segel (ARKS) model (1.1) is much harder to analyze due to the lack of an apparent Lyapunov functional.
Since after a preliminary result on the linear stability analysis in one-dimensional space in the work [18], no
progress has been made until a recent work by Tao and Wang [25] where the main contribution has three
folds: (1) 7 = 0, the parameter regime of global boundedness and blowup of solutions were successfully
identified by the Moser iteration method, which reveals the competing effect of attraction and repulsion
plays a central role in determining the dynamics of solutions; (2) when 7 = 1 and 8 = J, numerous clean
transformations were introduced to reduce the ARKS model (1.1) to the classical chemotaxis model so that
the existing mathematical techniques (like Lyapunov functional) and results could be employed to derive
various behaviors of solutions; (3) when 7 = 1 and 8 # 0, an entropy inequality was provided to establish
the time dependent global boundedness of solutions when the initial mass [ o Uodz is small and repulsion
prevails (i.e. &y — xa > 0).

The study of [25] leaves two evident gaps in the case of 7 = 1 and 8 # §: (a) existence of global
solutions with uniform-in-time boundedness or with large data of initial value wug if the repulsion dominates;
(b) behavior of solutions if the attraction prevails. All the past and current methods (e.g. see [10,19,20,
28,29]) of proving the blowup of solutions of the attractive Keller-Segel model essentially depend on the
existence of a Lyapunov functional. It appears to be hopeless at present due to the failure of finding a
Lyapunov functional to establish the blowup of solutions for the case where the attraction prevails (i.e.
&v — xa < 0). This paper is devoted to explore the questions left in the first gap. We specifically obtain the
following main results in the present paper.

Theorem 1.1. Assume that 0 < (ug,vo,wp) € [WH(2)]* with ug Z 0 and &y > xa. Then the ARKS
model (1.1) with 7 = 1 has a unique nonnegative classical solution 0 0
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such that
Vu, Vo, uVo,uVw € L' ((0,T) x £2)

and

¢ t
Z (u(t) — uo)pdz + O/ ! Vu - Védrdr + 0/ Z uVe - (EVw — xVv)dadr =0,

!(v(t) — vo)da + O/ZW - Vdzdr + O/!(ﬂv — au)pdzdr =0,

/(w(t) — wo) dx + O/ZVUJ - Vodzdr + O/!(éw — yu)pdxdr =0, (1.2)

i)

for each t > 0 and ¢ € W1>°((2).

The second result of this paper is concerned with the global existence of weak solutions to (1.1) in three
dimensions.

Theorem 1.2. Let 2 be a bounded domain in R® with smooth boundary 052. Assume 0 < (ug,vo,wp) €
(W ()] and &y — xa > 0. Then there exists a global weak solution
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The following properties on mass can be easily derived by integrating each equation of (1.1) over 2.
Lemma 2.2. The solution (u,v,w) of (1.1) satisfies the following properties
Hu(’t)HLl = ||u0||L1a (22)

[0 « —
oGl zs = Fluollz: - (Enuw - |vo||L1)e e zaer
€
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Proof. Multiplying the first equation of (3.1) by Inwu and integrating with respect to x over (2 yields that

|V ®
pr ulnudx + Vu - Vsdx. (3.3)
Q
Multiplying the second equation of (3.1) by — o XaAs and integrating over {2, we have
S|
7 SE— Vs da:—i— /As dx—i— /Vs dz
e | 17 A V|
= /Vu-Vsdm— M/vAsdm
£y — xa
0
)2
< /Vu-Vsdm—i— /|A |2dx+ /dex (3.4)
o) B Xa) o)

From Lemma 2.3 and (2.2), we can find a constant ¢; > 0 such that ||v||y1.1 < ¢;. Hence using the Sobolev
inequality (cf. [6, p. 265]), we have

[vllrz < caflvllwrn < erco. (3.5)

The combination of (3.3), (3.4) and (3.5) entails

d 9 |Vu|2
E{/ulnudzwL /\V|d } /
9]

1 ) Acax*(B—9)?
— [ AsPdr+ ———— | |VsPde < 22X T 3.6
+2(§v—><oz)([| | :va—xa(!' e < 2(§y — xa) (3.6)

Using the Gagliardo-Nirenberg inequality and the fact that (X + Y)¢ < 2¢(X? 4+ Y4) for all X > 0 and
Y >0, we have

2
b 15 < s ([Tl | allu 170 + [l [52) < 4l Vab]f7s + luolE: + colluollzs, (3.7)
where we have used the fact that [[u2 |2 = ||u|\%1 = ||u0||%1. From (3.7) we can derive that

/ulnud:r < /u%dw +ea = [Jut]|}s + e
0 (93

2
12 C 3
< 4[| Vb (|7, + T lluolFs + eslluollzs +ea

2
=/ IVl e v e, (3.8)
u
Q
c2 2 3 . . . . . Seax?(8-9)?
where c5 = g2 |luoll71 + cslluol|7. + c4. Substituting (3.8) into (3.6) and letting cg = c5 + “Stera) ) We
have
it/ [ 17 | e/
ulnudx—l— Vs|“dz  + ulnudx—l— Vs|2dr < c 3.9

Then applying the Gronwall’s inequality to (3.9), we obtain (3.2). O
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Lemma 3.2. Assume the conditions in Lemma 3.1 are satisfied. Then there exists a constant C' > 0 such
that
lu|lrz < C. (3.10)

Proof. Multiplying the first equation of (3.1) by u, integrating the result with respect to x over (2, we have

1
5% u2d$+/|Vu|2dx = /u2ASdZ‘ < lul|3s||As] s (3.11)
n N 0

Using the Gagliardo—Nirenberg inequality and (3.2), one has

|As][Ls < e
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where we have used

/quac < co([IVul 2 ||lull 2 + |lullf:) < el Vull7z + cio- (3.18)
7

Multiplying (3.15) and (3.18) by 2(xa — £v)?, (3.17) by x%(6 — )2, adding them to (3.16) and taking
sufficiently small, we have

d 2 2
E<2(xa—§v) /u dz +,
2
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%/usd:c+/|Vu%’2dx < 3cy.
17} 1)

(3.23)

Using the Gagliardo-Nirenberg inequality and the fact that (X + Y)¢ < 2¢(X? 4+ Y4) for all X > 0 and

Y > 0, we can derive that

1 3,2 3
e iz < (a2 + [, )7

< 20 Jut [3.4]|Vad [}, + 25cSl|ut
< 2°cel||Vu? |}, + 2°cSel

1
= vl en

Inserting (3.24) into (3.23) and using ||u%||(z2 = ||ul|35, we have

d
EHUH%‘& + cllullis < 3cs + coer = cs,

which implies

C
lullZs < e [luollzs + é = Co.

Then using Lemma 2.3 and (3.25), we obtain ||(v,w)||w1.e < ¢19 which implies (3.20). Then the

(3.24)

(3.25)
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&|Q‘

t/updx+p(p— 1)/upda: < —M/’Vug|2dx+czp(p— 1)/u1’dm (3.27)
I7; 2 g Q

for all t € (0, Tae) and for all p > 2, where co = 1+ M Then it follows from (3.27) and the well-known
Moser—Alikakos iteration procedure (cf. [1], [25, Lemma 4.1]) that there exists a constant cg > 0 such that

u-t)|| oo S s forallt e (0,T). (3.28)
Theorem 1.1 is an immediate consequence of (3.28) and Lemma 2.1. 0O

4. Proof of Theorem 1.2

In this section, we are devoted to proving Theorem 1.2 by constructing a global weak solution as the limit
of global classical solution of appropriately ‘regularized’ problems. By using a similar argument as in [4],
we consider the following approximate system of (3.1) for each € > 0

uszuE—&—V-(uE(l—sue)Vse), zef, t>0,
sp = As® —65° + (§y — xa)u® + x(B — §)v°, z €0, t>0,
vy = Av® + au® — fv°, zef, t>0, (4.1)
ou®  0s°  Ov®

pr— = p— Q
v ov Ov 0, r €992, t>0,
u®(z,0) = ug(z), s°(x,0)=~&wo(x) — xvo(x) =: sp(x), v°(x,0)=wo(z), x€ .

Observe that system (3.1) is obtained by taking € = 0 in the approximate system (4.1). We have the
following proposition for the approximate system (4.1).

Proposition 4.1. Assume 0 < (uq, vo, wp) € [WH°(2)]3. Then the system (4.1) has a local unique classical
solution
(us, s°,0%) € C((_Z x [0,T%

max

);RS) N 02’1((_2 X (O,Tfmz);R?’)

and uf(z,t),v%(x,t) > 0 for each (z,t) € 2 x [0,TE, 4 denoting the mazimal existence time. Fur-

thermore, if there is a function w : (0,00) — (0,00) such that for each T > 0

), T,

max

(%, 0 ) D) S @) 0 <t < min{T,T5,, ),

then T¢,,, = oo. In particular, if ¢ € (0,e0] with é = max{||uo|| L=<, §||v0||Loo} then 0 < u® < %,
0<v® < g and [|5%| L~ < g, hence T¢,,, = +0o0.

Remark 4.1. We should emphasize that the initial data so(z) = Ewo(x) — xvo(x) might be negative for our
present setting.

Proof. First, we can apply [2, Theorem 14.6] to conclude the system (4.1) has a local unique classical
solution for £ > 0. The non-negativity of u® and v° by using [2, Theorem 15.1] and the standard maximum
principle for parabolic equations. The global existence criterion can be deduced from [2, Theorem 15.5]. At
last, if € € (0,ep] then é > % hence p°(z,0) = —ug + é > 0. Substituting p* = —u® + é into the first
equation of system (4.1), one has

p; =Ap*+ V- (ps (1 — 6p5)V85).
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Moreover, we use [2, Theorem 15.1] to obtain p° > 0 which yields v® < L. Similarly, substituting h® =

€

—v¢ + % into the third equation of system (4.1) yields that
= Ah® — Bh° + ap®.

Using the classical maximum principle and p® > 0 entails that v* < % Letting ¢° = (§y—xa)u+x(8—96)v°
we have ||¢°||p~ < % Noting that s° solves

— As® 455 = ¢°, r €, t>0,

Os =0, r €I, t>0,
ov

$%(x,0) = Ewp(x) — xvo(x) =: so(x), = € .

By a simple energy estimate we have ||s%||fe < % Then we complete the proof of Proposition 4.1. O

Next, we will derive some e-independent estimates for these solutions obtained in Proposition 4.1. First,
we derive the following useful inequality which is the core of the argument concerning the global existence
of weak solutions.

Lemma 4.2. Let n = 3 and &y > xa. For each Ty > 0, there exists C(T) > 0, which may depend on
T :=min {71y, T5,,.} such that for any € € (0,&0] the solution of (4.1) satisfies

t

[V ?
———dxdr < C(T) forallte (0,T) (4.2)
uE
0
and
t t

/|Vse|2dx + / /\ASE\dedT + 26//|V58|2dxd7 <C(T) forallt e (0,T). (4.3)
02 0 0

Proof. Multiplying the first equation of (4.1) by Inu® — In(1 — eu®) and the second by _g—y—lxaASE’ and

adding them, we end up with the following equation after integrating the result with respect to x over 2

d € 1> 1 1> 1> 1 52
E{!(u Inu —l—g(l—eu )ln(l—su ))dx—l—mg/|Vs | dx}

|Vul? 1 / 2 ) / 2
—|—/ dz + As®|"de + — [ |Vs®| dx
us (1 —eus) (& — xe) o (&7 —xa) J V]

0
_ B8 [ ensan w B =0 [ a2
= XQ,Z Asde < o /|A - ([( *)da. (4.4)

Since u® € L(§2), then from Lemma 2.3, we can find a constant ¢; > 0 such that HU€HW1,§ < ¢;. Hence
using the Sobolev inequality (cf. [6, p. 265]), we have

1ol 2 < callo®flyyg < crce. (4.5)

Substituting (4.5) into (4.4), we can find a constant ¢z > 0 such that
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d £ 1> 1 € € 1 52
%{!<u Inu +g(1—5u )ln(l—su ))dx—}—mr[’VS { dm}

P

Since r 4+ 1(1 —er)In(1 —er) > 0 for r € [0, 1] and rInr > —1 for r € [0,1], we have

/(uE Inu® + é(l — EuE) ln(l - EUE))d.Z'
Q

(uE Inu® —u® +u® + é(l - &:ua) ln(l — aua))dx

>

(u® Inu® —u®)dz > /u5|lnu€|dx - (||u0||L1 + f')

02

bks.\ﬁ b“-_\

Furthermore, we have

Ve vueP
ue(l —eus) = we

Integrating (4.4) with respect to ¢ and using (4.7) and (4.8) to obtain

t

S € 1 € 2 |vu€|2
/u |Inu ]dm+m£Ws y dx—l—/([dedT

02 0
t t

n m//}ASE‘dedT—i— ﬁ/n/wsf}zdxdr <o),

0 0

which entails (4.2) and (4.3). O

|Vul? 1 / 2 0 / 2
+/ dz + As®|"de + —— [ |[Vs"| dz < c3.
us(1 — eus) 2(&y — xa) J ‘ | &y — xa) J | | ’

1473

(4.6)

(4.7)

Next, we prove that at least a subsequence of the classical solutions (uf,s®,v%) to (4.1) converge in

suitable topologies towards a (weak) solution to (1.1) as e — 0. First we deduce some bounds on (u®, s¢, v°).

Lemma 4.3. Let n =3 and € € (0,e9]. For T > 0, the sequences (u, s°,v%). have the following properties:

(uf), is bounded in L7 ((0,T); Wi (1)),
ug), is bounded in L' ((0,T); C5(£2)'),
(v%), is bounded in L% ((0,T); W% (1)),
(v5), is bounded in L% (2 x (0,T)),
(s°), is bounded in L™ ((0,T); W?(£2)) N L*((0,T); W**(12)),
(s5), is bounded in L3 (2 x (0,T)),

(u"Vs®)_ is bounded in L (2% (0,7)).
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Proof. First, we can obtain (4.14) from (4.3) directly. Next, we will show (4.10) and (4.11) hold. First,
integrating the first equation of (4.1) and using the boundary conditions, one has

|us(@®)|| . <C forte(0,T). (4.17)

Using (4.2) and (4.17), we have

/uwuwwdt /Hu Mo+ 5 / [ ot <o, (419

which implies

T
/||u5(t)HL3dt < C(T), (4.19)
0

by using the continuous embedding of W12(£2) in L°(£2). Applying the interpolating inequality, using (4.17)
and (4.19), we have

/Hue(t)Higdt < / lus (&), [Ju (1) dt < C(T). (4.20)

Using (4.2) and (4.20), one has

T

//|Vu5‘%dxdt =

0 2

/ < uveu;) (uf) ® dudt
(/%L:def(/(w)idx)%dx C(T). (4.21)
2

2

IN

St~ O\'ﬂ

Then the combination of (4.20) and (4.21) entails (4.10). Furthermore, for any ¢ € C}(£2), we have

'! uj pdx

< /|Vu5||V¢|dx+/u€(1 — eu®)|Vs®||Vo|da
o

i)

V I
< ivelln (| L7 viae el o)
v 2
gO(T)(/' U o+ HLQ)HWHLM
0

where we have used ||Vs®||p2 < C(T) (see (4.3)) and (4.17). Therefore we obtain

. IVUI IVUI
gy < O f Fbtn i) < een( [ a1l

and the right side of the above inequality is bounded in L'(0,T) by (4.2) and (4.19). Hence, we complete
the proof of (4.11).
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We apply the classical parabolic regularity theory to the third equation of (4.1) and use (4.20) to ob-
tain (4.12) and (4.13). Similarly, applying the classical parabolic regularity theory to the second equation

of (4.1) and using (4.20) and (4.12), one has (4.15).
At last, we will show the key estimate (4.16) holds. Using the Sobolev embedding theorem and (4.14),

we can obtain that (Vs®). is bounded in L2((0,T); L5(£2)) and L>((0,T); L?({2)), which yields
/HVS | 5 at < /||vsa|\§zuvsey|;dt <o), (4.22)

where we have used the interpolating inequality

Vsl g <
The combination (4.20) and (4.22) with the Holder inequality gives us that

T

T 1 2
//‘Vsauﬂ%)dxd /(/|Vsa|%dx>d (/(ue)%dm)gdt
0 0 0
T T 2
(/ |Vs® |3dxdt> <// %d:cdt>
0 0

IN

which yields (4.16). Then the proof of Lemma 4.3 is completed. O

Now, we consider the relative compactness of the sequences (u¢, s%, v°)..

Lemma 4.4. There are functions (u, s,v)
we Li((0,T);Wh(2)) nC((0,T); CL(2)),
s € L®((0,T); WH2(02)) nC((0,T); L*(£2)) N L*((0,T); W>*(£2)),
v e L3((0,T); W>3(2)),

and a sequence of (u®)c, (%) and (v¥)e such that
u = win L3 (2 x (0,T)) N C((0,T); C&(2)'),
s — s in L*((0,T); WH2(£2)

)
v = v e L3((0,T); Wh3 (1)) (4.23)

and

/( (t) — so ¢dx+//(Vs~V¢+ [6s — (&y — xa)u — x(B — 0)v]¢)dzdr = 0,

0
t

/( (t) — vo)pdx + //[Vv Vo + (Bv — au)p|dzdr =0 (4.24)

2 0

for each t € [0,T) and ¢ € WH(£2).
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Proof. The proof of this lemma closely follows an argument in [4, Lemma 4.2]. Noting that (4.11), (4.17)
and Ascoli theorem entail that

(us)s is relatively compact in C((0,7); Cj(£2)"). (4.25)
Combing (4.10) and (4.11), and using Aubin-Lions Lemma [15, Théoreme 5.1] gives
(u®)_ is relatively compact in Li(2 % (0,7)). (4.26)
Similarly, using (4.12), (4.13) and Aubin—Lions Lemma, we have
(vs)‘E is relatively compact in L3 ((0,T); ng(ﬂ)) (4.27)
Furthermore, it follows from (4.14), (4.15) and [24, Corollary 4] that
(SE)E is relatively compact in L*((0,T); W"?(£2)) N C((0,T); L*(£2)). (4.28)
Then one can obtain (4.23) from (4.25)(4.28). Furthermore, for all ¢ € W°°(§2), we have the following
identities from the second equation and the third equation of (4.1)

/(s< ~ s ¢dx+// SVt [65° — (& — xa)u — x(8 — 6)0°] ¢)dudr = 0,

t
(v°(t) — vg) pdx + -V + (Bv° — au®)¢|dzdr =0,
[y

]

which entail (4.24) as € — 0. The proof of Lemma 4.4 is completed. O
We are now in a position to prove Theorem 1.2.

Proof of Theorem 1.2. We multiply the first equation of (4.1) by ¢ € W1°°(£2), and integrate by part, we

end up with
t t
7/u5¢dx+/u8¢dx = //VUE . V¢dmd7+//u5(1 fsue)Vsa - Vodzdr. (4.29)
0 1o 0 0 0

Noting that (4.16) entails that

¢ ¢
//’u8 (1 —eu)Vs | S dedr //{UEV58|%dxdT <C(T).
0 00

Hence, the sequence (uf(1 — cuf)Vs®). is bounded in L9 (£2 x (0,T)) and thus weakly compact in L!(£2 x
(0,7)). From Lemma 4.4 we can derive that u®(1 —eu®)Vs® — uVs a.e. in 2 x (0,T) as ¢ — 0. By Vitali
convergence theorem, we obtain

u*(1—eu®)Vs® - uVs ase—0in L'(2x (0,7)). (4.30)
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Letting ¢ — 0 and substituting (4.30) into (4.29), we derive that

t t

/(u(t) — up)pdx + //Vu - Vodxdr + //UV¢ - Vsdzdr = 0. (4.31)
2 02

02 0

Combining (4.24) and (4.31), and using the transformation s = {&w — xv, one has (1.2). Then the proof of
Theorem 1.2 is completed. O
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