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Abstract. In this paper, we study an attraction-repulsion Keller-Segel chemo-
taxis model with logistic source

u=Au— V-(Uuvv)+ V.(uvw)+TFf(u); xeQ; t=>0;
Vi=Av+ u— v, X €Q; t>0; (%)
We =AW+ U— W, X €§; t>0;

in a smooth bounded domain @ C R™(n > 1), with homogeneous Neumann
boundary conditions and nonnegative initial data (Ug;Vo;Wo) satisfying suit-
able regularity, where >0; >0; ; ; ; >0andf isasmooth growth
source satisfying £(0) > 0 and

f(uy<a—bu; u>0; withsome a>0;b>0; >1:

When = (i.e. repulsion cancels attraction), the boundedness of classical
solution of system (x) is established if the dampening parameter and the
space dimension N satisfy

>max{1;3— £}; when 1<n<5;

> 2; when 6 <n<9;
>14+ 200 when n>10:
Furthermore, when f(u) = u(1 —u) and repulsion cancels attraction, by con-
2 2 2
structing appropriate Lyapunov functional, we show that if > %,

the solution (u; v; w) exponentially stabilizes to the constant stationary solution
(1; —; —) in the case of 1 < n < 9. Our results implies that when repulsion
cancels attraction the logistic source play an important role on the solution
behavior of the attraction-repulsion chemotaxis system.

1. Introduction and main results. We consider the initial-boundary value prob-
lem of the attraction-repulsion Keller-Segel model with logistic source

2010 Mathematics Subject Classification. 35A01, 35B40, 35B44, 35K57, 35Q92, 92C17.

Key words and phrases. Chemotaxis, boundedness, large time behavior, attraction-repulsion,
logistic source.

* Corresponding author: Hai-Yang Jin.

855


http://dx.doi.org/10.3934/krm.2017034

856 SHIJIE SHI, ZHENGRONG LIU AND HAI-YANG JIN

u = u r (urv)+ r (urw)+f(); X2 ;t>0;
vi= Vv+ u V; X2 ;t>0;
wW,= w+ u w; X2 ;t>0; 8
ou — v — dw — - . .
gu = v = Ju =, xX2@ ;t=>0;

u(x;0) = up(x); Vv(x;0) = vo(x); W(x;0) = wo(X); x2 ;

in a bounded domain R™(n 1) with smooth boundary, where u denotes the
cell density, v represents the concentration of chemoattractant and w accounts for
the concentration of chemorepellent. The positive parameters and are called
the chemotactic coe cients, and ; ; ; are chemical production and degradation
rates. Here 0 is a nonnegative scaling constant. The logistic source f(u) de-
scribes the cell proliferation and death. The system (1) with two chemical signals
was proposed by Luca et al. in [29] to examine whether the combined chemical-
s (chemoattractant and chemorepellent) may interact to produce aggregation of
microglia, which also was proposed in [34] to describe the quorum e ect in the
chemotactic process.

The attraction-repulsion Keller-Segel model (1) can be viewed as a generalization
of the following Keller-Segel chemotaxis model

{utz u r (urv)+f(u); x2 ;t=>0; @

Vi= V+ u V; X2 ;t>0;

whose solution behavior has been extensively studied in the past four decades in
various perspectives (see the survey articles [3, 12] and references therein). When
f(u) = 0, the system (2) was called minimal Keller-Segel chemotaxis model. A
striking feature of the minimal model (2) is the blow-up of solutions in two or
higher dimensions [7, 11, 14, 31, 46, 48], which limits the application of the model
to explain the aggregation phenomena observed in experiment. To prevent blow-
up of solutions, di erential mechanisms have been proposed (see [8, 9, 10] and
references therein). The chemotaxis model (2) with non-trivial logistic source has
been studied [20, 33, 44, 45], and the result showed that this mechanism can enforce
the boundedness of solutions so that blow-up is inhibited. More precisely, when

=1and f(u) = u(l u) with > 0, the system (2) has a uniform-in-time
bounded classical solution in two dimensional bounded domain [33] and a weak
solution in three dimensional convex domain [20]. In higher dimensions (n  3), the
existence of the classical solution with uniform-in-time bound was also established
if the logistic source f(u) a bu?forsomea O0andb>0with =0in[41] and

=1 in [45], respectively. Moreover, for more general logistic f(u) a bu? with

>2 %(n 2), Winkler [44] also constructed some global ‘very weak’ solutions to
the system (2), which however whether or not there exist global classical solutions
was left as an interesting and challenging open problem. We should point out that
from the point of mathematical intuition, the logistic damping has a balance e ect
on the formation of possible singularity. However, the blow- up is possible in a
slightly modi ed version of system (2) with logistic source in [47].

Although the attraction-repulsion Keller-Segel model (1) is a direct generalization
of the Keller-Segel system (2), the mathematical analysis on the boundedness and
blow-up of solutions confront great challenges due to the complicated interactions
between three species u;v and w, and the di culty of constructing a Lyapunov func-
tional. For the attraction-repulsion chemotaxis system (1) without growth source
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(i.e. f(u) = 0), the global existence of classical solutions, non-trivial stationary
state, asymptotic behavior and pattern formation of the system (1) with Neumann
boundary conditions were studied [16, 27, 28] with =1 in one dimension. By in-
troducing a novel transformations = w v, Tao and Wang [40] studied the global
solvability, boundedness, blow-up, existence of steady states in a bounded domain
with homogeneous Neumann boundary conditions in higher dimensions (n  2)
and rst found that the solution behavior of (1) essentially depends on the sign of
parameter = , Which interprets the competing e ect between attraction
and repulsion as follows (see also [18]):

< 0 , repulsion dominates;
=0 , repulsion cancels attraction;
>0 , attraction dominates.

The recent progress on the solution behavior of the system (1) without logistic
source can be found in [5, 15, 18, 21, 23, 24, 25, 26] for bounded domain and in
[17, 36] for whole space.

However, to our knowledge, there are few results on the attraction-repulsion
chemotaxis model (1) with non-trivial logistic source. When =0, based on the L?
energy estimates and Moser iteration, Zhang and Li [50] established the existence
of global classical solutions of the system (1) with f(u) = u(l1 u) if one of the
following conditions holds: (1) ; (Qn 2 (3)%( )< and
n 3. Moreover, they also showed that the global classical solution will converge
to the unigue constant steady (1; %; ) if  >2 . The global existence of classical
solution also was studied by Li and Xiang [22] for the logistic source f(u) a bu’
with some a 0 and b > 0. Specially, Li and Xiang [22] proved that the classical
solution will exist for all n 2 in the case > 2. Moreover, when = (i.e.
repulsion cancels attra%ion), they proved the classical solution with uniform-in-time
bound exists if > %( nZ+4n n+2). However if =1, they only established
the boundedness of solutions when n = 1 with 1 or n = 2 with 2 [22].
According to the above results [22, 50], the blow-up of solution is prevented when

= 0 and the power parameter is large in higher dimensions. Whileas for the
full parabolic attraction-repulsion chemotaxis model (1) (i.e. = 1) with logistic
source, the global existence of classical solutions was only obtained when the space
dimension n 2, which was left as an open problem for the higher dimensions
(n  3). Moreover, as far as we know, there is not any result on the large time
behavior of solutions for the full attraction-repulsion chemotaxis model (1) with
logistic source.

The main purpose of this paper is to investigate the e ect of the logistic source
on the solution behavior of the following full attraction-repulsion chemotaxis model

u= u r (urv)+ r (urw)+f(); X2 ;t>0;
Vi= V+ U V; X2 ;t>0;
W, = W+ u w, X2 ;t>0; 3)
ou — v — dw — - . .
gu = 9v = Ju =, X20 ;t=>0;

u(x; 0) = uo(x); v(x;0) =vo(x); W(x;0) =wo(x); x2 ;
where the kinetic term f satis es f(0) 0 and

f(uy a bu’; u 0; withsome a 0;b>0; 1 ()]



858 SHIJIE SHI, ZHENGRONG LIU AND HAI-YANG JIN

To study the dampening e ect of the logistic source, we focus our study on the case
of = . We nd the lower bound of the power parameter depending on n
to guarantee the existence of global bounded solutions. Moreover, by constructing
Lyapunov functional, we also study the large time behavior of the solution for the
system (3) with logistic source f(u) = u(l u). Our rst main results are stated
as follows.

Theorem 1.1. Assume that (ug;Vo;Wo) 2 [W>°( )J® and R*(n 1) is a
bounded domain with smooth boundary. Suppose = and f(u) satisfy (4). If
the power parameter and the space dimension n satisfy the following relations

>maxfl;3 2g; when 1 n 5
2; when 6 n 9;
> 14 28, when n  10;

n+2 !

then system (3) has a unique triple of non-negative solution (u;v;w) 2 C9(
[0;1))NC>(  (0; 1)) satisfying

ku(;t)kpx +kv(; )ky 1,2 + kw(;)kya G 5)
where C > 0 is a constant independent of t.

We have several remarks concerning the boundedness results in Theorem 1.1.
Remarks.

In Theorem 1.1, we give the lower bound of (which may be not optimal)

to prevent the blow-up of solutions. For the prototype logistic source f(u) =
u@ wu) (ike. =2),whenl n 9 we can obtain the existence of the

classical solution with uniform-in-time bound directly from Theorem 1.1 by

noting =2>maxfl;3 2gforl1 n 5.

For the cubic growth source f(u) =u(u c¢)(d u) with c;d > 0 as originally

introduced by Mimura and Tsujikawa in [27], it satis es the condition (4) with

=3 and some a;b > 0. For any n, one can easily check that 1+ 20— <3,

hence the system (3) with cubic growth source has a unique global classical
solution satisfying (5) for all biologically meaningful parameters.

Theorem 1.2. Assume that (Up;Vo;Wo) 2 [W>( )]® and R*(1 n 9
is a bounded domain with smooth boundary, if = and f(u) = u(l u),
then for any > 0, system (3) has a non-negative solution (u;v;w) 2 CO(

[0; 1)) C?( (0; 1)) satisfying (5). Moreover, if

2 2( )2
= ﬁ; (6)
then the classical solution (u;v;w) of system (3) satis es
ku(:t) 1kpa +kv(;t) —kpa +kw(;t) —kpa ce > forall t>0;
where ¢ and ~ are positive constants independent of t.
Remark 1. When = , from (6) we know that the solution will converge to the

unique non-trivial constant state (1; %; 1) for any > 0. We conjecture that the
same asymptotic stability results hold for & , which however is left as an open
problem due to the technical reasons.



AN ATTRACTION-REPULSION CHEMOTAXIS MODEL 859

Outline of main approaches: Inspired by the ideas in [3, 49], we rst estab-
lish the boundedness criterion for the solution of the system (3). More precisely,
by combining the semigroup theory, Gagliardo-Nirenberg inequality, the L? energy
estimate and Moser-Alikakos iteration, we show that when repulsion cancels attrac-
tion(i.e. = ), the uniform boundedness of L"-norm of u(;t) for some r > %
can rule out the blow-up of solutions for the system (3) (see Lemma 2.3). With
the boundedness criterion established in Lemma 2.3 in hand, we use the coupled
energy estimate as in [38] together with the method of heat Neumann semigroup
to study the boundedness of the solution to the system (3) in higher dimension-
s. The relations of dampening parameter and the space dimension n are found
to ensure the boundedness of solution for system (3). Specially, our results show
that when 1 n 9 and repulsion cancels attraction the global classical solution
with uniform-in-time bound exist for the prototype logistic source f(u) = u(l u)
with > 0, which is substantially di erent from the classical chemotaxis model
with logistic source. Moreover, based on the ideas in [2, 39], we show that under

> X220 the functional F(t) de ned as

8582
2
F(t):=/(u 1 Inu)+7l/ (s ()) +?2/(v —)?
for all t > 0, act as a Lyapunov functional for the system (3) with = and

appropriate choices of the positive constant ;1 and », which will be used to study
the large time behavior of solutions.

The remainder of the paper is organized as follows. In section 2, we establish
the boundedness criterion for the solution of the system (3) in the case of repulsion
cancels attraction. With the aid of the boundedness criterion in Lemma 2.3, we
show the existence of globally boundedness classical solutions to the system (3) for
arbitrary dimension in section 3. In section 4, The global dynamic of solutions to
the system (3) with f(u) = u(l u) will be studied.

2. Local existence and boundedness criterion.

2.1. Local existence and preliminaries. In what follows, without confusion,
we shall abbreviate [ fdx as | f for simplicity. Moreover, we shall use c; or
C;(i=1;2;3; ) to denote generic constants which may vary in the context. The
existence of local solutions of the problem (3) can be proved by the xed point
theorem and the maximum principle along the same line shown in [22, 40, 42].

Lemma 2.1. Assume that (Uo;Vo;Wo) 2 [W( )]® and R*(n 1) is a
bounded domain with smooth boundary. Then there exists T,,., 2 (0; 1] such
that the system (3) with (4) has a unique nonnegative classical solution (u;v;w) 2
CoC [0 Trmaa)i RZNCZ( (0; Thaa)i R®). Moreover u>01in  (0; Tyax)
and

if T < then ku(;t)kpa ¥ 1 ast% T4,

Furthermore, the L'-norm of u is uniformly bounded, i.e. there exists a constant
Mg independent of t such that ku( ;t)k;:  Mg.

Proof. The proof of local-in-time existence of classical solutions to the system (3)
is quite standard, see [22, 40, 42] for details. Since f(0) 0, using the maximum
principle we can derive u;v;w are nonnegative, as shown in [22, 40]. Integrating
the rst equation of the system (3) and using (4), one can derive that
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Sfue=[rw [a@ wy  [urds

where ¢ = maxfa bu? +u:u 0g < A due to 1. The L*-norm of u is
uniformly bounded by using the standard Gronwall’s inequality. O

The following Gagliardo-Nirenberg inequality will be frequently used later.

Lemma 2.2 (Gagliardo-Nirenberg inequality). Let be a bounded domain in R"
with smooth boundary. Assume that 1 p;q 1 and satisfying (n kg)p < ng
for some k >0 and r 2 (0;p). Then, for any 2 W*9( )\ L"( ), there exist two
constants ¢, and ¢, depending only on ;q;k;r and n such that

k kp»  cikD® K%,k K} @ +cok kpr;
where a 2 (0;1) ful lling
1=a<1 k>+(1 a)E:
p g n r

We should remark that the original Gagliardo-Nirenberg inequality (e.g. see [32])
is stated only for r 1, but this condition can be easily relaxed to r 2 (0;p) by
using Holder’s inequality (cf. [43, Lemma 3.2] ).

2.2. Boundedness criterion. Inspiring by the works in [3, 49], we will show the
boundedness criterion of solutions for the system (3) as follows.

Lemma 2.3 (Criterion for boundedness). Suppose the conditions in Lemma 2.1
hold. Let (u;v;w) be the solution of system (3) de ned on its maximal existence
time interval [0; T,00). If = and there exists a constant M > 0 such that for
allp>7%
ku(;tkr, M; forall t2 (0;Taz);
then one can obtain a constant C > 0 independent of t such that
ku(;Dkpx +kv(; ke +kw(; ke C forall t2 (0;Tee): ()

Next, we will prove Lemma 2.3. Before that we rst present some basic estimates

of solutions. Lettings:= w  vandnoting = , then the system (3) can be
transformed into
u= u+r (urs)+f(); X2 ;t>0;
s;= s s+ ( WV; X2 ;t>0;
V= V+ u V; X2 ;t>0;
Gu = g5 = Qv = x2@ ; t>0;

u(x; 0) = up(x);s(x;0) := wp(x) Vo(X); V(X;0) =vp(X); X2

(8)

Then for the transformed system (8), we have the following results:

Lemma 2.4. Let (u;s;v) be a solution of (8) de ned on its maximal existence
interval [0; T,,q.). Suppose p 1 and fori=1;2

0 2[125) if po g

g 2 [1;1]; if p>%
If there exists a constant M > 0 such that for some T 2 (0; T,,.42.), it holds that
ku(;t)k, M forall t2 (0;T); (10)

©)
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then for all t 2 (0; T), one has
krv(;Dkpa  Cu(p;a; M), kv(DKpee  Cu(p;d2; M): (11)
Proof. Suppose that there exists a constant K > 0 such that
k ke K forall g=p L (12)
Then using the Holder’s inequality and (12), for all r 2 [1; p] one has

(1) [ ()]

=k kuoj J7 K

T

Hence, we may assume that q; > p(i = 1;2) in the proof of this lemma for conve-
nience.

Using the variation of constants representation of v, then from the third equation
of system (8) we have

t
v(;t) =etC =Py + / et—C =Ay(; )yd forallt2 (0;T)
0
which together with (10) gives
t
kv(;t)kpe: e Plket vokpe + / e A=ke=7 y(; kped

0

nel

t
Cikvokpa +c2 M / e @+ )EGTE)d (13)
0
Cikvokra + o M/ e Bo a1+ —%(%—é))d :
0
and

t
krv(;tkpa e Ptkret vokpa + /e“’(t‘f)kre(“” u(; kpad
0

t
cze Ptkvokyyia + Cy M/ e P (14 ) T EGTa))d
0

nel

cze Pkvokyya + ca M/ e P 1+ "2 EGadyd
0
(14)

where the smoothing properties of (™ ),>o have been used (see [6, Lemma 3.3] or
[46, Lemma 1.3]). Thanks to the conditions (9) of g; and gz, we know that cs :=

1 nel_ 1

[Pe e (1+ % »~2)d < 1 and cg ;= JoSe P 1+ 272Gy < 1.
Hence from (13) and (14), we can derive that
kV( ;t)quz C1kvokra + cocsM forall t2 (0, T),
and
krv(;tkpa  czkvokyyi,a +c4c6M forall t2 (0;T);
and thereby prove (11). Hence the proof of this lemma is completed. O
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Lemma 2.5. Letg, 1 and

0z 2 [1;22-); if g2 n;
4z 2 [1; 1]; if gz >n:

(15)
If for all M > 0 there exists a constant C,(g2;qs; M) > 0 such that for some
T 2 (0;T)az), We have

kv(;t)kpe: M forall t2(0;T); (16)

then
krs(;t)kpas  Cy(Gz;03; M): 17

Proof. Without loss of generality, we assume that gz > g, for simpli cation. Using
the variation of constants representation of s, from the second equation of the system
(8), we can derive that

t
sGO=el Msgr () [ el DI
0
Then using again the smoothing properties of (¢ ),>o and noting (16), one has

t
krskpes e %'kre ‘sokpes + j/ e ¢ Dkre ¢Dy(; Ykpasd
0
t 1 n 1 1
c7ksokyy1,1 +Cg/ e 00t=") (l"‘ (t )22(‘12‘”>> kv(; )kped
0

s ,l,,(L,L)
c7ksoKyy1,1 +Cg/ g 0¢t=7) (l+(t ) 2 2\ )d
0

Since g3 satis es (15), we have 3  %(;; ) > 1, which implies

t n
C10 ::/ e 0" (1 + (t )52((112;3)) d <1:
0

Then (17) follows from (18). Hence the proof of this Lemma 2.5 is completed. O
Next, we will give the proof of Lemma 2.3.

Proof of Lemma 2.3. If p > 7, from (9) we can choose g, > n such that kvkrq, is
uniformly bounded. Then from Lemma 2.5, one has

krskrpa cq forall t=>0; (19)

which together with the well-known Moser-Alikakos iteration technique (cf. [1, 40])
gives the L°°-bound of u. Since ku(;t)k;: (i.e. p = 1) is uniformly bounded (see
Lemma 2.1), when n 2, we have (19) and hence the L°°-bound of u.

Next, we will consider the case ; <p 3 withn 3, which gives n P >

n—2p 2
Then choosing 5 < g2 < n’_";p n, one has % > n. Hence from (17) and (15),
we can obtain n
krskp- ¢, forsome n<r< % (20)
2

Multiplying the rst equation of the system (8) by u*~*(k > % 1) and integrating
by parts over , then using Young’s inequality,
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(k 1)/ u*2jruj®?  (k 1)/ Tru rs+a/ uk-t b/u’“’“e‘1
—/ ~2jruj? ML 3 /u jrsj? E/u’“+9*1+c3;

that is

%/ uf + (kk 1)/jru§j2+b/uk+0*l LKB l)/u’“jrs;j2+c4: (21)

Using Holder’s inequality, (20) and Gagliardo-Nirenberg inequality (see Lemma 2.2),
one has

/ ufjrsj?  ku

2 2011 5 102
kL% C2ku2k 277‘

20’1 k 2(170’1) k 2
ceru2 uz|l o, +c6‘u2 2
L2 L% L%
(22)
k
where ; = ,3P+ = 2 (0;1) due to r > n and k > p. Noting that Huz » =
2p ' n
kuk¥,  M¥*, hence from (22) together with Young'’s inequality, we can derlve that
20
/ ufjrsiz ¢ Hru2 ' /jru21 + Cg: (23)
k1
Using Gagliardo-Nirenberg inequality again, we can nd » = 2>+ 2 (0;1),
2 n 2
such that ’
/ ub = kuzk2, clokruzkz‘”kuzkz(l o2) +cloku%k2Lzl
k
- (24)

/JrUZJ + Cy1!

Substituting (23) and (24) into (21) and choosing "1 and "', small enough, we have

d
a/uk+/uk C1o:

which together with Gronwall’s inequality yields
Ku(;tk,«  cya for all k > g:

Then using Lemma 2.4 again, we can derive that (19) holds for all n 3, which
together with the well-known Moser iteration gives

ku(;t)kpax cyq; forall t2 (0;Taz): (25)
Moreover, through a straightforward reasoning involving standard parabolic regu-
larity theory ([19]), we have

kv(; Oky,a + kw(; ki, c1s; forall t2 (0; Tonaw);

which combines with (25) gives (7). Then the proof of Lemma 2.3 is completed. [

3. Proof of Theorem 1.1. In this section, we are devoted to proving Theorem
1.1 based on the boundedness criterion of solutions for system (3) (see Lemma
2.3). From Lemma 2.1, one has kuk;: ¢, for all 1. Then using the bound-
edness criterion established in Lemma 2.3, we know that the system (3) has a global
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classical solution with uniform-in-time bound for n 3. Hence to completed the
proof of Theorem 1.1, we only need to consider the case n 4.

3.1. Parameter conditions. Before proving our main results in Theorem 1.1, we

rst introduce some notations that will be used later. Forn 4, k> %, 1 >1,
>>1, =>1, wede ne
£ 1= 2nA. ¢y = 2(“2_?(?_”'
. Fq! . +0— ’
. o 2(kro-1). e 2(ra—1)A. (26)
3= T -1 4= 73T
and ,
= G nngR =20 ot for i=12;
LT 27)
= K angR =22 o for =34
as well as
0. L g .
fi=fil unar) =58 = 5o for i=12
Ty (28)

fo=f angR=50=

2N2

s for i=3;4
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The combination of (33) and (34) implies that (32) holds for i = 1; 2 in the case of

>2 2(n 2:)l L (35)
T o< 1<kt D =
Similarly, since ‘3 = 2891 and ¢, = 2¢2=DX "gne can check that (32) for i = 3;4
will be satis ed if
> 5850 D o>k iy
iy < 2<iE ks
which yields
n+2 .
{k ) 2(n 3)( 1) 5 L (36)
+ n— .
9—1 n— 3 <k <=5 n—3"
Thus, the combination of (35) and (36) |mpI|es that 1 and , exist if
n+?2
K> — 1
2(n 3)( )
and 3 K 1
n + n
< < — (k+ 1): 37
n 2 1 2(n 2)( ) 37
One can check that 2=3 A+0=1 < sy (k+  1)if >3 £ Hence there exists

some > 1 such that (37) holds. In summary, when 1 < <2and >3 £

n

we can nd a constant K; = maxf2; 2*2-(  1)g such that when k > K there

41 2(n—3)
exist 1 >1, ,>1, > 1such that (32) holds.
Case 2. 2. In this case, letting q = -2%, r = 2, = -2 and hence ‘; = -2
and “, = 220D D ' then one can check that (32) holds for i = 1;2 under the
following conditions:
n n 2 2
> , 1> — 38
n 2’1 n n (38)
and 42 )
2< ;< n—(k+ n = (39)
Furthermore, noting ‘3 % and 4 =2(, 1) '= 2("”";’%11)’\ we can derive
that (32) with i = 3;4 will be hold if
4 k + 1 2
> >
k> —( 1. 2 = (40)
and ) )
n n
1+ — < , < —= : 41
n 4 27 n 4 n 4 (41)

Combining (38)-(41), we can derive that (32) will hold for all i = 1;2;3;4 if there
exist positive constant k > 7 and > 1 such that

{k> ’”2( 1);

n—4 k+0-1 n+2 .
n_? < <3 (k+ 1);

which yields
— n. n+6 .
{k>K2—max{4, = l)}, 42)

2(n—4).
=1+ n+2 °
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Moreover, one can easily check that

2>1+ 2D 1 on g
{2 1+ 20289 if n 10 )
Hence the combination of (42) and (43) implies (32) hold when k > K, and
{ =2 for 1 n 9
>1+ 2228 for n 10
Then the proof of this lemma is completed. O

3.2. A priori estimates. Next, we will show some basic energy estimates of the
solution for the system (8).

Lemma 3.2. Assume that (ug;Vo;wo) 2 [W1>( )]J® and R*(n 4)is a
bounded domain with smooth boundary. Suppose = and f(u) satisfy (4).
Then there exist q 2 [1; -25), r 2 [1; 21) and ¢ 2 [1; n’flq) and a constant C > 0
independent of t such that the solution (u;v;s) of the system (8) satis es

kvkpe + krvkp- + krsk;- C: (44)
Furthermore, if 2 then (44) holds with q 2 [1; nz_”z), r=2and r2 [l n"_qq .
Proof. Note kuk;: is uniformly bounded (see Lemma 2.1) for all 1. Hence from

Lemma 2:4 and Lemma 2.5, we can obtain (44) directly.

Next, we show that the regularity can be improved if 2. Multiplying the
third equation of (8) by 2v.and 2 v respectively, and then integrating them with
respect to x, we end up with

2
%/v2+2/jrvj2+2 /v2=2 /uv /v2+—/u2; (45)
and
%/jrvj2+2/j Vj? +2 /jrvj2= 2 /u v /j vj? + 2/uz: (46)

The combination of (45) and (46) gives
d L S
a/(v2+Jrv12)+cl/(v2+1rv12) 02/ u?: (47)
From the rst equation of the system (3), we have
d
a/u+b/u9 Ca: (48)
Combining (47) and (48) and using the facts kuk;: ¢4 and 2, one has
d CZ 2 . -2 C2 2 . -2
a/ (€u+v +jrvj )+c1/ (?u+v +jrvj )
Cz/(ue u?)+cs  Ce;
which together with Gronwall’s inequality gives
kvkyz +krvkz: c7: (49)

Hence using the Sobolev inequality, from (49) we have forall 1 gq< % that
kvkrq Cngkwl,z Co. (50)
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From (50), using the similar argument as (18) one has krsk; C with r 2
[1; %), which together with (49) and (50) gives (44) with q 2 [1; %), r=2and

r2[1; %). Then the proof of this lemma is completed. O

With the results obtained in Lemma 3.1 and Lemma 3.2 in hand, we will establish
the following key lemma in the proof of Theorem 1.1.

Lemma 3.3. Assume that the conditions in Lemma 3.2 hold. If (30) holds, then
for su ciently large k 2 (7%; 1), there exists a constant ¢; > 0 independent of t
such that the solution of the system (8) satis es

ku(;t)kpx  cq: (51)

Proof. Using a similar argument as in proof of (21), one has

%/u’“+7kk 1/jru§j2+b/uk+9*1 k(k3 1)/ukjrsj2+c2: (52)

Di erentiating the third equation of (8) and then multiplying it with rv, applying
the identity 2 jrviZ2=r v rv+jD?%ij?and j vj*> jD?vj? we have

d - .2 _ - .2
StV =r v v+ rurv ]
1 1 (53)
> jrvj? ﬁj Vi?+ ru rv  jrvjx

We multiply (53) with 2 1jrvj21=D( 1 > 1) and integrate it to get

d [ o 20 [y e .
a/JrVJZ’“+Tl/J vjZjrvj2ta 1)+/Jrv12 1

1/jrvj2(’“_1) jrviz+2 4 /jrvjz('“_l) ru rv (54)
+(1 2, )/jrvjz”’l:

Noting jrvj2(*1=2 |rj rvj2]2 = 4jrj rvj~ij?, then the rst term of (54) can be
1
rewritten as

[ e

ey BV} e o
= 1/ jrvj?a 1’% 1( 1 1)/JrVJ2( D)t (55)
fol

N jrviz 4 ) [
— 1/ jI"ij(mfl)@J@ J ( 1 )/Jl"jl"Vijzi
2] 1 .

Using the trace inequality [37, Remark 52.9] that for any " > 0:

k’kLz(a ) "kl"’kLQ( )+C5k’kL2( )

and the inequality 6‘575‘2 2mjrvj? on @ for some constants m > 0 (cf. [30,

Lemma 4.2] and [13]), we can estimate the rst term on the right hand of (55) as
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follows

o @ o]

=2m ]_k_] I'_Vj”11 k%Q(a ) (56)

1krj rvj© k3, + cakjrvj®iks,:

Substituting (55), (56) into (54), we have

;It/JrVJz“1 + an/j vjzjrvjz('“‘l)+/jrvjz*””1 L3 D 11 1)/ Irjrvi |?

21 /jrvf(’“_l)ru rv+c4/jrvj2"“1

(57)
Since ; >1and krvkL1 C, then using the Gagliardo-Nirenberg inequality we
can nd = ’2?’ 2 (0;1) such that
Cakjrvjr ks, C5krjr'ij|(22kjl"Vij2(l D 4 cskjrvi®ik?
L"l
Cekrj rVJ'“kLz +cy (58)

kl"j rvj®ik?, + Cg:
Moreover, we can estimate the rst item on the right hand side of (57) as follow

2, /jrvjz('“*l)ru rv
= 2, /ujrvjz("“*l) v 2(1 1)1 /ujrvjz(’“*z)rv rjrviz  (59)

271/1 vigjrvj2an-b 4 L= 1/J'rjrvj”11'2+09/ u?jrvj2s =

Combining (58), (59) with (57), one has

dt/Jrv12“1+ /jrjrvy“j +/JrVJ Cg/ u?jrvi?i=D +cg: (60)

Similarly, we di erentiate the second equation of (8) and multiply it with rs to
have

d. rsi=r s rs+ ( )rv rs jrsj’:
2dtJ J Jrsj.

Multiplying the above identity with 2 »jrsj?(>=1 and integrating it with respect
to X, we end up with

@t / jrsjzee+ 2= / jrirsj©j?+ / jrsi?™ oo / v2jirsj2(r2=D g0 (61)

Using Holder’s mequallty and Young’s inequality, we have

M/u JrSJ +09/quVJ2(I€1 1)

k- o 1
k(k3 1) (/ uk+9—1) o (/jrsjﬂk;el 1))k+9 I
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k406 3
T 240 D(ny 1) | B0 1
+ Cg (/ uk+o- 1) (/jl"V] k0 3 )
(62)

b 01 .20kt 1) L2046 D(kg 1)
é u + C12 Jrsyp ¢ 1 + Cq2 Jrvj k+6 3 :

Similarly, using Holder’s inequality and Young’s inequality together with Gagllardo—
Nirenberg inequality, we can nda > 1 satlsfylng Sy 1 =land "= % 2
(0;1) such that

PR T
1 1
X 30
Clo/ Vjirsj?te2=h ¢y </ VZ/\) </JT‘SJZ("Cz l))‘)
C13/ V2’\+013/J'r312('€2_lw

cl4krvk2 kvkz’\(1 D4 4kvqu + 013/ jirsj2(e— HA°

6(n+a)

Cis </jrvjm> "'Clc«;/ll"SJz(Nz DI + Ci6

. 2nx ol Y20
:Cls/JrVJ"” "'(313/J|’512(K’2 DA+ g6

(63)
where the last identity holds by noting that H(’”q) = 1. Then letting *; = 7211:\1 =
20Dl ey = 200000 ey = p( , 1) /= 22=DA oy = maxfeg; Coa; Cisg

and comblnlng (52), (60) and (61) and using (62) and (63), one has
%/ (UF +jirvi?™ + jirsj?™) +b/ uk+9*1+/jrvj2“1 +/jrsj2”2
1 Y 2 1 C 12
+— jruzj? + [rjrvj©|” + |rjrsj™|
2
k(k3 l)/ukjl"sj2+C9/ uzjrvjz(“171)+clo/szrsz(“rl)+C18

3 [ uen ([imie + [irve s [irsts [irs) o

Combining Lemma 3.1 and Lemma 3.2, using Gagliardo-Nirenberg inequality and
Young'’s inequality, we have for i = 1;2

(64)

017/1'er£1' =(317HJ'|’VJ"‘/"1 '
L*r1
4

cao (KFIVI KKk vk )
(65)

£i04

2Kk1
Ca1 (/ [rjrvj™| ) + Coo

2
jrvj™ ‘ + Co23

2 2
and for i = 3;4

N 1 N
Cn/JI’SJZ" 722 ; /|rjr51“2\2+024: (66)
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Substituting (65) and (66) into (64), one has
%/ (uk _'_jr.ijnl +jr.sj2re2) +b/ uk+6‘—l+/jrvj2r@1 +/jr.sj2n2

w o [t e 2 e e 22 [ rjesi

1 2

E/u’““’*1+ ! 1/ Irjrvis |2+ -2 1/|rjrsj“2|2+czs;
2 1 2

which implies

%/ (uk +jr.vj2m _'_jr.SjZK,g)_'_g/ uk+9—l+/jrvj2m +/jrsj2f£2 Cos: (67)

Using Young’s inequality, we have

/u’C g/u’“+9*1+c26: (68)

Substituting (68) into (67), we have

%/ (U +jIrvi?™ +jirsj>=?) +/ u"”¢+/jrvj2“1 +/jrsj2”2 Co7;

which together with Gronwall’s inequality gives (51). O

Remark 2. According to Lemma 2.4, when 1 < 2 we only obtain q 2 {1; n%)

r2 {1; ﬁ) and r 2 [1; nfL_‘I{I). However, if k, 1, 2 and xed, (31) is true for
i =1,2,3;4withq = "5, r= "7 and F = nﬁ_qq = %5. Then by continuity
argument (see also [4, 51] for details), we can choose g, r, Fsu ciently close to .=,
—5 and " respectively such that (31) holds. Similar arguments also hold for the

case 2.
3.3. Proof of Theorem 1.1.

Proof of Theorem 1.1. Since the L-norm of u is uniformly bounded for all 1
(see Lemma 2.1) ,then we can apply Lemma 2.3 withp =1to nda constantc; >0
independent of t such that ku( ; t)kza +k(v;,w)(;)Ky,1.2 ¢ forall t 2 (0; Tynas)
when n 3. This along with Lemma 2.1 proves Theorem 1.1 in the case of n 3.
When n 4, Theorem 1.1 is a direct result from the combination of Lemma 2.3,
Lemma 3.3 and Lemma 2.1. O

4. Proof of Theorem 1.2. In this section, we are devoting to prove Theorem 1.2.
When f(u) = u(l u),noting = and using the transformations = w v,
the system (3) becomes

u= u+r (urs)+ u(l u); X2 ;t>0;
;= s s+ ( WV, X2 ;t>0;
Vi= V+ u V; X2 ;t>0;

Gu = g8 = v = X2@ ; t>0;
u(x; 0) = uo(x); s(x;0) := wo(x)  Vvo(X);Vv(X;0) =Vo(X); X2

(69)

The existence of global classical solution can be obtained directly from Theorem

1.1 by noting = 2 in this case. Hence in the following subsections, we will focus
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on studying the large time behavior of solutions to complete the proof of Theorem
1.2.

4.1. Construction of an energy functional. Next, based on the idea in [39], we
will construct a Lyapunov functional by studying the time evolution of each of the
integrals therein.

Lemma 4.1. Let (u;s;v) be the global classical solution of the system (69). Then

we have
%/(u 1 Inu) /(u 1)2+%/jrsj2 (70)

Proof. Motivated by the ideas from [39], we multiply the rst equation of the system
(69) by (1 1) to obtain

d — 2 o jruj? ru rs
a/(ullnu)— /u+2/u Jj/u2 / m

for all t > 0.

/ u 1y / jrup / rurs, ™
u? u
Using Young’s inequality, one has
ru rs jruj?
/ u u? * 4/JrSJ
which together with (71) gives (70). O

Lemma 4.2. Suppose (u;s;V) is a global classical solution of the system (69). Then
it has

el ) e o6 )
+72(2 )2/(v —)2:
Proof. Testing the second equation of (69) by s %ﬂ_‘” we have
%%/ (S ()>2
=/jrsj2+( )/vs /52+¥/s 2()z/v
/J'rsj2 E/sz+ )/s+ /v2 2()2/v
/(s ( >2 « )2/(v -)%

which yields (72), where we have used

( )/vs 2/s+2(2 )2/

(72)

Il
—
_‘.

[%2)
)

N
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Lemma 4.3. Assume that (u;s;Vv) is a global classical solution of the system (69).
Then we have

Zdt/( o /erjz 2/<V >2+22/(u D% (73)

Proof. We multiply the third equation of the system (69) by v
Young’s inequality to derive that

T Y A L EE &
it ofesi [¢ ~[or [s
/jrvj2 2/(v >2+22/(u 1)?;

%, and then use

which yields (73). O
Lemma 4.4. Let (u;s; V) be the global classical solution of the system (69). Suppose
2 2( )2
> 78 5 i

then there exist positive constants 3; » such that for all t > 0, the function

F(t)::/(u 1 Inu)+71/ (s ()>2+22/(v )2

satis es
F'(t) D(1); (74)

D(t) ;=D {/(u 1)2+/ (s ()>2+/(V 2}

with the constant D > 0 de ned by (77).

where

Proof. Since > X% 029" and hence 22 > X'0-0" then we can nd a positive
constant , satisfying

2( )2
—
The combination of Lemma 4.1,4.2 and 4.3 gives

FO  [e ey [
fror s/ ) =G o )
A fre 3] Y fo )
(e 4 ))2
(1 Z)/jrsjz (= ) e

2
— > 2> (75)

(76)
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Letting 1 = 7 and noting (75), then from (76), we have (74) by taking

2% 2 P
2 '8 2 8

D := minf g=>0: )

O

4.2. Convergence of solutions. Next, we will study the convergence of the solu-
tion. Before that, we rst give a basic lemma which will be used later to study the
properties of the function F(t).

Lemma 4.5. Assume that (z) :==z 1 |Inz;z > 0. Then (z) is nonnegative
with (1) = /(1) =0, and there exists a constant ¢ > 0 such that

1 13

“z 1)? 1)%;, forall z2(Z;>):

c(z ) (z) c(z D5 or all z <2,2)
Proof. Since ‘(z)=1 %and ”(z) =% >0 forall z> 0, we can obtain all the
statements immediately. O

Lemma 4.6. Let > %ﬁ;‘”z and (u;s; V) be the global classical solution of the

system (69). Then one has

[l el )b J]or o

Proof. Using Lemma 4.5 and the de nition of F(t) in Lemma 4.4, one can derive
that F (t) is nonnegative. Hence from (74), we have

/t D( )d F(1) F@® F@); foralt>1:
1

Using the de nition of D(t), one can derive (78) directly. O

Next, we will use (78) to show the convergence of solution (u;v;w) in L>°-norm.
Before that, we rst improve the regularities of solution (u;v;w).

Lemma 4.7. Let (u;v;w) be the solution obtained in Theorem 1.1. Then there
exists a constant 2 (0; 1) such that

kUkc"=%( x[t,t+1]) + kacz+"=1+%( x[t,t+1]) + kac““’“%( x[t,t+1]) c (9
forallt 1.

Proof. From Theorem 1.1, we know that urv; urwand u(l u) isbounded in
Lo( (0; 1)). Then applying the standard parabolic regularity theory (e.g. see
[35, Theorem 1.3] and [39, Lemma 3.2]), from the rst equation of system (3), we
can nd aconstant 2 (0;1) such that

kuk c; forall t>1: (80)

C7E( x[t,t+1])

Moreover, from the second and third equation of the system (3), we can use the
standard parabolic Schauder theory [19] to obtain

S xpav1) ©2 forall t>1: (81)
The combination of (80) and (81) yields (79). O

k(V; W)kc,2+a,1+

Using the similar argument as in [39, Lemma 3.10], we will show the uniform
convergence of solution without convergence rate.
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Lemma 4.8. Under > %ﬁ;‘”z, let (u;s;Vv) be the global classical solution of
the system (69). Then it follows that
ku(;t) 1lkpa ¥ 0; as t ¥ 1; (82)
and
ks(;t) ( )kLl 0, kv(;t) —kpx ¥0; as t1¥ 1: (83)

Proof. Since (u;s;V) is the global classical solution of the system (69), we can study
the convergence properties of solution with the C%-norm. If one can show that

ku(;t) 1keco ¥ 0; as t ¥ 1; (84)

then (82) follows directly.

Next, we will show the statement (84) is right. In fact, suppose that (84) is wrong,
then for some c; > 0, there exist some sequences (X;), ey and (t;);en  (0; 1)
satisfyingt; ¥ 1 asj ¥ 1 such that

ju;;ty) 1 cp; forall j2N:

From Lemma 4.7, we know that u 1 is uniformly continuous in (1; 1), then
there exists r > 0 and T1 > 0 such for any j 2 N,

juet) 1 %1 for all x2B,(x;)\ and t2(t;t; +Ty): (85
Because of the smoothness of @ , we can get a constant ¢, > 0 such that
Br(X;)\ J ¢ forallx; 2 : (86)
Using (85) and (86), then for all j 2 N, we have

t;+T t+T)
/ / ju(x;t)  1j%dxdt / / ju(x;t)  1j%dxdt
t; t; B, (z;)N

t,+T
J 1 . C1 2
/t BrX)\ ] (5) dt

J
C%Cle .
1
which however contradict the fact thatasj ¥ 1,t; ¥ 1

t;+T 0
; 2d d : Zd d | - ¥ :
/tj /(U(xt) 1)“dxdt /tj /(u(xt) 1)%dxdt ¥ 0 as j ¥ 1

Then (84) and (82) actually are true. We can derive (83) by using the similar
argument. Hence the proof of Lemma 4.8 is completed. O

4.3. Exponential convergence.

Lemma 4.9. Let > %ﬁ;‘”z and (u;s; V) be the global classical solution of the

system (69). Then there exist to >0 and 3 > 0 such that
1
u(x;t) 2 (2; 2) forall x2 and t=>tp; (87)

and such that the functions F(t) and D(t) de ned in Lemma 4.4 satisfy
D(t) 3F (1) for all t > tg: (88)
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Proof. From (82), we can get a to > 0 such that for all t > tg
1
ku 1kL1 < E;

which gives (87) immediately. From Lemma 4.5, we can get two constants ¢y;¢c,; >0
such that

ciz 1?2 z 1 Inz cy(z 1)* for all z2 (; 2) : (89)
Hence, using (87) and (89) and choosing %3 = %,We have
2
F(t) cz/(u 1)2+71/ <s ()> +?2/(v —)?
Z(,
3
which yields (88). The proof of this lemma is completed. O

Lemma 4.10. Assume that > %ﬁ, and suppose (u;s;V) is the global

classical solution of the system (69). Then there exists a constant ¢ > 0 such that
forallt>=0

ku 1kp. ce St (90)
and

C )

ks kp: ce 3t kv —kg2 ce 3P (91)

where 3 is given in Lemma 4.9.

Proof. The combination of Lemma 4.9 and (74) show that there exists to > 0 such
that for all t > ty, one has u(x;t) 2 (%; %) and

F'(t) D() sk (0): (92)
After some calculations, from (92), we have
F(t) F(to)e ¢ forall t>to;
which together with the fact that

F(t) cl/(u 1)2+21/<s ()>2+22/(v —)?

gives (90) and (91). The proof of Lemma 4.10 is completed. O

Next, we will use the interpolation inequality to derive the uniform exponential
stabilization property.
Lemma 4.11. Suppose > %‘g;‘”z, and let (u;s;v) be the global classical
solution of the system (69). Then there exist two constants ¢ > 0 and 4 > 0
such that for all t >0

ku(;t) 1kpx ce 4t (93)
and
ks(;t) 7)kL1 ce 4t kv(;t) —kpa ce Tl (94)



876 SHIJIE SHI, ZHENGRONG LIU AND HAI-YANG JIN

Proof. Based on (79), one can readily get a constant c3 > 0 (e.g. see [39, Lemma
3.14]) such that

ku(; k1,2 c3; forallt>1:
This, along with (90) and the Gagliardo-Nirenberg inequality, yields

n

ku(;t) 1lkpa  ciku(;t)  1kpPaku(;t)  1kpi? o ce 74 for all t > to;

Wl,l
which gives (93). Similarly, using the boundedness of ks( ; t)ky1,2 and kv( ; t)ky1,2,
and Gagliardo-Nirenberg inequality, we can derive (94). O

Proof of Theorem 1.2. The existence of global classical solution is a direct result of
Theorem 1.1 by noting =2if f(u)= u(l u). From Lemma 4.11, we only need
to prove the convergence rate of w to complete the proof of Theorem 1.2. In fact,

sinces= w vand = , then using (94), we have
S v
w o —=-+— -
!
and hence
1 ( )
kw —-krz -ks ——Fkpa +—-kv —kpa

cre it

which together with the convergence rate of u;v in Lemma 4.11 nish the proof of
Theorem 1.2. O
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