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the form (1.1) driven by Gaussian process under Hörmander’s condition. Cass, Litterer & Lyons 
[26] further showed the integrability and explicit tail-estimates for Jacobian of the solution, which 
is an essential condition in [27,28] for the smoothness of density. Many other references are 
available for this topic [29–32,20], and [33,34] for other topics.

To our knowledge, there are few works on dynamical properties of RDEs by combining the 
theory of rough paths [3,17] and random dynamical systems [35]. Compared with Itô calculus, 
rough paths theory may stimulate more possibility for this subject because the solutions to RDEs 
are understood in a pathwise sense. No exceptionally zero-measure sets depending on the time 
and initial values appear, a forbidden situation when generating random dynamical systems in 
infinite-dimensional spaces, while it is generally inevitable for Itô evolution equations. In this 
respect, Bailleul, Riedel & Scheutzow [36] first systematically combined rough paths theory 
and random dynamical system and then proved that the solution to a class of rough ordinary 
differential equations (RODEs) with drifts can generate a continuous random dynamical system 
under common conditions. Following it, Duc [37] further proved the existence and upper semi-
continuity of the global pullback attractor for rough dissipative systems. Partially different from 
[36], Neamţu & Kuehn [38] studied rough center manifolds for a controlled RODE in mild 
sense, see also [39] for Wong-Zakai approximation. As for stochastic rough partial differential 
equations (RPDEs), the relevant research results on random dynamics are rare. It is worth noting 
that Neamţu & Kuehn [40] proved the center manifolds for the following semilinear equation

dYt = [AYt + F(Yt )]dt + G(Yt )dWt (1.2)

on a family of interpolation spaces {Bα}α∈R driven by multiplicative rough noise, where W is 
Hölder continuous with exponent in (1/3, 1/2].

The aim of this paper is to develop a theory for random attractors of RPDEs driven by non-
linear multiplicative noise, which goes far beyond the case of a fractional Brownian motion. Due 
to the difficulty of directly dealing with stochastic (partial) differential equations driven by a 
nonlinear multiplicative fractional Brownian motion with order γ ∈ (1/2, 1), the stopping time 
technique was exploited to control the size of driving noise in finite [41] and infinite-dimensional 
[42] settings respectively. Later on, the same philosophy was further employed in other situations 
[43–45]. There is little doubt about the possibility to extend the stopping time technique to a low 
regularity case, but the question is then in what sense that is so. To this aim, a novel sequence of 
stopping times {Ti}i∈Z is constructed depending on the rough path W and the Lipschitz param-
eters of F and G, which has not been employed in rough settings so far. Thereby the γ -Hölder 
seminorm of W could be bounded by a constant on each time interval [Ti, Ti+1], i ∈ Z, which 
allows us to apply a discrete-time Gronwall-like inequality involving an infinite sum. However, 
another encountering challenge arises from the convergence issue of the infinite sum mentioned. 
In this regard, analysis for the growth rate and cocycle property of {Ti}i∈Z is conducted such that 
Ti −Tj could be controlled by i − j in some appropriate sense. Other more properties of {Ti}i∈Z
are further discussed to obtain the temperedness and measurability of the required absorbing set.

This paper is structured as follows. Section 2 first provides some basics concerning the the-
ories of rough paths and random dynamical systems, and then reformulate the equations of 
study. Section 3 concerns the dynamics of RPDEs. Subsection 3.1 derives key estimates for 
each component of the mild solution. Based on that, a sequence of stopping times is introduced 
and analyzed in Subsection 3.2. In the rest of this section, with nice properties of stopping times 
at hand, the existence of a random attractor follows using a random dynamical systems approach. 
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Finally, an illustrative example of the reaction-diffusion equation with fractional Brownian rough 
paths is presented in Section 4.

2. Preliminaries

Let us present in this section a short summary on rough paths theory and random dynamical 
system, which are extracted from [35,5,36,6,21,14] and other references therein. Denote by U and 
V Banach spaces, L(U; V) the space of linear operators from U to V , E is frequently used for the 
expectation, ⊗ for the tensor product, Cm for the space of m-times differentiable functions, Cm

b

for the space of m-times differentiable functions with bounded derivatives, and Cα for α-Hölder 
functions.

2.1. Rough paths theory

For γ ∈ (1/3, 1/2] and any compact interval J ⊂ R containing zero, one can define W =
(W, W ) as an γ -Hölder rough path. That is,

W ∈ Cγ (J ;V) and W ∈ C2γ (�J ;V ⊗ V)

and the Chen’s relation reads

Ws,t −Ws,u −Wu,t = Ws,u ⊗ Wu,t (2.1)

where �J = {(s, t) ∈ J 2 : s ≤ t} and the increment Ws,t = Wt − Ws . The term W is referred to 
as Lévy area or second order process and it can be thought of as the iterated integral

Ws,t =
t∫

s

Ws,r ⊗ dWr.

Without loss of generality, assume that V = R since the generalization to higher but finite di-
mensions can be done component-wise and does not require any additional arguments. Denote 
Cγ (J ; R) by the space of γ -Hölder continuous rough paths with an appropriate distance between 
two γ -Hölder rough paths W = (W, W ) and W̃ = (W̃ , W̃ ), defined by

ργ,J

(
W,W̃

)
= sup

(s,t)∈�J

∣∣∣Ws,t − W̃s,t

∣∣∣
|t − s|γ + sup

(s,t)∈�J

∣∣∣Ws,t − W̃s,t

∣∣∣
|t − s|2γ

(2.2)

where | · | denotes the Euclidean norm. Indeed, W0 is always assumed to be zero and thus we 
usually write Wt = W0,t = (Wt , W0,t ) to express the time evolution of rough path W. Also, set 
ργ,J (W) = ργ,J (W,0). Then the mapping t �→ ργ,[0,t](W) is continuous on J provided that 
W ∈ Cγ ′

(J ; R), γ < γ ′ ≤ 1/2. In fact, by means of the γ ′-Hölder continuity of W, one has

ργ,0,T (W) − ργ,0,S(W)

≤ sup
|Ws,t |

|t − s|γ + sup
|Ws,t |

|t − s|2γ
+ sup

|Ws,t |
|t − s|γ sup

|Ws,t |
|t − s|γ
S≤s≤t≤T S≤s≤t≤T 0≤s≤t≤S S≤s≤t≤T
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≤ ργ ′,[S,T ](W)(T − S)γ
′−γ + ργ,[0,S](W)ργ ′,[S,T ](W)(T − S)γ

′−γ

≤ ργ ′,[0,T ](W)(T − S)γ
′−γ + ργ,[0,T ](W)ργ ′,[0,T ](W)(T − S)γ

′−γ ,

for any 0 ≤ S ≤ T .
Given a separable Banach space (B, | · |), a path Y ∈ Cγ (J ; B) is called to be controlled by 

W ∈ Cγ (J ; R) if there exists a Y ′ ∈ Cγ (J ; B) and RY ∈ C2γ (�J ; B) such that

Ys,t = Y ′
s ⊗ Ws,t + RY

s,t , (s, t) ∈ �J . (2.3)

Herein, Y ′ is called Gubinelli derivative of Y , which is unique as long as W ∈ Cγ \ C2γ . All 
tubes (Y, Y ′) enjoying (2.3) define a Banach space D2γ

W,J under the norm

‖Y,Y ′‖D2γ
W,J

:= |Y0| + |Y ′
0| + ‖RY ‖2γ,J .

It is clear that (G(Y ), DG(Y)Y ′) is controlled by W provided that (Y, Y ′) is a controlled rough 
path and G : B → B is in C2

b . When taking a C0-semigroup S· into account, however, it is still a 
challenging work to find the so-called Gubinelli derivative of S·(G(Y·)) in infinite-dimensional 
settings regardless of the smoothness of G. The main tackle lies in the lower regularity of the 
semigroup on infinite dimensional space. In order to compensate the time regularity of S·, one 
needs the concept of interpolation spaces.

Definition 2.1. [21, Definition 2.1] A family of separable Banach spaces {Bα, | · |α}α∈R is called 
a monotone family of interpolation spaces if the space Bα2 ⊂ Bα1 with continuous and dense 
embedding for α1 ≤ α2, and meanwhile

|z|α3−α1
α2

� |z|α3−α2
α1

|z|α2−α1
α3

holds for α1 ≤ α2 ≤ α3 and z ∈ Bα3 .

Remark 2.1. Herein x � y means there is a constant C > 0 such that x ≤ Cy. Also, we always 
let ‖ · ‖γ,J,α refer to the γ -Hölder norm in Bα . As a convention, the indexes in ‖ · ‖γ,J,α describe 
the time and space regularities, respectively. Additionally, the symbol ‖ · ‖∞,J,α stands for the 
supremum norm in Bα .

It is ready to introduce the concept of a controlled rough path based on a monotone family of 
interpolation spaces {Bα}α∈R.

Definition 2.2. [21, Definition 4.3] The pair (Y, Y ′) is called controlled rough path on the family 
{Bα}α∈R provided that Y ′ ∈ (C(J ;Bα−γ ) ∩ Cγ (J ;Bα−2γ )

)
, Y ∈ Cγ (J ; Bα) satisfy (2.3) with 

the remainder RY being in Cγ (�J ; Bα−γ ) ∩ C2γ (�J ; Bα−2γ ).

Denote the space of controlled rough paths on {Bα}α∈R by D2γ

W,J,α . For simplicity, we may 

drop the symbol W when it causes no confusion, that is D2γ

J,α . It can be shown that D2γ

J,α is also 
a Banach space equipped with the norm
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‖Y,Y ′‖D2γ
J,α

: = ‖Y‖∞,J,α + ‖Y ′‖∞,J,α−γ + ‖Y ′‖γ,J,α−2γ

+ ‖RY ‖γ,J,α−γ + ‖RY ‖2γ,J,α−2γ .

Let {St }t≥0 be an analytic C0-semigroup between {Bα}α∈R satisfies properties that

‖St‖L(Bα,Bα+σ ) � t−σ , (2.4a)

‖St − Id‖L(Bα+σ ,Bα) � tσ , (2.4b)

where α ∈ R, σ ∈ [0, 1]. Then the concept of rough paths integral on {Bα}α∈R is explained as 
follows:

Lemma 2.1. [21, Theorem 4.5] For any given T > 0, (U, U ′) ∈ D2γ

[0,T ],α , the rough integral

t∫
s

St−rUr α [

  {′ , 1
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Remark 2.2. Since the rough integral is defined independently on the concert choice of par-
titions, let �(s, τ) and �(τ, t) be partitions of intervals [
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tempered origin
for each x ∈ B. If M(ω) is further compact in B almost surely, then M is called a compact 
random set in B, see [46, Chapter III]. In our interest, M is tempered, which means there exists 
a random variable r(ω) ≥ 0 such that M(ω) is contained in the r(ω)-ball centered at the origin 
and

lim
t→±∞

log+ r(θtω)

|t | = 0.

Let M be a random sets family in B containing all tempered random sets, namely,

M =
{
M : M is a tempered random set in:Let
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where W is a γ ′-Hölder rough path cocycle over an ergodic metric dynamical system 
(
, F , P , {θt }t∈R) with 1/3 < γ < γ ′ ≤ 1/2. Let −A be a generator of an analytic C0-semigroup 
{St }t≥0 between {Bα}α∈R with further property that

‖St‖L(Bα) ≤ Ce−λt (2.9a)

for some λ > 0, where L(Bα) = L(Bα; Bα), α ∈ R. By means of (2.5), the mild solution of (2.8)
is given by

Yt = Stξ +
t∫

0

St−sF (Ys)ds +
t∫

0

St−sG(Ys)dWs , ξ ∈ B. (2.10)

The imposed conditions on the regularity of F and G are collected here for δ ∈ [0, 1), σ ∈ [0, γ ):

(H1) There is a constant LF such that the mapping F : Bα → Bα−δ satisfying

|F(X) − F(Y )|α−δ ≤ LF |X − Y |α, X,Y ∈ Bα.

(H2) Let ϑ ∈ {0, γ, 2γ }, G ∈ C3
b(Bα−ϑ ; Bα−ϑ−σ ), i.e. there is a constant LG such that for any 

X, Y ∈ Bα−ϑ , it holds

|G(X) − G(Y)|α−ϑ−σ ≤ LG|X − Y |α−ϑ ; (2.11a)

‖DG(X) − DG(Y)‖L(Bα−ϑ ;Bα−ϑ−σ ) ≤ LG|X − Y |α−ϑ ; (2.11b)

‖D2G(X) − D2G(Y)‖L(Bα−ϑ ;L(Bα−ϑ ;Bα−ϑ−σ )) ≤ LG|X − Y |α−ϑ . (2.11c)

Moreover, the derivative of DG(·)G(·) : Bα−ϑ → Bα−ϑ−σ is assumed to be bounded, i.e.

|DG(X)G(X) − DG(Y)G(Y )|α−σ−ϑ ≤ LG|X − Y |α−ϑ . (2.12)

The following is the result regarding to the existence of global-in-time solution and the generation 
of random dynamical systems, extracted from [24, Theorem 3.9] and [40, Lemma 5.6].

Lemma 2.3. Let W = (W, W ) be a γ -Hölder rough path cocycle over the metric dynamical sys-
tem (
, F , P , {θt }t∈R) and assume (H1) and (H2) hold. Then equation (2.8) possesses a unique 
global-in-time solution (Y, G(Y)) of (2.10), which generates a continuous random dynamical 
system φ given by

φ(t,ω, ξ) = Stξ +
t∫

0

St−sF (Ys)ds +
t∫

0

St−sG(Ys)dWs(ω), ω ∈ 
, t ≥ 0.

This section is finished by introducing a discrete Gronwall-like lemma that will be used in the 
next section, and whose proof can be found in [42, Lemma 3.6].
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Lemma 2.4. Let λ, υ0, k0, k1 < 1, k2 be positive numbers and let {ti}i∈Z+ be a sequence of pos-
itive numbers, with t0 = 0, such that

ti−1 − ti−2 ≤ −2

λ
logk1, i ≥ 2. (2.13)

Suppose that for a sequence of positive numbers {Ui}i∈N the following inequalities hold true:

Ui ≤ k0υ0e
−λti−1 +

i−1∑
m=1

k1Ume−λ(ti−1−tm) +
i−1∑
m=1

e−λ(ti−1−tm)k2 + k2.

Then we have

Ui ≤ (k0υ0 + k2)(1 + k1
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With the estimates (2.4a) and (2.4b), one has

|(St−s −Id)Ss−rF (Yr)|α−ϑ ≤ ‖St−s −Id‖L(Bα;Bα−ϑ )‖Ss−r‖L(Bα−δ;Bα)|F(Yr)|α−δ

≤ C(t − s)ϑ (s − r)−δ(LF ‖Y‖∞,α + |F(0)|α−δ),

where ϑ = {γ, 2γ }. Together with the triangle inequality of norm | · |, one has

∥∥∥∥∥∥
·∫

0

S·−rF (Yr)dr

∥∥∥∥∥∥
ϑ,[0,T ],α−ϑ

≤ sup
0<s<t≤T

∫ s

0 ‖St−s − Id‖L(Bα;Bα−ϑ )‖Ss−r‖L(Bα−δ;Bα)|F(Yr)|α−δdr

(t − s)ϑ

+ sup
0<s<t≤T

∫ t

s
‖St−r‖L(Bα−δ;Bα−ϑ )|F(Yr)|α−δdr

(t − s)ϑ

≤ C(T 1−δ + T (1−δ)∧(1−2γ ))(LF ‖Y‖∞,α + |F(0)|α−δ),

Herein, T (1−δ)∧(1−2γ ) emerges since we do not presume the difference of δ and 2γ . Hence with 
previous computations, we have

∥∥∥∥∥∥
·∫

0

S·−rF (Yr)dr,0

∥∥∥∥∥∥
D2γ

[0,T ],α

≤ CcF T 1−τ

(
1 + ‖Y,Y ′‖D2γ

[0,T ],α

)
.

as required by τ = max{δ, 2γ }, 0 < T ≤ 1 and cF = max{LF , |F(0)|α−δ}. �
Lemma 3.2. Assume (H2) hold, and (Y, Y ′) ∈ D2γ

[0,T ],α solves (2.10). Then for any T ∈ [0, 1], 
(Y, Y ′) satisfies

‖Y,Y ′‖D2γ
[0,T ],α

≤ CcG(1 + |Y0|α) + CT 1−τ cF

(
1 + ‖Y,Y ′‖D2γ

[0,T ],α

)

+ CcGT γ−σ ρ̃γ,[0,T ](W)

(
1 + ‖Y,Y ′‖D2γ

[0,T ],α

)
.

where

ρ̃γ,[0,T ](W) = (1 + ργ,[0,T ])(1 + ργ,[0,T ](W) + ρ2
γ,[0,T ](W)).

Proof. Since (Y, Y ′) ∈ D2γ

[0,T ],α is the solution to (2.10), G′(Y ) = DG(Y)Y ′ = DG(Y)G(Y ). To 
our aim, let us denote
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I1 := ‖G(Y)‖∞,α−σ ,

I2 := ‖G′(Y )‖∞,α−γ−σ ,

I3 := ‖G′(Y )‖γ,α−2γ−σ ,

I4 := ‖RG(Y)‖γ,α−γ−σ ,

I5 := ‖RG(Y)‖2γ,α−2γ−σ ,

which will be estimated in turn. First, it follows from (2.11a) and (2.12) that

I1 ≤ LG‖Y‖∞,α + |G(0)|α−σ ,

I2 = ‖DG(Y)G(Y )‖∞,α−γ−σ ≤ LG‖Y‖∞,α−γ + |DG(0)G(0)|α−γ−σ .

By the fact that RY
s,t = Ys,t − Y ′

sWs,t , it yields

‖Y‖γ,α−2γ ≤ ‖RY ‖γ,α−2γ + ργ,[0,T ](W)‖Y ′‖∞,α−2γ

≤ C‖RY ‖2γ,α−2γ + Cργ,[0,T ](W)‖Y ′‖∞,α−γ .

Then it further follows from (2.12) that

I3 = sup
0<s<t≤T

|DG(Yt )G(Yt ) − DG(Ys)G(Ys)|α−2γ−σ

(t − s)γ

≤ LG sup
0<s<t≤T

|Yt − Ys |α−2γ

(t − s)γ

= LG‖Y‖γ,α−2γ

≤ CLG‖RY ‖2γ,α−2γ + CLGργ,[0,T ](W)‖Y ′‖∞,α−γ .

Furthermore, a direct calculation suggests

R
G(Y)
s,t =

1∫
0

DG(Ys + h(Yt − Ys))dh(Yt − Ys) − DG(Ys)G(Ys)Ws,t

=
1∫

0

DG(Ys + h(Yt − Ys))dhRY
s,t +

1∫
0

DG(Ys + h(Yt − Ys))G(Ys)

− DG(Ys)G(Ys)dhWs,t .

Letting ϑ = {γ, 2γ }, (2.12) and (2.11b) indicate that

|DG(Ys + h(Yt − Ys))G(Ys) − DG(Ys)G(Ys)|α−ϑ−σ

≤ |DG(Ys + h(Yt − Ys))G(Ys + h(Yt − Ys)) − DG(Ys)G(Ys)|α−ϑ−σ

+ |DG(Ys + h(Yt − Ys)) [G(Ys) − G(Ys + h(Yt − Ys))] |α−ϑ−σ
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≤ LGh|Yt − Ys |α−ϑ .

Thus one has

I4 ≤ LG‖RY ‖γ,α−γ + LGT γ ‖Y‖γ,α−γ ργ,[0,T ](W)

≤ CLG

(
1 + ργ,[0,T ](W) + ρ2

γ,[0,T ](W)
)

‖Y,Y ′‖D2γ
[0,T ],α

,

and

I5 ≤ LG‖RY ‖2γ,α−2γ + LG‖Y‖γ,α−2γ ργ,[0,T ](W)

≤ CLG

(
1 + ργ,[0,T ](W) + ρ2

γ,[0,T ](W)
)

‖Y,Y ′‖D2γ
[0,T ],α

.

The arrangement of these estimates implies

‖G(Y),G′(Y )‖D2γ
[0,T ],α−σ

= I1 + I2 + I3 + I4 + I5

≤ CLG

(
1 + ργ,[0,T ](W) + ρ2

γ,[0,T ](W)
)

‖Y,Y ′‖D2γ
[0,T ],α

+|G(0)|α−σ + |DG(0)G(0)|α−γ−σ .

For the sake of simplicity, we denote cG = max{LG, |G(0)|α−σ , |DG(0)G(0)|α−γ−σ }, then we 
have

‖G(Y),G′(Y )‖D2γ
[0,T ],α−σ

≤ CcG

(
1 + ργ,[0,T ](W) + ρ2

γ,[0,T ](W)
)

(1 + ‖Y,Y ′‖D2γ
[0,T ],α

)

(3.1)

In addition, since |G(Y0)|α−σ ≤ cG(1 + |Y0|α) and |G′(Y0)|α−γ−σ ≤ CcG(1 + |Y0|α) (similar to 
I2), it follows from (2.7) that

∥∥∥∥∥∥
·∫

0

S·−sG(Ys)dWr ,G(Y )

∥∥∥∥∥∥
D2γ

[0,T ],α

≤ CcG(1 + |Y0|α) + CcGT γ−σ ρ̃γ,[0,T ](W)

(
1 + ‖Y,Y ′‖D2γ

[0,T ],α

)
.

Owing to the result in Lemma 3.1, one finally has

‖Y,Y ′‖D2γ
[0,T ],α

≤ CcG(1 + |Y0|α) + CT 1−τ cF

(
1 + ‖Y,Y ′‖D2γ

[0,T ],α

)

+ CcGT γ−σ ρ̃γ,[0,T ](W)

(
1 + ‖Y,Y ′‖D2γ

)
. �
[0,T ],α
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Lemma 3.3. Under the same assumptions as in Lemma 3.2, YT ∈ Bα+β for any 0 < β < min{1 −
δ, γ − σ }.

Proof. For any ξ ∈ Bα , it follows from (2.4a) that

|ST ξ |α+β ≤ CT −β |ξ |α.

Let 0 < β < min{1 − δ, γ − σ }. Assumption (H1) and (2.6) respectively indicates

∣∣∣∣∣∣
T∫

0

ST −rF (Yr)dr

∣∣∣∣∣∣
α+β

≤ CT 1−β−δcF (1 + ‖Y‖∞,α),

and

∣∣∣∣∣∣
T∫

0

ST −rG(Yr)dWr

∣∣∣∣∣∣
α+β

≤ CT γ−β−σ ργ,[0,T ]‖G(Y),G′(Y )‖D2γ
[0,T ],α−σ

.

Making similar deduction to (3.1), one arrives at

|YT |α+β ≤ CT −β |ξ |α + CcF T 1−β−δ(1 + ‖Y‖∞,α)

+ CcGT γ−β−σ ρ̃γ,[0,T ](W)

(
1 + ‖Y,Y ′‖D2γ

[0,T ],α

)

< ∞

provided that (Y, Y ′) ∈ D2γ

[0,T ],α . The proof is complete. �
3.2. Stopping times analysis

In this subsection, a sequence of stopping times {Ti}i∈Z will be defined in rough paths setting 
based on previous computations. Its useful properties will be further explored for obtaining our 
key results in next subsection,   the    the  
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Ti(W) :=
⎧⎨
⎩

0 : i = 0,

Ti−1(W) + T (�Ti−1(W)W) : i ∈ N,

Ti+1(W) + T̂ (�Ti+1(W)W) : i ∈ −N.

Lemma 3.4. T (W), −T̂ (W) ∈ (0, 1) are F -measurable and satisfy

T (W) = −T̂ (�T (W)W), T̂ (W) = −T (�
T̂ (W)

W). (3.2)

Proof. Thanks to the continuity of the mapping t �→ ργ,[0,t](W), the function

f (W, t) = μt1−τ + cGtγ−σ ρ̃γ,[0,t](W) − μ (3.3)

is continuous respect to t ∈ R+. Hence for any κ > 0, the set

{ω ∈ 
 : T (W(ω)) < κ} = {ω ∈ 
 : μκ1−τ + cGκγ−δρ̃γ,[0,κ](W) > μ}

=
{
ω ∈ 
 : ρ̃γ,[0,κ](W) >

μ − μκ1−τ

cGκγ−δ

}

is F -measurable since ρ·(W) is measurable. Moreover, the mean-value theorem shows that there 
is a unique T (W) ∈ (0, 1) such that

T 1−τ (W)μ + cGT γ−δ(W)ρ̃γ,[0,T (W)](W) = μ. (3.4)

Similarly, −T̂ (W) ∈ (0, 1) is measurable and

μ(−T̂ (�T (W)W))1−τ + cG(−T̂ (�T (W)W))γ−σ ρ̃
γ,[T̂ (�T (W)W),0](�T (W)W) = μ. (3.5)

Finally, the proof of (3.2) is proceeded by contradiction. On the one hand, suppose 
−T̂ (�T (W)W) < T (W). Observing that

ρ
γ,[T̂ (�T (W)W),0](�T (W)W) = ρ

γ,[T̂ (�T (W)W)+T (W),T (W)](W),

one has

μ(−T̂ (�T (W)W))1−τ + cG(−T̂ (�T (W)W))γ−σ ρ̃
γ,[T̂ (�T (W)W),0](�T (W)W)

= μ

∣∣∣T̂ (�T (W)W)

∣∣∣1−τ + cG

∣∣∣T̂ (�T (W)W)

∣∣∣γ−σ

ρ̃
γ,[T̂ (�T (W)W)+T (W),T (W)](W)

< μT 1−τ (W) + cGT γ−σ (W)ρ̃
γ,[T̂ (�T (W)W)+T (W),T (W)](W)

≤ μ,

which is a contradiction since the first formulation equals to μ by (3.5). On the other hand, 
suppose that −T̂ (�T (W)W) > T (W). Then
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μ(−T̂ (�T (W)W))1−τ + LG(−T̂ (�T (W)W))γ−σ ρ̃
γ,[T̂ (�T (W)W)+T (W),T (W)](W)

> T 1−τ (W) + cGT γ−σ (W)ρ̃
γ,[T̂ (�T (W)W)+T (W),T (W)](W)

≥ μ,

which is also a contradiction with (3.5). Hence it could be concluded that

T (W) = −T̂ (�T (W)W).

One can obtain the second result by similar steps, so we omit it here. �
Lemma 3.5. The following statements are true:

(i) For any i, j ∈Z, Ti(W) + Tj (�Ti(W)W) = Ti+j (W).
(ii) Let t1 ≤ t2 ∈ R. Then

t1 + Tj (�t1 W) ≤ t2 + Tj (�t2 W), j ∈Z−. (3.6)

If t2 + T̂ (�t2W) ≤ t1 ≤ t2, then

· · · ≤ t1 + T̂ (�t1 W) + T̂ (�
t1+T̂ (�t1 W)

W)

≤ t2 + T̂ (�t2 W) + T̂ (�
t2+T̂ (�t2 W)

W)

≤ t1 + T̂ (�t1 W) ≤ t2 + T̂ (�t2W) ≤ t1 ≤ t2. (3.7)

Note that it follows from Lemma 3.5 (i) that

cG(Ti+1(W) − Ti(W))γ−σ ρ̃γ,[Ti (W),Ti+1(W)](W) + μ(Ti+1(W) − Ti(W))1−τ = μ. (3.8)

Proof. (i)It is direct by induction.(ii) See [42, Lemma 3.5] for (3.6) when j = −1 and (3.7). We 
prove the case of all j < −1 by induction. For j + 1 ≤ i < −1, let us assume that

t1 + Ti(�t1 W) ≤ t2 + Ti(�t2W).

Then one has

t1 + Tj (�t1 W) = t1 + Tj+1(�t1W) + T−1(�Tj+1(�t1 W)+t1W)

≤ t2 + Tj+1(�t2 W) + T−1(�Tj+1(�t2 W)+t2W)

= t2 + Tj (�t2 W)

as required. �
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Let ν = min{1 − τ, γ − σ }, denote

K(W,μ) =
(

μ + cGρ̃γ,[−1,0](W)

μ

) 1
ν

.

Note that supr∈[0,1] ργ,[−1,0](�rW) ≤ ργ,[−1,1](W) and the right-hand side has finite moment by 
[48, Theorem 1.4.1]. Hence

E

(
sup

r∈[0,1]
K(�rW,μ)

)
< ∞.

Then it is meaningful to define d as

1

d
:= E

(
sup

r∈[0,1]
K(�rW,μ)

)
.

Lemma 3.6. There is an invariant subset (still denoting by 
) with full measure such that for 
any ω ∈ 
, we have

d ≤ lim inf
k→−∞

Tk(W(ω))

k
< 1. (3.9)

Proof. Combining with (3.7) and the definition of d , see the proofs of [42, Lemma 4.4 and 
Lemma 4.5] or [49, Lemma 4.3]. �
Lemma 3.7. For small enough cG, there exist μ ∈ (0, min{1/C, 1}) and η ∈ (0, d) such that

0 <
1 + η − d

2(d − η)
<

d − η

2
− log(1 + Cμ) − log(1 − Cμ)

λ
. (3.10)

Proof. Let us first formulate the condition for d with other parameters η, μ by solving (3.10). 
Let

H(μ) := log(1 + Cμ) − log(1 − Cμ)

λ

and thus rewrite (3.10) as

0 < 1 + η − d < (d − η)2 − 2(d − η)H(μ).

Adjusting this formula, one has

(
d − 2η + 2H(μ) − 1

2

)2

+ 2ηH(μ) + η2 − η − 1 − (2η + 2H(μ) − 1)2

4
> 0.

This inequality is solved by
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d >

√
(2η + 2H(μ) − 1)2

4
− 2ηH(μ) − η2 + η + 1 + 2η + 2H(μ) − 1

2

:= W+(η,μ)

or

d < −
√

(2η + 2H(μ) − 1)2

4
− 2ηH(μ) − η2 + η + 1 + 2η + 2H(μ) − 1

2

:= W−(η,μ),

It is easy to observe that W+(η, μ) > 0, W−(η, μ) < 0 for small enough μ, η > 0. Then it is 
reasonable to consider the positive solution W+(η, μ) since d ∈ (0, 1). Note that

lim
η,μ→0

W+(η,μ) =
√

5 − 1

2

due to the continuity of the function (η, μ) �→ W+(η, μ) at (0, 0). Hence there exists an (η, μ)

near (0, 0) such that

H(μ) ≤ 1

2
, W+(η,μ) < 1.

Hence we complete this proof by requiring d ≥ W+(η, μ). For such given fixed μ, η, by defini-
tion of d , one has

1

d
= E

[
sup

r∈[0,1]
K(�rW,μ)

]
≤ E

[(
μ + cGρ̃γ,[−1,1](W)

μ

) 1
ν

]
.

Then

1

d
≤

� 1
ν
�∑

k=0

� 1
ν
�!

k!(� 1
ν
� − k)! × ck

GE[ρ̃k
γ,[−1,1](W)]
μk

by the elementary equality that

(1 + x)�
1
ν
� =

� 1
ν
�∑

k=0

� 1
ν
�!

k!(� 1
ν
� − k)!x

k, x ≥ 0.

For simplicity of notation, we rewrite

Q(γ,σ,W) =
� 1

ν
�∑

k=1

� 1
ν
�!

k!(� 1
ν
� − k)!E[ρ̃k

γ,[−1,1](W)]. (3.11)
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Hence the selection of smaller cG > 0 such that

1 + cGQ(γ,σ,W)

μ� 1
ν
� ≤ 1

W+(η,μ)
,

that is

cG ≤ min

{
μ� 1

ν
�(1 − W+(η,μ))

Q(γ,σ,W)W+(η,μ)
,1

}
, (3.12)

suggests that

d ≥ W+(η,μ),

which completes this proof. �
Remark 3.1. Between the completion of this article and its publication, Cao and Gao [49] in-
dependently obtained the existence of random attractors for the same system in this article and 
the upper semi-continuity of the approximated systems. The main difference between this article 
and [49] is that the constructed stopping times are formally different, and thus the different tech-
niques are applied to deduce the needed properties of the respective stopping time sequence and 
the required compact tempered absorbing set.

3.3. Construction of compact absorbing sets

The technique to derive the existence of random attractors will be based on the sequence of 
stopping times {Ti(W)}i∈Z in such a way that in any interval [Ti(W), Ti+1(W)] the norm of the 
noise will be controlled, which allows the construction of a compact absorbing random set. For 
the sake of simplicity, the abbreviation W = W(ω), Ti(W) = Ti, Ti,j = Ti(�Tj

W), i, j ∈ Z will 
be frequently used if necessary.

The two auxiliary lemmas below are needed before presenting our main theorem.

Lemma 3.8. Assume that (H1), (H2) hold and cF ≤ μ. For any i ∈Z+, let t ∈ [−T−i , −T−i−1], 
ζ ∈ M(θ−tω) ∩ Bα . Then there is a constant c > 0 such that

sup
t∈[−T−i ,−T−i−1]

|φ(t + T−i , θ−tω, ζ )|α ≤ c (1 + |ζ |α) .

Proof. Note that t ∈ [−T−i , −T−i−1]. By the definition of φ, one has

φ(t + T−i , θ−tω, ζ ) = St+T−i
ζ +

t+T−i∫
0

St+T−i−rF (Yr)dr

+
t+T−i∫
0

St+T−i−rG(Yr)d�−tWr ,
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1 Tf
.5944 0 TD
(c)Tj
7.5716 0 0 7.5716 266.466 154.002 Tm
(F)Tj
/F4 1 Tf
9.9626 0 080.56 3
.7799 0 TD
(i)Tj
7. 299 0 TD
(i)Tj
/F4 1 Tf
.3674 0 TD
(Š)Tj
/F3 1 Tf
.7799 0 TD
(1)Tj
/F4 1 Tf
7.56t9 TD
.2966 Tc+·,
for any ζ ∈ M(θ−tω) ∩ Bα . Thanks to Lemma 3.1, (2.6) and (3.1), it follows

|φ(t + T−i , θ−tω, ζ )|α
≤ Ce−λ(t+T−i )|ζ |α + C

(
1 + ‖Yt+·, Y ′

t+·‖D2γ
[−t,T−i ],α

)

×
[
μ(t + T−i )

1−τ + cG(t + T−i )
γ−σ ρ̃γ,[−t,T−i ](W)

]

≤ C|ζ |α + C

(
1 + ‖Yt+·, Y ′

t+·‖D2γ
[−t,T−i ],α

)[
μ(T−i − T−i−1)

1−τ

+ cG(T−i − T−i−1)
γ−σ ρ̃γ,[T−i−1,T−i ](W)

]
≤ C|ζ |α + Cμ

(
1 + ‖Yt+·, Y ′

t+·‖D2γ
[−t,T−i ],α

)
.

Due to Lemma 3.2 and the definition of {Ti}i∈Z, one has

‖Yt+·, Y ′
t+·‖D2γ

[−t,T−i ],α
≤ CcG

1 − Cμ
(1 + |ζ |α) + Cμ

1 − Cμ
.

Hence

|φ(t + T−i , θ−tω, ζ )|α ≤ C|ζ |α + Cμ

[
1 + CcG

1 − Cμ
(1 + |ζ |α) + Cμ

1 − Cμ

]
.

One further could conclude that there exists c = cμ such that

sup
t∈[−T−i ,−T−i−1]

|φ(t + T−i , θ−tω, ζ )|α ≤ c (1 + |ζ |α) . �

Remark 3.2. If D is tempered random set in Bα , for any ε > 0, there is a Tε > 0 such that for 
any t > Tε , |D(θ−tω)|α ≤ eεt . Hence

sup
t∈[−T−i ,−T−i−1]

sup
ζ∈D(θ−t ω)

|φ(t + T−i , θ−tω, ζ )|α ≤ ceεt . (3.13)

Lemma 3.9. Assume that (H1), (H2) hold and cF ≤ μ. For any i ∈ Z+, ξ ∈ >4Tm
0 Tc1-j
/F1 12029.9626 93
0 Tc
( )Tj
/F7 
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Proof. The additivity of rough paths integral suggests the following splitting

Yt = φ(t, θT−i
ω, ξ)

= Stξ +
i∑

k=1

St−Tk,−i

Tk,−i∫
Tk−1,−i

STk,−i−rF (Yr)dr

+
i∑

k=1

St−Tk,−i

Tk,−i∫
Tk−1,−i

STk,−i−rG(Yr)d�T−i
Wr

+
t∫

Ti,−i

St−rF (Yr)dr +
t∫

Ti,−i

St−rG(Yr)d�T−i
Wr

:= Stξ + IF
t + IG

t +
t∫

Ti,−i

St−rF (Yr)dr +
t∫

Ti,−i

St−rG(Yr)d�T−i
Wr

for any t ∈ [Ti,−i , Ti+1,−i]. (2.9a) gives that

‖S·ξ,0‖D2γ
[Ti,−i ,Ti+1,−i ],α

≤ Ce−λTi,−i |ξ |α.

Also, (2.4a) and (2.4b) imply that

∥∥St−Tk,−i
− Ss−Tk,−i

∥∥
L(Bα;Bα−2γ )

≤ Ce−λ(s−Tk,−i )(t − s)2γ . (3.15)

Since the family of semigroup {St}t≥0 is defined on the family of interpolation space {Bα}α∈R, 
it could be viewed as a bounded linear operator family from one to another. Thus the Gubinelli 
derivatives of IF , IG are 0. Hence only thing needed is to estimate their remainders and them-
selves.

For IF , since the estimate of ‖IF ‖∞,[Ti,−i ,Ti+1,−i ],α is a natural byproduct of

‖RIF ‖�,[Ti,−i ,Ti+1,−i ],α−ϑ , ϑ = {γ, 2γ }, we just state the later one. For that, the following es-
timates are first observed from Lemma 3.1, (2.9a) and (2.4b):

∣∣∣∣∣∣∣
Tk,−i∫

Tk−1,−i

STk,−i−rF (Yr)dr

∣∣∣∣∣∣∣
α

≤ Cμ(Tk,−i − Tk−1,−i )
1−τ (1 + ‖Y‖∞,[Tk−1,−i ,Tk,−i ],α)

and

∥∥St−Tk,−i
− Ss−Tk,−i

∥∥
L(Bα;Bα−ϑ )

= ∥∥Ss−Tk,−i

∥∥
L(Bα)

‖(St−s − Id)‖L(Bα;Bα−ϑ )

≤ Ce−λ(s−Tk,−i )(t − s)ϑ .
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Hence for any s, t ∈ [Ti,−i , Ti+1,−i], one has

|IF
t − IF

s |α−ϑ

=

∣∣∣∣∣∣∣
i∑

k=1

(
St−Tk,−i

− Ss−Tk,−i

) Tk,−i∫
Tk−1,−i

STk,−i−rF (Yr)dr

∣∣∣∣∣∣∣
α−ϑ

≤
i∑

k=1

∥∥St−Tk,−i
− Ss−Tk,−i

∥∥
L(Bα;Bα−ϑ )

∣∣∣∣∣∣∣
Tk,−i∫

Tk−1,−i

STk,−i−rF (Yr)dr

∣∣∣∣∣∣∣
α

≤ Cμ

i∑
k=1

e−λ(s−Tk,−i )(Tk,−i − Tk−1,−i )
1−τ (1 + ‖Y‖∞,[Tk−1,−i ,Tk,−i ],α)(t − s)ϑ .

Notice that RIF

s,t = IF
t − IF

s for any s, t ∈ [Ti,−i , Ti+1,−i], then

‖RIF ‖ϑ,[Ti,−i ,Ti+1,−i ],α−ϑ

≤ Cμ

i∑
k=1

e−λ(Ti,−i−Tk,−i )(Tk,−i − Tk−1,−i )
1−τ (1 + ‖Y‖∞,[Tk−1,−i ,Tk,−i ],α).

Based on these estimates, one eventually obtains

‖IF ,0‖D2γ
[Ti,−i ,Ti+1,−i ],α

≤ Cμ

i∑
k=1

e−λ(Ti,−i−Tk,−i )
(
Tk,−i − Tk−1,−i

)1−τ

×
(

1 + ‖Y,Y ′‖D2γ
[Tk−1,−i ,Tk,−i ],α

)
.

IG also can be computed by similar induction when taking the following difference into account:

∣∣∣∣∣∣∣
Tk,−i∫

Tk−1,−i

STk,−i−rG(Yr)d�T−i
Wr

∣∣∣∣∣∣∣
α

≤ CcG

(
Tk,−i − Tk−1,−i

)γ−σ
ρ̃γ,[Tk−1,−i ,Tk,−i ](�T−i

W)

×
(

1 + ‖Y,Y ′‖D2γ
[Tk−1,−i ,Tk,−i ],α

)
,

which is a product of (2.6) and (3.1). Thus one arrives at

‖IG,0‖D2γ
[Ti,−i ,Ti+1,−i ],α

≤ CcG

i∑
e−λ(Ti,−i−Tk,−i )ρ̃γ,[Tk−1,−i ,Tk,−i ](�T−i

W)
k=1
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× [
Tk,−i − Tk−1,−i

]γ−σ
(

1 + ‖Y,Y ′‖D2γ
[Tk−1,−i ,Tk,−i ],α

)
.

The remaining two terms follow from Lemma 3.1 and Lemma 3.2 that

∥∥∥∥∥∥∥
·∫

Ti,−i

S·−rF (Yr)dr,0

∥∥∥∥∥∥∥
D2γ

[Ti,−i ,Ti+1,−i ],α

≤ Cμ
(
Ti+1,−i − Ti,−i

)1−τ
(

1 + ‖Y,Y ′‖D2γ
[Ti,−i ,Ti+1,−i ],α

)
,

and

∥∥∥∥∥∥∥
·∫

Ti,−i

S·−rG(Yr)d�T−i
Wr ,G(Y )

∥∥∥∥∥∥∥
D2γ

[Ti,−i ,Ti+1,−i ],α

≤ CcG(1 + |YTi,−i
|α) + C

(
Ti+1,−i − Ti,−i

)γ−σ

× ρ̃γ,[Ti,−i ,Ti+1,−i ](�T−i
W)

(
1 + ‖Y,Y ′‖D2γ

[Ti,−i ,Ti+1,−i ],α

)
.

Up to now, the estimating result of ‖Y, Y ′‖D2γ
[Ti,−i ,Ti+1,−i ],α

becomes

‖Y,Y ′‖D2γ
[Ti,−i ,Ti+1,−i ],α

≤ Ce−λTi,−i |ξ |α + CcG(1 + |YTi,−i
|α) + CcG

(
Ti+1,−i − Ti,−i

)γ−σ

× ρ̃γ,[Ti,−i ,Ti+1,−i ](�T−i
W)

(
1 + ‖Y,Y ′‖D2γ

[Ti,−i ,Ti+1,−i ],α

)

+ Cμ(Ti+1,−i − Ti,−i )
1−τ

(
1 + ‖Y,Y ′‖D2γ

[Ti,−i ,Ti+1,−i ],α

)

+ Cμ

i∑
k=1

e−λ(Ti,−i−Tk,−i )
(
Tk,−i − Tk−1,−i

)1−τ
(

1 + ‖Y,Y ′‖D2γ
[Tk−1,−i ,Tk,−i ],α

)

+ CcG

i∑
k=1

e−λ(Ti,−i−Tk,−i )ρ̃γ,[Tk−1,−i ,Tk,−i ](�T−i
W)

× (
Tk,−i − Tk−1,−i

)γ−σ
(

1 + ‖Y,Y ′‖D2γ
[Tk−1,−i ,Tk,−i ],α

)
.

One more thing needed to be done is to compute |YT |α . For that, observing the fact that

i,−i
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that‖Y,Y‖D2γ
[TTj0.054 409.584 Tm
.0052 Tc
(i,)Tj
/F4 1 Tf
.6444 0 TD
0 Tc
(�)Tj
/F7 1 Tf
.7799 04TD
(i)Tj
.4517 .30−1,− ]

‖ −1,−i)1−τ 1 + ‖Y,Y‖ −1,−βργ,[T −1,−i,T k,−i](�T−iW)

(
Tk,−i
YTi,−i
= STi,−i

ξ +
i∑

k=1

STi,−i−Tk,−i

Tk,−i∫
Tk−1,−i

STk,−i−rF (Yr)dr

+
i∑

k=1

STi,−i−Tk,−i

Tk,−i∫
Tk−1,−i

STk,−i−rG(Yr)d�T−i
Wr ,

one can immediately obtain that

|YTi,−i
|α ≤ Ce−λTi,−i |ξ |α + Cμ

i∑
k=1

e−λ(Ti,−i−Tk,−i )
(
Tk,−i − Tk−1,−i

)1−τ

×
(

1 + ‖Y,Y ′‖D2γ
[Tk−1,−i ,Tk,−i ],α

)

+ CcG

i∑
k=1

e−λ(Ti,−i−Tk,−i )ρ̃γ,[Tk−1,−i ,Tk,−i ](�T−i
W)

× (
Tk,−i − Tk−1,−i

)γ−σ
(

1 + ‖Y,Y ′‖D2γ
[Tk−1,−i ,Tk,−i ],α

)
.

Hence the further estimate of ‖Y, Y ′‖−1,− ]

k

41 TD
.0002 Tc
(,T)6 230.25 488..4999 0 T674ξ i≤Cci+ 1 Tf
.5029 0Tj
2e

1 +e−λTi,−i|ξ | i Cci T−1,−i−Tργ,[Ti,−+−1,−i](�T−iW×

�
1 + ‖Y,Y′‖D2γ

[,Ti,−
i −1,− ],α} d (−1,−i Cci

T

i
Tk,−i

[

�i ,Tk,− ],α)

[‖−1,−i)   es4F3 38   es4F3 38 
3
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‖Y,Y ′‖D2γ
[Ti,−i ,Ti+1,−i ],α

≤ CcG + C(1 + cG)e−λTi,−i |ξ |α + Cμ

(
1 + ‖Y,Y ′‖D2γ

[Ti,−i ,Ti+1,−i ],α

)
(3.16)

+ C(1 + cG)μ

i∑
k=1

e−λ(Ti,−i−Tk,−i )

(
1 + ‖Y,Y ′‖D2γ

[Tk−1,−i ,Tk,−i ],α

)
.

Choosing a proper μ ∈ (0, 1) such that Cμ ≤ 1 and rewriting

yk = ‖Y,Y ′‖D2γ
[Tk−1,−i ,Tk,−i ],α

,

one can reformulate (3.16) as

yi+1 ≤ C(1 + cG)

1 − Cμ
e−λTi,−i |ξ |α + C(μ + cG)

1 − Cμ
+ C(1 + cG)μ

1 − Cμ

i∑
k=1

e−λ(Ti,−i−Tk,−i )(1 + yk).

In order to fit with the form of Lemma 2.4, let tk = Tk,−i , k0v0 = C(1+cG)
1−Cμ

|ξ |α , and k1 =
C(1+cG)μ

1−Cμ
, k2 = C(μ+cG)

1−Cμ
, then by Lemma 3.5(i),

tk−1 − tk−2 = Tk−1,−i − Tk−2,−i = T1,k−2−i < 1.

Choosing a proper μ > 0 again such that

1 < −2

λ
log

[
C(1 + cG)μ

1 − Cμ

]
,

then Lemma 2.4 indicates that

yi+1 ≤ C(1 + cG)

1 − Cμ
ei log(1+k1)− λ

2 Ti,−i (1 + |ξ |α) + 2k2

i∑
k=1

e(i−k) log(1+k1)− λ
2 (Ti,−i−Tk,−i ).

Herein, the property of stopping times in Lemma 3.5(i) indicates that Ti,−i − Tk,−i = −Tk−i . 
Hence one further obtains that yi+1 is bounded by

C(1 + cG)

1 − Cμ
ei log(1+k1)− λ

2 Ti,−i (1 + |ξ |α) + C(1 + cG)

1 − Cμ

i∑
k=1

e(i−k) log(1+k1)+ λ
2 Tk−i .

That completes this proof. �
With the above discussions at hand, it is in conditions to prove the main result of this paper.
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Theorem 3.1. Suppose assumptions (H1), (H2) hold, cF ≤ μ, and cG satisfies (3.12), then the 
random dynamical system φ possesses a random pullback compact absorbing set K ∈ M. Con-
sequently, the random attractor A is given by

A(ω) =
⋂
s≥0

⋃
t≥s

φ(t, θ−tω,K(θ−tω)).

Proof. Observe that for any t ∈ R+, there exists an i ∈ Z+ such that t ∈ [Ti,−i , Ti+1,−i−1], that 
is −t ∈ [T−i−1, T−i] by Lemma 3.5(i). The cocycle property of random dynamical system φ here 
reads that for any ζ ∈ M(θ−tω) ∩ Bα ,

φ(t, θ−tω, ζ ) = φ(t, θ−t+T−i−T−i
ω, ζ )

= φ(Ti,−i , θT−i
, φ(t − Ti,−i , θ−t−T−i+T−i

ω, ζ )).

Rewriting ξ = φ(t + T−i , θ−tω, ζ ), we first treat the convergence of each term in (3.14) as i →
∞. It follows from Lemma 3.8 that there is a generic constant c such that

ei log(1+k1)− λ
2 Ti,−i (1 + |ξ |α) ≤ ceεt+i log(1+k1)− λ

2 Ti,−i

≤ ceεTi+1,−i−1+i log(1+k1)− λ
2 Ti,−i

≤ ceε(Ti+1,−i−1−Ti,−i )+i log(1+k1)+(ε− λ
2 )Ti,−i

≤ ce
i log(1+k1)+

(
ε− λ

2

)
Ti,−i

,

for large enough t (consequently, large enough i), where ε is assumed to be smaller than λ/2. In 
the third inequality, since Ti+1,−i−1 − Ti,−i = T−i − T−i−1 ≤ 1, ceε(Ti+1,−i−1−Ti,−i ) is bounded 
by a constant uniformly with respect to i ∈Z+. Because of (3.9), there exists d > 0 such that

1 ≥ lim inf
k→−∞

Tk(W)

k
≥ d, (3.17)

which implies for η ∈ (0, d) given in (3.10), there is an iη ∈ N such that

T−i ≤ −di + ηi, − i ≤ −iη.

By means of (3.10) and cG ≤ 1, there is a ν ∈ [0, dλ/2) such that

λ(1 + η − d)

2(d − η)
< ν <

λ(d − η)

2
− log

(
1 + Cμ

1 − Cμ

)

≤ λd

2
− log(1 + k1).

Hence
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i log(1 + k1) +
(

ε − λ

2

)
Ti,−i ≤ i log(1 + k1) +

(
λ

2
− ε

)
(−di + ηi)

= i

[
log(1 + k1) − (λ − 2ε)(d − η)

2

]

≤ i[dλ − 2ν − (λ − 2ε)(d − η)]
2

,

where dλ − 2ν − (λ − 2ε)(d − η) < 0 by choosing

0 < ε <
2ν − λη

2(d − η)
.

Consequently,

lim
i→+∞ ei log(1+k1)− λ

2 Ti,−i (1 + |ξ |α) = 0.

Similarly, one also can obtain

i∑
k=1

e(i−k) log(1+k1)+ λ
2 Tk−i (W) =

0∑
m=1−i

e−m log(1+k1)+ λ
2 Tm(W)

≤
0∑

m=−∞
e−m log(1+k1)+ λ

2 Tm(W).

Since for m small enough, Tm(W) ≤ m(d − η),

e−m log(1+k1)+ λ
2 Tm(W) ≤ em(− log(1+k1)+ λ(d−η)

2 ) ≤ e
m(2ν−dλ)

2 .

It yields

lim
i→∞

i∑
k=1

e(i−k) log(1+k1)+ λ
2 Tk−i (W) ≤

0∑
m=−∞

e−m log(1+k1)+ λ
2 Tm(W) < ∞.

Hence it is meaningful to define

R(ω) := C

1 − Cμ
lim

i→∞

i∑
k=1

e(i−k) log(1+k1)+ λ
2 Tk−i (W(ω)),

and

K(ω) = {Y ∈ Bα; |Y |α ≤ R(ω)} ω ∈ 
.

Indeed, K(ω) absorbs all tempered sets in Bα and measurable since the sequence of stopping 
times {Ti}i∈Z is measurable. As for the tempered property of K(ω), that is
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lim
s→±∞

log+ R(θsω)

|s| = 0,

one needs to note that since (
, F , P, {θt}t∈R) is an ergodic metric dynamical system. It follows 
from [35, Proposition 4.1.3] that for almost all ω ∈ 
,

lim
t→+∞

log+ R(θtω)

t
= lim

t→−∞
log+ R(θtω)

|t | = {0,∞}.

Hence, no loss of generalization appears when considering merely the case of negative time. For 
any s < 0, there is a j ∈Z− such that s ∈ [Tj−1, Tj ], then it follows from (3.6) that

s + Tm(�sW) ≤ Tj + Tm(�Tj
W), m ∈Z−.

For given ν <
λ(d−η)

2 − log
(

1+Cμ
1−Cμ

)
,

eνsR(θsω) ≤
0∑

m=−∞
eνTj −m log(1+k1)+ λ

2 Tm(�sW)

=
0∑

m=−∞
eνTj −m log(1+k1)+ λ

2 [−s+s+Tm(�sW)]

≤
0∑

m=−∞
e
νTj −m log(1+k1)+ λ

2 [−Tj−1+Tj +Tm(�Tj
W)]

=
0∑

m=−∞
eνTj −m log(1+k1)+ λ

2 [Tm+j −Tj−1]

≤ e
j
[
ν(d−η)+ λ(d−η−1)

2

]
+ λ

2

0∑
m=−∞

e
m
[

λ(d−η)
2 −log(1+k1)

]

which converges to 0 as j → −∞ provided that ν >
λ(1+η−d)

2(d−η)
. Hence

lim
s→−∞

log+ R(θsω)

|s| ≤ ν < ∞,

that completes the proof for tempered property of K(ω). Up to now, it has been completed to 
construct a tempered subset K ⊂ Bα which absorbs all tempered sets in Bα, α ∈ R. Particularly, 
let α = 0. In this situation, K is an M-absorbing set of φ. While it has been unknown for the 
compactness of K(ω), ω ∈ 
. For that, the absorption of K suggests a distinct M-absorbing set 
φ(TK + 1, θ−TK−1ω,K(θ−TK−1 
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A(ω) =
⋂
s≥0

⋃
t≥s

φ(t, θ−tω,K(θ−tω)), ω ∈ 
. �

4. Application to rough reaction-diffusion equation

In this section, the applicability of Theorem 3.1 for rough reaction-diffusion type equations 
is discussed, but before proceeding it, let us pause to introduce the fractional Brownian rough 
paths.

On a probability space (
, F , P ), a standard fractional Brownian BH
t is defined to be a con-

tinuous centered Gaussian process with

E
[
BH

t BH
s

]
= 1

2

(
|s|2H + |t |2H − |t − s|2H

)
,

for s, t ∈R, where the Hurst parameter H is supposed to be in (1/3, 1/2]. This includes classical 
Brownian motion as the special case when H = 1/2.

Proposition 4.1. Let BH be a fractional Brownian motion with 1/3 < H ≤ 1/2, then there is an 
ergodic dynamical system (
H , FH , PH , {θt }t∈R) and a γ -Hölder rough path BH , 1/3 < γ <

H ≤ 1/2 such that BH enjoys the cocycle property on (
H, FH , PH , {θt }t∈R).

Proof. For 1/3 < γ ′ < H ≤ 1/2, let 
H = C
γ ′
0 (R) be the space of continuous functions sat-

isfying ω(0) = 0, ω ∈ 
H , FH stands for B(C
γ ′
0 (R)) under compact-open topology, PH be 

the law of BH and θ be the Wiener shift on 
H , then (
H , FH , PH , {θt }t∈R) constructs 
an ergodic metric dynamical system, see [50] for the ergodicity statement. As discussed in 
[6, Example 10.11] and [23, Lemma 6.2], for any closed interval [T1, T2] containing 0 and 
γ ∈ (1/3, γ ′), the diagonal process BH could be lifted to a γ -Hölder rough path BH = (BH , BH )

on (
H , FH , PH , {θt }t∈R), and there is a θ -invariant subset (still denoted by 
H ) of full measure 
such that BH

s,t (ω) is the limit of

BH,n
s,t (ω) =

t∫
s

BH,n
r (ω)dBH,n

r (ω), [s, t] ⊂ [T1, T2],ω ∈ 
H

as n → ∞, where {BH,n}n∈N is the piecewise dyadic approximation of BH , see also [4, Theorem 
2]. Moreover, denoting

�sBH
t = (BH

s,t+s ,B
H
s,t+s),

it was proved in [40, Lemma 5.2] that �sBH is also a rough path on [T1 − s, T2 − s] keeping 
same  of    of   same[(e(y)]4(x)-]1(teJ
/F1 1 Tf
2.3651 6542
0 Tc
( )Tj
/F7 1 T.316ng).101D
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i n   of  the  tions  �)

path the   of 
= lim
n→∞

t∫
0

B
H,n
s,r+s(ω)dB

H,n
r+s (ω)

= lim
n→∞

t∫
0

BH,n
r (θsω)dBH,n

r (θsω)

= lim
n→∞BH,n

t (θsω),

where the third equality comes from the result of [36, Lemma 11], we have

BH
s,s+t (ω) = (BH

t (θsω),BH
t (θsω)) = BH

t (θsω)

for all ω ∈ 
H . Thus BH defines a rough path cocycle over the ergodic metric dynamical system 
(
H , FH , PH , {θt }t∈R). �
Example 4.1. Let T stand for the one-dimensional torus, say, T = R/lZ for l ∈ R \ {0} which 
is a circle of given length. As mentioned in [21, Subsection 6.1], let us introduce the scale of 
Banach space Bα = H

2α,2
0 (T ) which is the closure of C∞

c (T ) in the Bessel potential space 
H 2α,2(T ), α ∈R. Consider the rough reaction-diffusion equation with periodic boundary condi-
tions on T :

{
dut = [ ∞ ∞  [ ′ . 4 . [ { ≤ . 3 3 4 7 4 F 4  ∀ 3  [ 6 4  [ c ≤ ( d u ) [ | ≤ 7 . 5 7 ∞ 6  ′  ′
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