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{
du= Audt + F (u)dt + u ◦ dW,

u (0)= u0 ∈D (A),
(1)

where A : D (A) ⊂ X → X is a linear operator and D (A) �= X, namely, its domain is non-
densely defined. Indeed, W is a one-dimensional Brownian motion and F : D (A) → X is 
globally Lipschitz continuous. Note that the Cauchy problem (1) is ill-posed if the Hille-Yosida 
theory for the C0-semigroup generated by A breaks down. Cauchy problems with a non-dense 
domain cover several types of differential equations, including delay differential equations, age-
structured models and some evolution equations with nonlinear boundary conditions. Since the 
classical variation of constants formula is not applicative, integrated semigroup theory is used 
to define a suitable integrated solution. The concept of integrated semigroups was firstly in-
troduced by Arendt [1,2] and was applied to study the existence and uniqueness of solutions 
to non-homogeneous Cauchy problems in a deterministic setting by Da Prato and Sinestrari 
[9]. Later on, Thieme [40,39] established the well-posedness of non-autonomous and semilinear 
Cauchy problems under a prior Hille-Yosida type estimate for the resolvent of non-densely de-
fined operators. By discarding the mentioned estimate, Magal and Ruan [28,30,29,32,31] used 
the integrated semigroup theory to construct modified variation of constants formula for Cauchy 
problems with non-dense domain and applied the center manifold theory to study Hopf bifurca-
tion of age-structured models. Liu, Magal and Ruan [23] studied center-unstable manifolds for 
Cauchy problems with non-dense domain and applications to stability of Hopf bifurcation. There 
are in general two methods to construct invariant manifolds, one is the graph transform method 
of Hadamard [15], and the other is Lyapunov-Perron method of Lyapunov [
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unstable manifolds. By using the Wong-Zakai approximation, Shen et al. [26] proved that the 
invariant manifolds and stable foliations of the Wong-Zakai approximations converge to those of 
the Stratonovich stochastic evolution equation, respectively.

With the help of the theory of integrated semigroups, we construct a new variation of con-
stants formula by the resolvent operator connecting D (A) and X. Unlike the argument using 
the classical Lyapunov-Perron method, the spectral gap condition contains a crucial constant in 
the derivation of estimation of random Stieltjes-type convolution. The required conditions for 
smoothness do not appear to be easily verifiable at first sight. We present a positive answer to 
the smoothness problem for invariant manifolds and foliations of stochastic evolution equations 
(1). To be precise, we shall establish the conditions for the existence of Ck-smoothness random 
center-unstable invariant manifolds and center-stable foliations of (1).

The remaining part of this article is structured as follows. In Section 2, we collect some es-
sential results on random dynamical systems and integrated semigroups, and layout the basic 
assumptions. Then in Section 3 and Section 4, we prove the existence and smoothness of invari-
ant center-unstable manifolds and invariant center-stable foliations of (1) respectively. Finally 
in Section 5, we give two illustrative examples about a age-structured model and a stochastic 
parabolic equation to verify the main results in the present paper.

2. Preliminaries

2.1. Random dynamical systems

Consider flows on the probability space (�,F ,P ), where a flow θ : R × � → � of {θt }t∈R
is defined on the sample space � having following properties:

(i) the mapping (t,ω) �→ θtω is (B (R)⊗F ,F)-measurable.
(ii) θ0 = I�.
(iii) θt+s = θt ◦ θs for all t, s ∈R.

In addition, we assume that P is ergodic with respect to {θt }t∈R. Then the quadruple 
(�,F ,P , {θt }t∈R) is called a metric dynamical system. Usually, let W (t) be a two-sided Wiener 
process with trajectories in the space � := C0 (R,R) of real continuous functions defined on 
R which is a set equipped with compact open topology F := B (C0 (R,R)). On this set we 
consider the measurable flow {θt}t∈R defined by θtω (·) = ω (· + t) − ω (t) which is called the 
Wiener shift, the associated distribution P is a Wiener measure defined on F . A set � is called 
{θt }t∈R-invariant if θt� = � for t ∈ R. For more details, see [3]. Using these notations, we could 
present the definition of a random dynamical system.

Definition 2.1. Let X be a separable Hilbert space. A continuous random dynamical system on 
X over a metric dynamical system (�,F ,P , {θt }t∈R) is a mapping

ϕ : R×�×X →X, (t,ω, x) �→ ϕ (t,ω, x) ,

which is (B (R)⊗F ⊗B (X) ,B (X))-measurable and satisfies:

(i) ϕ (0,ω, x) = x, for x ∈ X and ω ∈ �.
(ii) ϕ (t + s,ω, x) = ϕ (t, θsω,ϕ (s,ω, x)), for all t, s ∈R, x ∈ X and all ω ∈�.
212
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Definition 2.2. A random set M (ω) is called invariant for a random dynamical system ϕ (t,ω, x)
if ϕ (t,ω,M (ω)) ⊂ M (θtω) for t ≥ 0.

We will use a coordinate transform to convert the stochastic partial differential equation (1)
into a random evolution equation [11,5,10]. To this end, we consider the linear stochastic differ-
ential equation

dz+ zdt = dW. (2)

We extract the important results on the stationary Ornstein-Uhlenbeck process in the following.

Lemma 2.3. [10, Lemma 2.1]

(i) There exists a {θt }t∈R-invariant set �̃ ⊂ C0 (R,R) of full measure satisfying the sublinear 
growth condition

lim
t→±∞

|ω (t)|
|t | = 0, ω ∈ �̃.

(ii) The random variable z (ω) = − 
∫ 0
−∞ esω (s) ds is well defined for all ω ∈ �̃ and generates 

a unique stationary solution of (2) given by

(t,ω) �→ z (θtω) = −
0∫

−∞
esθtω (s) ds = −

0∫
−∞

esω (s + t) ds +ω (t) .

The mapping t �→ z (θtω) is continuous.
(iii) Moreover

lim
t→±∞

|z (θtω)|
|t | = 0,

for all ω ∈ �̃.
(iv) In addition

lim
t→±∞

1

t

t∫
0

z (θsω)ds = 0,

for all ω ∈ �̃.

Proof. See [43, Lemma 2.2]. �
From now on, we will work on 

(
�̃, F̃ , P̃ , {θt }t∈R

)
, where F̃ is the trace algebra of �̃ and 

the restriction of Wiener measure to this σ -algebra F̃ is denoted by P̃ . With a slight abuse of 
notation, we again denote the metric dynamical system by 

(
�,F ,P , {θt }t∈R

)
in the following 

context.
213
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2.2. Integrated semigroups

In this subsection, we collect some basic results about non-densely defined operators and inte-
grated semigroups from [28,30,29]. Since A is a non-densely defined linear operator in a Hilbert 
space X, its resolvent set is denoted by ρ (A) = {λ ∈C : λI −A is invertible}, and ρ (A) �= ∅. 
The spectrum of A is denoted by σ (A) := C\ρ (A). Moreover, let X0 = D (A) equipped with 
the norm ‖ · ‖ and construct the part of A in X0 denoted by A0 : D (A0) ⊂ X0 → X0, which is a 
linear operator on X0 defined by

A0x = Ax,∀x ∈D (A0) := {y ∈D (A) : Ay ∈X0}.

Assume that there exists a constant ϑ satisfying (ϑ,+∞) ⊂ ρ (A), it is easy to check that for 
each λ > ϑ ,

D (A0)= (λI −A)−1 X0, (λI −A0)
−1 = (λI −A)−1 |X0

.

Therefore, it follows from [29, Lemma 2.1] that ρ (A) = ρ (A0), and thus σ (A) = σ (A0).
We next discuss some basic assumptions about operators A and A0. Assume that A0 is a Hille-

Yosida operator in X0, i.e., there exist two constants, ϑ ∈ R and M ≥ 1, such that (ϑ,+∞) ⊂
ρ (A0) and

∥∥∥(λI −A0)
−k

∥∥∥
L(X0)

≤ M

(λ− ϑ)k
, ∀λ > ϑ, ∀k ≥ 1.

And we assume

lim
λ→+∞ (λI −A)−1x = 0,∀x ∈X.

Lemma 2.4. [35, Theorem 5.3] A linear operator A0 : D (A0) ⊂ X0 → X0 is an infinitesimal 
generator of a C0-semigroup (T (t))t≥0 satisfying ‖T (t)‖ ≤Meϑt , if and only if

(i) A0 is densely defined in X0;
(ii) A0 is a Hille-Yosida operator in X0.

Lemma 2.5. [28, Lemma 2.1] Let (X,‖·‖) be a Banach space and A : D (A) ⊂ X → X be a 
linear operator. Assume that there exists ϑ ∈R, such that (ϑ,+∞)⊂ ρ (A) and

lim sup
λ→+∞

λ

∥∥∥(λI −A)−1
∥∥∥
L(X0)

< +∞.

Then the following assertions are equivalent:

(i) limλ→+∞ λ(λI −A)−1x = x, ∀x ∈X0.
(ii) limλ→+∞ (λI −A)−1x = 0, ∀x ∈ X.
(iii) D (A0) = X0.

Now we are ready to introduce the definition of integrated semigroups.
214
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Definition 2.6. Let X be a Banach space. A family of bounded linear operators {S (t)}t≥0 on X
is called an integrated semigroup if

(i) S (0) = 0.
(ii) The map t → S (t)x is continuous on [0, +∞) for each x ∈X.
(iii) S (t) satisfies

S (s) S (t) =
s∫

0

(S (r + t)− S (r)) dr,∀s, t ≥ 0.

According to Lemma 2.4 and Lemma 2.5, A0 generates a C0-semigroup on X0 denoted by 
(T (t))t≥0. It can also be denoted by 

(
eA0t

)
t≥0. Besides, as concluded in [30, Proposition 2.5], 

A generates an integrated semigroup on X denoted by (S (t))t≥0 and for each x ∈ X, t ≥ 0, 
(S (t))t≥0 is given by

S (t) x = λ

t∫
0

T (s) (λI −A)−1xds + (I − T (t)) (λI −A)−1x. (3)

Also, the map t → S (t)x is continuously differentiable if and only if x ∈ X0 and

dS (t) x

dt
= T (t) x, ∀t ≥ 0, ∀x ∈ X0.

Next we introduce the definition of an MR operator which is named after Magal and Ruan 
[28](see Chen [7]).

Definition 2.7 (MR operator). Let A be a closed linear operator in a Banach space X with 
D (A) �= X and A0 be the part of A in X0 = D (A). A is called an MR operator if

(i) A0 generates a C0-semigroup (T (t))t≥0 on X0, i.e. A0 is a Hille-Yosida operator in X0, and 
D(A0) = X0. Then A generates an integrated semigroup (S (t))t≥0 in X.

(ii) Assume that there exists a real number τ0 > 0, and a non-decreasing map δ : [0, τ0] →
[0, +∞) such that for each f ∈ C1 ([0, τ0];X),

∥∥∥∥∥∥
d

dt

t∫
0

S (t − s) f (s) ds

∥∥∥∥∥∥ ≤ δ (t) sup
s∈[0,t]

‖f (s)‖ , ∀t ∈ [0, τ0],

where δ satisfies

lim
t→0+ δ (t)= 0.

We assume that A is an MR operator from now on.
215
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)   

(s)0(()s)0(0
Lemma 2.8. [28, Lemma 2.6] Let τ0 > 0 be fixed. For each f ∈ C1 ([0, τ0];X), define

(S ∗ f ) (t) =
t∫

0

S (t − s) f (s)ds, ∀t ∈ [0, τ0].

Then we have the following:

(i) The map t → (S ∗ f ) (t) is continuously differentiable on [0, τ0].
(ii) (S ∗ f ) (t) ∈D (A), ∀t ∈ [0, τ0].
(iii) if we set u (t)= d

dt
(S ∗ f ) (t), then

u (t) = A

t∫
0

u (s)ds +
t∫

0

f (s)ds, ∀t ∈ [0, τ0].

(iii) For each λ >ϑ , and each t ∈ [0, τ0], we have

(λI −A)−1 d

dt
(S ∗ f ) (t)=

t∫
0

T (t − s) (λI −A)−1f (s) ds.

For each f ∈ C1 ([0, τ0];X), we denote

(S � f ) (t) = d

dt
(S ∗ f ) (t) , ∀t ∈ [0, τ0],

which is defined as a Stieltjes convolution. According to Lemma 2.8 and Lemma 2.5(i), we have

(S � f ) (t)= lim
λ→+∞

t∫
0

T (t − s)λ(λI −A)−1f (s) ds, ∀t ∈ [0, τ0], ∀λ > ϑ.

Lemma 2.9. [29, Proposition 2.13] For κ > ϑ , there exists Cκ > 0 such that f ∈ C
(
R+;X)

and

‖(S � f ) (t)‖ ≤ Cκ sup
s∈[0,t]

eκ(t−s) ‖f (s)‖ , ∀t ≥ 0.

Moreover, for each ε > 0, if τε > 0 satisfying Mδ (τε)≤ ε, it holds

Cκ = 2εmax
(
1, e−κτε

)
1 − e(ϑ−κ)0

Lemma 7t [ ) f λ](2  
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To our aim, we define a coordinate transform

v = �(u,ω)= ue−z(θtω),

and its reverse transform

u= �−1 (v,ω)= vez(θtω),

for t ≥ 0. Performing the transformation � (v,ω) into (1), we obtain

{
dv = Avdt + z (θtω) vdt +G(θtω, v) dt,

v (0)= x ∈ X0,
(4)

where G (ω, v) = e−z(ω)F
(
ez(ω)v

)
. Obviously, G and F have the same Lipschitz constant.

Definition 2.10. A mapping v ∈ C
(
R+;X)

is called an integrated solution of (4) if and only if 
for ∀t ≥ 0,

(i)
∫ t

0 v (s) ds ∈ D (A).
(ii) It holds

v (t)= x +A

t∫
0

v (s) ds +
t∫

0

z (θsω)v (s) ds +
t∫

0

G(θsω, v (s)) ds.

For the linear part of (4), we define

φA0 (t, s) = eA0(t−s)+∫ t
s z(θrω)dr = T (t − s) e

∫ t
s z(θrω)dr .

2.3. Exponential trichotomy

Assumption 2.2. We assume that T (t) satisfies the exponential trichotomy with exponents α >

γ ≥ 0 ≥ −γ > −β and bound K ≥ 1, more precisely,

(i) there exist two

�
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(iii) For all x ∈X0, it holds

‖T (t)�0cx‖ ≤Keγ |t | ‖�0cx‖ , ∀t ∈ R, (5)

‖T (t)�0ux‖ ≤ Keαt ‖�0ux‖ , ∀t ≤ 0, (6)

‖T (t)�0sx‖ ≤ Ke−βt ‖�0sx‖ , ∀t ≥ 0, (7)

Remark 2.11. Assume α > γ ≥ 0 ≥ −γ > −β . If X0 is a finite dimensional space and there ex-
ist eigenvalues with real part being zero, less than zero and greater than zero, then the exponential 
trichotomy holds. If X0 is an infinite dimensional space and the spectrum of A0 satisfies σ (A0) =
σ 0s ∪ σ 0c ∪ σ 0u, where σ 0s = {λ ∈ σ (A0) : Re (λ)≤ −β}, σ 0c = {λ ∈ σ (A0) : |Re (λ)| ≤ γ }, 
σ 0u = {λ ∈ σ (A0) : Re (λ)≥ α}, and A0 generates a strong continuous semigroup, then the 
exponential trichotomy holds too (see [14, page 267]. And if the spectrum of A0 satisfies 
σ (A0) = σ 0s ∪ σ 0u, where σ 0s and σ 0u are the same as above, then the exponential dichotomy 
holds. Since σ (A) = σ (A0), the spectrum of A can be split as A0.

Since we only require the Hille-Yosida condition on X0, one needs to extend the mentioned 
projections from X0 to X and outline the associated statements below.

Lemma 2.12. [29, Proposition 3.5] Let �0 : X0 →X0 be a bounded linear projection satisfying

�0(λI −A0)
−1 = (λI −A0)

−1�0, ∀λ > ϑ,

and

�0X0 ⊂ D (A0), and A0|�0X0
is bounded.

Then there exists a unique bounded projection � :X → X such that

(i) �|X0
= �0;

(ii) � (X)⊂ X0;
(iii) �(λI −A)−1 = (λI −A)−1�, ∀λ > ϑ .

With the mentioned information at hand, we are ready to state the decomposition on X. For 
each k ∈ {c,u, cu}, denote by �k : X → X the unique extension of �0k and let �s = IX −
(�c +�u). Then we have for each p ∈ {c,u, s, cu}, �p(λI −A)−1 = (λI −A)−1�p, ∀λ > ϑ , 
and �p (X) ⊂ X0. Also, �p (X0) = �0p (X0) = X0p . Denote Xp = �p (X) , and Ap = A|Xp . 
Then for each k ∈ {c,u}, we have X0k = Xk, X0 = X0s ⊕X0c ⊕X0u, and X = Xs ⊕Xc ⊕Xu. 
Herein, X0c, X0u and X0s are called center subspace, unstable subspace and stable subspace of 
X0 respectively. For more details, refer to [29, page 22].

3. Smooth center-unstable manifolds

This section is dedicated to the existence of invariant manifolds of (1) through the Lyapunov-
Perron method.
218
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Definition 3.1. Let M = {M (ω) : ω ∈ �} be a family of X0, then M is called a Ck random 
center-unstable invariant manifold of the random dynamical system ϕ if M is invariant under ϕ
and given by the graph of a Lipschitz continuous map hcu (·,ω) : X0cu → X0s which is Ck in ξ , 
k ≥ 1, i.e.,

M (ω)= {ξ + hcu (ξ,ω) : ξ ∈ X0cu}.

We denote M (ω) by Mcu (ω). Accordingly, a Ck random center (resp. center-stable) invariant 
manifold Mc (ω) (resp. Mcs (ω)) is given by the graph of a Lipschitz map hi (·,ω) :X0i → X0j , 
i = c (resp. cs) and j = su (resp. j = u).

We extract some results from [19] about integrated solutions and invariant manifolds of (4).
Set

(S �Gx (v)) (t) = lim
λ→+∞

t∫
0

φA0 (t, s) λ(λI −A)−1G(θsω, v (s,ω, x)) ds.

We have the following result:

Proposition 3.2. [19, Proposition 2.1] Under Assumption 2.2, we have

�0s (S �Gx (v)) (t)= lim
λ→+∞

t∫
0

φA0s (t, s) λ(λI −As)
−1�sG(θsω, v (s,ω, x)) ds, (8)

while for each k ∈ {c, u},

�0k (S �Gx (v)) (t)=
t∫

0

φA0k (t, s)�kG(θsω, v (s,ω, x)) ds. (9)

Moreover, for each ζ > −β , there exists Cζ > 0, such that for ∀t ≥ 0, we obtain

‖�0s (S �Gx (v)) (t)‖ ≤ Cζ sup
s∈[0,t]

eζ(t−s)e
∫ t
s z(θrω)dr ‖G(θsω, v (s,ω, x))‖ . (10)

Lemma 3.3. [19, Lemma 2.5, Theorem 3.1] The following assertions are valid:

(i) Under Assumption 2.1, (4) possesses a unique integrated solution on X0 given by

v (t) = φA0 (t,0) x + (S �Gx (v)) (t) ,

which is the so-called variation of constants formula and generates a random dynamical 
system �. Moreover,

(t,ω, x) → �−1 (θtω,�(t,ω,�(ω,x)))=: �̂ (t,ω, x) ,
219
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is a random dynamical system. Also, this process is a solution of (1) for x ∈X0.
(ii) Under Assumptions 2.1-2.2, if γ < η < min {α,β} and −β < ζ < −η with

KL

(
Cζ + 1

η − γ
+ 1

α − η

)
< 1,

then there exists a center invariant manifold for (4), given by

Mc (ω)= {ξ + hc (ξ,ω) : ξ ∈X0c},

where hc (·,ω) :X0c → X0us is a Lipschitz continuous map with hc (0,ω)= 0 and

Lip hc (·,ω) ≤ K
(
KL+CζL(α − η)

)
(α − η)

(
1 −KL

(
Cζ + 1

η−γ
+ 1

α−η

)) .
For ηcu ∈ (−β,−γ ), define the Banach space

Cηcu ((−∞,0];X0) =
{
f ∈ C ((−∞,0],X0) : sup

t≤0
e−ηcut−

∫ t
0 z(θsω)ds‖f (t)‖ < ∞

}
,

equipped with the norm

‖f (t)‖Cηcu = sup
t≤0

e−ηcut−
∫ t

0 z(θsω)ds‖f (t)‖.

And for ηcs ∈ (γ,min{α,β}), define the Banach space

Cηcs ([0,+∞);X0) =
{
f ∈ C ([0,+∞),X0) : sup

t≥0
e−ηcs t−

∫ t
0 z(θsω)ds‖f (t)‖ < ∞

}
,

equipped with the norm

‖f (t)‖Cηcs = sup
t≥0

e−ηcs t−
∫ t

0 z(θsω)ds‖f (t)‖.

Define

Mcu (ω)= {x ∈ X0 : v (t,ω, x) ∈ Cηcu ((−∞,0];X0)}.
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/F5 1 Tf
9.9626 0 0 9.9626 214.122 118.848 Tm
(:)Tj
/F4 1 Tf
.4824 0 TD
(v)Tj
.6667 -.0072 T,71 TD
.0753 Tc
(ds)Tj
/F5 1 Tf
97444 0 TD
(�)Tj
/F4 1 Tf
.8365 0 TD
(X)Tj
/F39manifold 
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Theorem 3.4. For −β < ζ < ηcu < −γ with

KL

(
Cζ − 1

γ + ηcu
− 1

ηcu − α

)
< 1, (11)

there exists a Lipschitz invariant center-unstable manifold for (4) which is given by

Mcu (ω)= {ξ + hcu (ξ,ω) : ξ ∈X0cu},

where hcu (·,ω) : X0cu →X0s is Lipschitz continuous with hcu (0,ω) = 0 and

Lip hcu (·,ω) ≤Ku = KLCζ

1 −KL
(
Cζ − 1

γ+ηcu
− 1

ηcu−α

) .

Proof. We proceed it in three steps.

Step 1. We prove that x ∈ Mcu
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= φA0s (t, l)�0sv (l)+ lim
λ→+∞

t∫
l

φA0s (t, s) λ (λI −As)
−1

×�sG(θsω, v (s)) ds. (14)

According to (7), for l ≤ 0,

∥∥φA0s (t, l)�0sv (l)
∥∥ ≤Ke−β(t−l)+∫ t

l z(θrω)dr ‖v (l)‖
≤Ke−β(t−l)−ηcul+

∫ t
0 z(θrω)dreηcul−

∫ l
0 z(θrω)dr ‖v (l)‖

≤Ke(β+ηcu)l−βt+∫ t
0 z(θrω)dr‖v‖Cηcu .

Let l → −∞, since β + ηcu > 0, we have

�0sv (t,ω, x) = lim
λ→+∞

t∫
−∞

φA0s (t, s) λ (λI −As)
−1 �sG(θsω, v (s))ds. (15)

By letting l → −∞ and combining with (13), we get (12). The converse can be obtained by a 
straight computation.
Step 2. We claim that for every ξ ∈X0cu, (12) has a unique solution in Cηcu ((−∞,0];X0).

To show this claim, we denote J (v,ω, ξ) the right side of (12), i.e.,

J (v,ω, ξ) =φA0c (t,0) ξ +
t∫

0

φA0c (t, s)�cG(θsω, v (s)) ds

+
t∫

0

φA0u (t, s)�uG(θsω, v (s)) ds

+ lim
λ→+∞

t∫
−∞

φA0s (t, s) λ (λI −As)
−1 �sG(θsω, v (s)) ds.

(16)

It needs to show that J maps from Cηcu ((−∞,0];X0)×X0cu to Cηcu ((−∞,0];X0) and it is 
a uniform contraction. For v, ṽ ∈ Cηcu ((−∞,0];X0) and t ≤ 0,

∥∥∥J (v,ω, ξ)−J (ṽ,ω, ξ)

∥∥∥
Cηcu

= sup
t≤0

e−ηcut−
∫ t

0 z(θsω)ds
∥∥∥J (v,ω, ξ)−J (ṽ,ω, ξ)

∥∥∥

≤ KL sup
t≤0

0∫
t

e(γ+ηcu)(s−t)−ηcus−
∫ s

0 z(θrω)dr ‖v − ṽ‖ds

+KL sup
t≤0

0∫
e(ηcu−α)(s−t)−ηcus−

∫ s
0 z(θrω)dr ‖v − ṽ‖ds + sup

t≤0
e−ηcut−

∫ t
0 z(θsω)ds�Js
t

222
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≤ KL

(
− 1

γ + ηcu
− 1

ηcu − α

)
‖v − ṽ‖Cηcu + sup

t≤0
e−ηcut−

∫ t
0 z(θsω)ds�Js ,

where

�Js =
∥∥∥∥∥∥ lim
λ→+∞

t∫
−∞

φA0s (t, s) λ (λI −As)
−1 �s

(
G(θsω, v (s))−G(θsω, ṽ (s))

)
ds

∥∥∥∥∥∥ .
According to Proposition 3.2, for ζ with −β < ζ < ηcu, we have

�Js =
∥∥∥∥ lim
λ→+∞ lim

r→−∞

t∫
r

φA0s (t, s) λ (λI −As)
−1

×�s

(
G(θsω, v (s))−G(θsω, ṽ (s))

)
ds

∥∥∥∥
=

∥∥∥∥ lim
λ→+∞ lim

r→−∞

t−r∫
0

φA0s (t, l + r) λ (λI −As)
−1

×�s

(
G(θl+rω, v (l + r))−G(θl+rω, ṽ (l + r))

)
dl

∥∥∥∥
≤ lim

r→−∞LCζ sup
l∈[0,t−r]

eζ(t−r−l)e
∫ t
l+r z(θτ ω)dτ‖v (l + r)− ṽ (l + r)‖

= LCζ sup
σ∈(−∞,t]

eζ(t−σ)e
∫ t
σ z(θτ ω)dτ‖v (σ )− ṽ (σ )‖,

implying that

sup
t≤0

e−ηcut−
∫ t

0 z(θsω)ds�Js ≤ LCζ sup
t≤0

e−ηcut sup
σ∈(−∞,t]

eηcuσ+ζ (t−σ)

×e−ηcuσ−∫ σ
0 z(θτ ω)dτ‖v (σ )− ṽ (σ )‖

≤ LCζ sup
t≤0

sup
σ∈(−∞,t]

e(ηcu−ζ )σ+(ζ−ηcu)t‖v − ṽ‖Cηcu
≤ LCζ‖v − ṽ‖Cηcu .

By combining the above estimates, we have

‖J (v,ω, ξ)−J (ṽ,ω, ξ)‖Cηcu ≤ KL

(
Cζ − 1

γ + ηcu
− 1

ηcu − α

)
‖v − ṽ‖Cηcu .

By (11), we obtain that J is a uniform contraction with respect to v. Furthermore, J (·,ω, ξ)
is well defined from Cηcu ((−∞,0];X0) × X0cu to Cηcu ((−∞,0];X0) by setting ṽ = 0. From 
the contraction mapping principle, for any given ξ ∈ X0cu, J (·,ω, ξ) has a unique fixed point 
223
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�( ∩�,1.967 2 TD90 Tc
(()Tj
/�		
1 −KL

(
Cvfrom

)Tjτ0u

1

 will graph graph �
v ∈ Cηcu ((−∞,0];X0). That is, for each t ≤ 0, ξ ∈ X0cu, v (t,ω, ξ) is a unique solution to (12)
and

J (v,ω, ξ) = v (t,ω, ξ) .

Also, for ∀ξ1, ξ2 ∈X0cu,

‖J (v,ω, ξ1)−J (v,ω, ξ2)‖Cηcu
= ‖v (t,ω, ξ1)− v (t,ω, ξ2)‖Cηcu
≤ K ‖ξ1 − ξ2‖ +KL

(
Cζ − 1

γ + ηcu
− 1

ηcu − α

)
‖v (t,ω, ξ1)− v (t,ω, ξ2)‖Cηcu .

Thus

‖v (t,ω, ξ1)− v (t,ω, ξ2)‖Cηcu ≤ K

1 −KL
(
Cζ − 1

γ+ηcu
− 1

ηcu−α

) ‖ξ1 − ξ2‖ . (17)

So v (t,ω, ξ) is Lipschitz continuous from X0cu to Cηcu ((−∞,0];X0). Since v (·,ω, ξ) can be 
an ω-wise limit of the iteration of a contraction mapping J starting at 0 and J maps a mea-
surable function to a measurable function, v (·,ω, ξ) is measurable. By [6, Lemma III.14], v is 
measurable with respect to (·,ω, ξ).
Step 3. We will prove that the center-unstable manifold is given by the graph of a Lipschitz 
continuous map and is invariant.

Let hcu (ξ,ω)= �0sv (0,ω, ξ), then by (15),

hcu (ξ,ω) = lim
λ→+∞

0∫
−∞

φA0s (0, s) λ(λI −As)
−1�sG(θsω, v (s,ω, ξ)) ds.

Since v (0,ω, x) = x, we have hcu (0,ω) = 0 and thus hcu is F -measurable. Indeed, by the 
estimation of �Js and (17), it follows that

∥∥hcu(ξŠ,ω)−hcu113.51.004 Tm
0 Tc
(2)Tj
/F4 1 Tf
9.9623.2349626 66 192. Tf
.5005 0 TD
.1388 Tc
(,�)Tj
1.1455 -.007η+η

cτ9.9762 1 Tf .0199 626 0 0 9.9626 311.79 421.932 Tmτ0 Tcτ(�(� , � ) =  (  graph 
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Proof. In fact, it follows from Lemma 3.3(i) that

u
(
t,ω,Mcu∗ (ω)

) = �−1 (
θtω, v

(
t,ω,�

(
ω,Mcu∗ (ω)

)))
= �−1 (

θtω, v
(
t,ω,Mcu (ω)

)) ⊂ �−1 (
θtω,Mcu (θtω)

)
= Mcu∗ (θtω) .

So Mcu∗ (ω) is invariant. Moreover,

Mcu∗ (ω) = �−1 (
ω,Mcu (ω)

)
=

{
u0 = �−1 (

ω, ξ + hcu (ξ,ω)
) : ξ ∈ X0cu

}
=

{
u0 = ez(θtω)

(
ξ + hcu (ξ,ω)

) : ξ ∈ X0cu

}
=

{
u0 = ξ + ez(θtω)hcu

(
e−z(θtω)ξ,ωλλ0
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v (t,ω, ξ) =φA0c (t,0) ξ +
t∫

0

φA0c (t, s)�cG(θsω, v (s,ω, ξ)) ds

+
t∫

0

φA0u (t, s)�uG(θsω, v (s,ω, ξ)) ds

+ lim
λ→+∞

t∫
−∞

φA0s (t, s) λ (λI −As)
−1 �sG(θsω, v (s,ω, ξ)) ds.

By (17), for ∀ξ, ξ0 ∈X0cu and i = 1, 2, v satisfies

‖v (t,ω, ξ)− v (t,ω, ξ0)‖Cηcu+iν
≤ K

1 −KL
(
Cζ−iν − 1

γ+ηcu+iν
− 1

ηcu−α+iν

) ‖ξ − ξ0‖ . (20)

Fix ν ∈ (0, ν∗], we first prove that v is differentiable from X0cu to Cηcu−ν . For ξ0 ∈ X0cu, 
v ∈ Cηcu+ν , define H : Cηcu+ν → Cηcu+ν as follows

Hv =
t∫

0

φA0c (t, s)�cDvG(θsω, v (s,ω, ξ0)) v (s) ds

+
t∫

0

φA0u (t, s)�uDvG(θsω, v (s,ω, ξ0)) v (s) ds

+ lim
λ→+∞

t∫
−∞

φA0s (t, s) λ (λI −As)
−1 �sDvG(θsω, v (s,ω, ξ0)) v (s) ds.

Using the same arguments as we proved that J is a contraction and noticing that ‖DvG(θsω, v)‖ ≤
Lip G = L, we have H is a bounded linear operator from Cηcu+ν to itself with the norm

‖H‖ ≤KL

(
Cζ−ν − 1

γ + ηcu + ν
− 1

ηcu − α + ν

)
< 1.

Thus id −H is invertible in Cηcu+ν . For ξ, ξ0 ∈ X0cu, set

I (t)=
t∫

0

φA0c (t, s)�c�G (s) ds +
t∫

0

φA0u (t, s)�u�G (s) ds

+ lim
λ→+∞

t∫
−∞

φA0s (t, s) λ (λI −As)
−1 �s�G (s) ds,

where
226
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�G (s) =G(θsω, v (s,ω, ξ))−G(θsω, v (s,ω, ξ0))

−DvG(θsω, v (s,ω, ξ0)) (v (s,ω, ξ)− v (s,ω, ξ0)) .

We prove ‖I‖Cηcu−ν
= o (‖ξ − ξ0‖) as ξ → ξ0, then we have

v (·,ω, ξ)− v (·,ω, ξ0)−H (v (·,ω, ξ)− v (·,ω, ξ0))

= φA0 (t,0) (ξ − ξ0)+ I
= φA0 (t,0) (ξ − ξ0)+ o (‖ξ − ξ0‖) ,

which implies

v (·,ω, ξ)− v (·,ω, ξ0) = (id −H)−1 φA0 (t,0) (ξ − ξ0)+ o (‖ξ − ξ0‖) .

We know that φA0 (t,0) = T (t) e
∫ t

0 z(θrω)dr is a bounded operator, therefore v (·,ω, ξ) is differ-
entiable in ξ and Dξv (·,ω, ξ) ∈ L 

(
X0c,Cηcu+ν

)
. Next we prove ‖I‖Cηcu+ν

= o (‖ξ − ξ0‖) as 

ξ → ξ0. We write e−(ηcu+ν)t−∫ t
0 z(θrω)drI as a sum of six terms, i.e., e−(ηcu+ν)t−∫ t

0 z(θrω)drI =∑6
i=1 Ii , where for t < N1,

I1 = e−(ηcu+ν)t−∫ t
0 z(θrω)dr

t∫
N1

φA0c (t, s)�c�G (s) ds,

and I1 = 0 for t ≥ N1; For t < N1,

I2 = e−(ηcu+ν)t−∫ t
0 z(θrω)dr

N1∫
0

φA0c (t, s)�c�G (s) ds,

and change N1 to t if t ≥ N1. For t < N2,

I3 = e−(ηcu+ν)t−∫ t
0 z(θrω)dr

t∫
N2

φA0u (t, s)�u�G (s) ds,

and I3 = 0 for t ≥ N2; For t < N2,

I4 = e−(ηcu+ν)t−∫ t
0 z(θrω)dr

N2∫
0

φA0u (t, s)�u�G (s) ds,

and change N2 to t if t ≥ N2. For t > N3,

I5 = e−(ηcu+ν)t−∫ t
0 z(θrω)dr lim

λ→+∞

t∫
φA0s (t, s) λ (λI −As)

−1 �s�G (s) ds,
N3
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and I5 = 0 for t ≤ N3; For t > N3,

I6 = e−(ηcu+ν)t−∫ t
0 z(θrω)dr lim

λ→+∞

N3∫
−∞

φA0s (t, s) λ (λI −As)
−1 �s�G )s) ds,

and change N3 to t if t ≤ N3. N1, N2, N3 above are negative numbers to be chosen later. By (4)
and (17), for t < N1,

|I1| ≤ 2KL

N1∫
t

eγ |t−s|e−(ηcu+ν)t e(ηcu+2ν)sds ‖v (·,ω, ξ)− v (·,ω, ξ0)‖Cηcu+2ν

≤ 2KL‖v (·,ω, ξ)− v (·,ω, ξ0)‖Cηcu+2ν
e−(γ+ηcu+ν)t

N1∫
t

e(γ+ηcu+2ν)sds

≤ −2K2L

(γ + ηcu + 2ν)
[
1 −KL

(
Cζ−2ν − 1

γ+ηcu+2ν − 1
ηcu−α+2ν

)]eνN1 ‖ξ − ξ0‖ .

For given ε > 0, choose N1 so negative that

sup
t≤0

|I1| ≤ ε

6
‖ξ − ξ0‖ . (21)

Fix such N1, for t ≤ 0,

|I2| ≤ K ‖v (·,ω, ξ)− v (·,ω, ξ0)‖Cηcu+ν
e−(γ+ηcu+ν)t

0∫
N1

e(γ+ηcu+ν)s

×
1∫

0

‖DvG(θsω, τv (s,ω, ξ)+ (1 − τ) v (s,ω, ξ0))−DvG(θsω, v (s,ω, ξ0))‖dτds.

Since G (ω, v) is Ck , DvG (ω, v) is continuous. For ε > 0, there exists ρ1 > 0 such that if 
‖ξ − ξ0‖ < ρ1,

‖DvG(θsω, τv (s,ω, ξ)+ (1 − τ) v (s,ω, ξ0))−DvG(θsω, v (s,ω, ξ0))‖

≤
−ε (γ + ηcu + ν)

[
1 −KL

(
Cζ−ν − 1

γ+ηcu+ν
− 1

ηcu−α+ν

)]
6K2e(γ+ηcu+ν)N1

.

Then by (17),

sup |I2| ≤ ε

6
‖ξ − ξ0‖ for ‖ξ − ξ0‖ < ρ1. (22)
t≤0
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Similarly, by choosing N2 to be sufficiently negative, we have

sup
t≤0

|I3| ≤ ε

6
|ξ − ξ0| . (23)

Fix such N2, there exists ρ2 > 0 such that if ‖ξ − ξ0‖ < ρ2,

sup
t≤0

|I4| ≤ ε

6
‖ξ − ξ0‖ . (24)

And for I6, for t > N3,

|I6|

= e−(ηcu+ν)t−∫ t
0 z(θrω)dr

∣∣∣∣ lim
λ→+∞ lim

r→−∞

N3−r∫
0

φA0s (t, l + r) λ(λI −As)
−1�s�G (l + r) dl

∣∣∣∣
≤ 2LCζ−ν sup

h∈(−∞,N3]
e(ζ−ν)(t−h)e−(ηcu+ν)t e(ηcu+2ν)h ‖v (h,ω, ξ)− v (h,ω, ξ0)‖Cηcu+2ν

≤ 2LCζ−ν sup
h∈(−∞,N3]

e(ζ−2ν−ηcu)(t−h)eνh ‖v (·,ω, ξ)− v (·,ω, ξ0)‖Cηcu+2ν

≤ 2LCζ−νe
νN3 ‖v (·,ω, ξ)− v (·,ω, ξ0)‖Cηcu+2ν

≤ 2KLCζ−νe
νN3

1 −KL
(
Cζ−2ν − 1

γ+ηcu+2ν
− 1

ηcu−α+2ν

) ‖ξ − ξ0‖ .

Choose N3 so negative that

sup
t≤0

|I6| ≤ ε

6
‖ξ − ξ0‖ . (25)

Fix such N3, for I5, t > N3,

|I5| = e−(ηcu+ν)t−∫ t
0 z(θrω)dr

∣∣∣∣ lim
λ→+∞

t−N3∫
0

φA0s (t, l +N3) λ(λI −As)
−1�s�G (l +N3) dl

∣∣∣∣
≤ Cζ−2ν sup

h∈[N3,t]
e(ζ−2ν)(t−h)e−(ηcu+ν)t e(ηcu+2ν)h ‖v (h,ω, ξ)− v (h,ω, ξ0)‖Cηcu+2ν

×
1∫

0

‖DvG(θhω, τv (h,ω, ξ)+ (1 − τ) v (h,ω, ξ0))−DvG(θhω,v (h,ω, ξ0))‖dτ

≤ Cζ−2ν sup
h∈[N3,t]

e(ζ−4ν−ηcu)(t−h)eνt ‖v (·,ω, ξ)− v (·,ω, ξ0)‖Cηcu+2ν

×
1∫

0

‖DvG(θhω, τv (h,ω, ξ)+ (1 − τ) v (h,ω, ξ0))−DvG(θhω,v (h,ω, ξ0))‖dτ .
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Similarly, for ε > 0, there exists ρ3 > 0 such that if ‖ξ − ξ0‖ < ρ3,

‖DvG(θhω, τv (h,ω, ξ)+ (1 − τ) v (h,ω, ξ0))−DvG(θhω,v (h,ω, ξ0))‖

≤
1 −KL

(
Cζ−ν − 1

γ+ηcu+ν
− 1

ηcu−α+ν

)
KCζ−2ν

.

Then by (17),

sup
t≤0

|I5| ≤ ε

6
‖ξ − ξ0‖ for ‖ξ − ξ0‖ < ρ3. (26)

By taking ρ0 = min {ρ1, ρ2, ρ3} and combining (21)-(26), we have

‖I‖Cηcu−ν
≤ ε ‖ξ − ξ0‖ for ‖ξ − ξ0‖ < ρ0.

This implies ‖I‖Cηcu−ν
= o (‖ξ − ξ0‖) as ξ → ξ0. Next we prove Dξv (·,ω, ξ) is continuous with 

respect to ξ from X0cu to L 
(
X0cu,Cηcu

)
. By (16), we have

Dξv (t,ω, ξ) = φA0c (t,0)�0cu

+
t∫

0

φA0c (t, s)�cDvG(θsω, v (s,ω, ξ))Dξv (s,ω, ξ) ds

+
t∫

0

φA0u (t, s)�uDvG(θsω, v (s,ω, ξ))Dξv (s,ω, ξ) ds

+ lim
λ→+∞

t∫
−∞

φA0s (t, s) λ (λI −As)
−1 �sDvG(θsω, v (s,ω, ξ))Dξv (s,ω, ξ) ds.

For ξ ∈ X0cu, v ∈ Cηcu , define the operator H′ : Cηcu → Cηcu as follows

H′v =
t∫

0

φA0c (t, s)�cDvG(θsω, v (s,ω, ξ)) v (s) ds

+
t∫

0

φA0u (t, s)�uDvG(θsω, v (s,ω, ξ)) v (s) ds

+ lim
λ→+∞

t∫
−∞

φA0s (t, s) λ (λI −As)
−1 �sDvG(θsω, v (s,ω, ξ)) v (s) ds.

Similarly, we have
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∥∥H′∥∥ ≤KL

(
Cζ−ν − 1

γ + ηcu + ν
− 1

ηcu − α + ν

)
< 1. (27)

For ξ, ξ0 ∈X0cu,

Dξv (t,ω, ξ)−Dξv (t,ω, ξ0)

=
t∫

0

φA0c (t, s)�c

[
DvG(θsω, v (s,ω, ξ))Dξv (s,ω, ξ)

−DvG(θsω, v (s,ω, ξ0))Dξv (s,ω, ξ0)
]
ds

+
t∫

0

φA0u (t, s)�u

[
DvG(θsω, v (s,ω, ξ))Dξv (s,ω, ξ)

−DvG(θsω, v (s,ω, ξ0))Dξv (s,ω, ξ0)
]
ds

+ lim
λ→+∞

t∫
−∞

φA0s (t, s) λ (λI −As)
−1 �s

[
DvG(θsω, v (s,ω, ξ))Dξv (s,ω, ξ)

−DvG(θsω, v (s,ω, ξ0))Dξv (s,ω, ξ0)
]
ds

= H′ (Dξv (t,ω, ξ)−Dξv (t,ω, ξ0)
) + I ′,

(28)

where

I ′ =
t∫

0

φA0c (t, s)�c

[
DvG(θsω, v (s,ω, ξ))−DvG(θsω, v (s,ω, ξ0))

]
Dξv (s,ω, ξ0) ds

+
t∫

0

φA0u (t, s)�u

[
DvG(θsω, v (s,ω, ξ))−DvG(θsω, v (s,ω, ξ0))

]
Dξv (s,ω, ξ0) ds

+ lim
λ→+∞

t∫
−∞

φA0s (t, s) λ (λI −As)
−1 �s

[
DvG(θsω, v (s,ω, ξ))

−DvG(θsω, v (s,ω, ξ0))
]
Dξv (s,ω, ξ0) ds.

By (27), id −H′ has a bounded inverse in L 
(
X0cu,Cηcu

)
. From (28), we have

Dξv (t,ω, ξ)−Dξv (t,ω, ξ0) = (
id −H′)−1 I ′.

Then by (28),
231
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4. Smooth center-stable foliations

In this section, we study the existence of invariant foliations of (1). We first introduce the 
concept of invariant foliations, which relies on the decomposition of the space X as well. Fix 
ω ∈�, let {W (x,ω) : x ∈X0} be a family of submanifolds of X0 parametrized by x ∈X0.

Definition 4.1. A family of submanifolds {Wcs (x,ω) : x ∈ X0} is called a Ck center-stable foli-
ation for X0 if the following conditions are satisfied:

(i) x ∈ Wcs (x,ω) for each x ∈X0.
(ii) Wcs (x,ω) and Wcs (x̃,ω) are either disjoint or identical for each x, x̃ ∈ X0.
(iii) Wcs (0,ω) is tangent to X0cs at the origin, every leaf Wcs (x,ω) is given by the graph of a 

Ck function lcs (·,ω, x) : X0cs →X0u, i.e.,

Wcs = {ι+ lcs (ι,ω, x) : ι ∈X0cs}.

Accordingly, a Ck center-unstable (resp. stable, unstable) foliation Wcu (ω) (resp. Ws (ω), 
Wu (ω)) is given by the graph of a Lipschitz map hi (·,ω) : X0i → X0j , i = cu (resp. s, u) 
and j = s (resp. j = cu, cs).

Define

Wcs (x,ω) = {x̃ ∈X0 : v (t,ω, x̃)− v (t,ω, x) ∈ Cηcs ([0,+∞);X0)},
where v (t,ω, x) is the solution of (4) with initial data v (0)= x. We below prove that Wcs (x,ω)

is invariant and it is given by the graph of a Lipschitz function.

Theorem 4.2. Assume that −β < χ < ηcs and γ < ηcs < min{α, β} with

KL

(
Cχ + 1

ηcs − γ
+ 1

α − ηcs

)
< 1,

and assume for σ ∗ > 0 such that for 0 ≤ σ ≤ σ ∗, γ < ηcs − 2σ < ηcs − σ < min{α, β}, −β <

χ < ηcs − 2σ < ηcs − σ with

KL

(
Cχ+iσ + 1

ηcs − iσ − γ
+ 1

α − iηcs + iσ

)
<

1

6
, i = 1,2, (30)

there exists a Lipschitz invariant center-stable foliation for (4) whose leaf is given by

Wcs (x,ω)= {ι+ lcs (ι,ω, x) : ι ∈ X0cs},
where x ∈X0 and lcs (·,ω, x) : X0cs → X0u is measurable with respect to (ι,ω, x) and Lipschitz 
continuous in ι with

Lip lcs (·,ω, x) ≤ Ks = K2L

(α − ηcs)1 −KL
(
Cχ + 1 + 1

)

ηcs−γ α−ηcs
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)

Moreover, if KuKs < 1 (Ku is defined in Theorem 3.4), then Wcs (x,ω) ∩ Mcu (ω) contains a 
unique point.

Proof. We proceed it in five steps.
Step 1. We prove that x̃ ∈Wcs (x,ω) if and only if there exists a function ψ (·) ∈ Cηcs ([0,+∞);X0
with ψ (0)= x̃ − x which satisfies

ψ (t)=φA0c (t,0) ι+�0s (S ��Gx (v,ψ)) (t)

+
t∫

0

φA0c (t, s)�c�G(θsω, v (s,ω, x) ,ψ (s)) ds

+
t∫

+∞
φA0u (t, s)�u�G(θsω, v (s,ω, x) ,ψ (s)) ds

(31)

where ι =�0cs (x̃ − x) and

�G(θsω, v (s,ω, x) ,ψ (s))= G(θsω, v (s,ω, x)+ψ (s))−G(θsω, v (s,ω, x)) ,

(S ��Gx (v,ψ)) (t) = (S �Gx (v +ψ)) (t)− (S �Gx (v)) (t) .

To this aim, we let x̃ ∈ Wcs (x,ω) and assume that v ∈ Cηcs ([0,+∞);X0) is a solution of (4). 
Let ψ (t) = v (t,ω, x̃)− v (t,ω, x). By the variation of constants formula, one further gets

�0csv (t,ω, x) = φA0c (t,0)�0csx +�0s (S �Gx (v)) (t)

+
t∫

0

φA0c (t, s)�cG(θsω, v (s,ω, x)) ds,

and for all t, l ∈R with t < l,

�0uv (t)= φA0u (t, l)�0uv (l)+
t∫

l

φA0s (t, s)�uG(θsω, v (s)) ds.

Then we get that

�0csψ (t) = φA0c (t,0) ι+�0s (S ��Gx (v,ψ)) (t)

+
t∫

0

φA0c (t, s)�c�G(θsω, v (s,ω, x) ,ψ (s)) ds.
(32)

�0uψ (t)= φA0u (t, l)�0uψ (l)+
t∫
φA0s (t, s)�u�G(θsω, v (s,ω, x) ,ψ (s)) ds.
l
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According to (7), for l > 0,

∥∥φA0u (t, l)�0uψ (l)
∥∥ ≤Keα(t−l)+∫ t

l z(θrω)dr ‖ψ (l)‖
≤Keα(t−l)−ηcs l+

∫ t
0 z(θrω)dreηcs l−

∫ l
0 z(θrω)dr ‖ψ (l)‖

≤Ke(ηcs−α)l−αt+∫ t
0 z(θrω)dr‖ψ‖Cηcs .

Let l → +∞, since ηcs − α < 0, we have

�0uψ (t)=
t∫

+∞
φA0u (t, s)�u�G(θsω, v (s,ω, x) ,ψ (s)) ds. (33)

By summing up (32) and (33), we get (31). The converse can be obtained by a straight computa-
tion.
Step 2. We claim that (31) has a unique solution in Cηcs ([0,+∞);X0) with initial condition 
�0csψ (0,ω, ι, x) = ι for all ι ∈X0cs .

To show this claim, we denote Z (ψ, ι) the right side of (31), i.e.

Z (ψ, ι) =φA0c (t,0) ι+�0s (S ��Gx (v,ψ)) (t)

+
t∫

0

φA0c (t, s)�c�G(θsω, v (s,ω, x) ,ψ (s)) ds

+
t∫

+∞
φA0u (t, s)�u�G(θsω, v (s,ω, x) ,ψ (s)) ds

(34)

It needs to show that Z maps from Cηcs ([0,+∞);X0) × X0cs to Cηcs ([0,+∞);X0) and it is a 
uniform contraction. For ψ, ψ̃ ∈ Cηcs ([0,+∞);X0), −β < χ < ηcs ,

∥∥∥Z (ψ, ι)−Z
(
ψ̃, ι

)∥∥∥
Cηcs

= sup
t≥0

e−ηcs t−
∫ t

0 z(θsω)ds
∥∥∥Z (ψ, ι)−Z

(
ψ̃, ι

)∥∥∥

≤ LCχ sup
s∈[0,t]

e(χ−ηcs )(t−s)
∥∥∥ψ − ψ̃

∥∥∥
Cηcs

+KL sup
t≥0

t∫
0

e(ηcs−γ )(s−t)−ηcss−
∫ s

0 z(θrω)dr
∥∥∥ψ − ψ̃

∥∥∥ds

+KL sup
t≥0

+∞∫
t

e(ηcs−α)(s−t)−ηcss−
∫ s

0 z(θrω)dr
∥∥∥ψ − ψ̃

∥∥∥ds
≤KL

(
Cχ + 1

ηcs − γ
+ 1

α − ηcs

)∥∥∥ψ − ψ̃

∥∥∥
Cηcs

,

which implies that Z is a uniform contraction with respect to ψ . Furthermore, it is straightfor-
ward that Z (·, ι) is well defined from Cηcs ([0,+∞);X0)×X0cs to Cηcs ([0,+∞);X0) by setting 
235



Z. Li, C. Zeng and J. Huang Journal of Differential Equations 396 (2024) 210–256
ψ̃ = 0. From the contraction mapping principle, for any given ι ∈X0cs , Z (·, ι) has a unique fixed 
point ψ ∈ Cηcs ([0,+∞);X0). That is, for each t ≥ 0, ψ (t,ω, ι, x) is a unique solution to (34)
and

Z
(
ψ, ι

) = ψ (t,ω, ι, x) .

Also, for ∀ι1, ι2 ∈ X0cs ,∥∥Z (
ψ, ι1

) −Z
(
ψ, ι2

)∥∥
Cηcs

= ∥∥ψ (t,ω, ι1, x)−ψ (t,ω, ι2, x)
∥∥
Cηcs

≤ K ‖ι1 − ι2‖ +KL

(
Cχ + 1

ηcs − γ
+ 1

α − ηcs

)∥∥ψ (t,ω, ι1, x)−ψ (t,ω, ι2, x)
∥∥
Cηcs

.

Thus

∥∥ψ (t,ω, ι1, x)−ψ (t,ω, ι2, x)
∥∥
Cηcs

≤ K

1 −KL
(
Cχ + 1

ηcs−γ
+ 1

α−ηcs

) ‖ι1 − ι2‖ . (35)

So ψ (t,ω, ·, x) is Lipschitz continuous from X0cu to Cηcs ([0,+∞);X0).
Step 3. We prove that ψ (·,ω, ι, x) is continuous with respect to (ι, x). By (30), there is a fixed 
point in Cηcs−σ and (35) holds with ηcs replaced by ηcs − σ . Then we have

∥∥ψ (t,ω, ι1, x)−ψ (t,ω, ι2, x)
∥∥
Cηcs−σ

≤ 6

5
K‖ι1 − ι2‖ and ‖ψ (t,ω, ι1, x)‖ ≤ 6

5
K‖ι1‖.

For (ι1, x1), (ι2, x2) ∈ X0cs × X0, there exists ψ (·,ω, ι1, x1) , ψ (·,ω, ι2, x2) ∈ Cηcs−σ ⊂ Cηcs . 
For t ≥ 0,

ψ (·,ω, ι1, x1)−ψ (·,ω, ι2, x2) = φA0c (t,0) (ι1 − ι2)+
t∫

0

φA0c (t, s)�c�G (s,ω)ds

+
t∫

+∞
φA0u (t, s)�u�G (s,ω)ds + lim

λ→+∞

t∫
0

φA0s (t, s) λ (λI −As)
−1 �s�G (s,ω)ds

where

�G (s,ω)= �G
(
θsω, v (s,ω, x1) ,ψ (s,ω, ι1, x1)

) −�G
(
θsω, v (s,ω, x2) ,ψ (s,ω, ι2, x2)

)
.

We prove that ‖ψ (·,ω, ι1, x1) − ψ (·,ω, ι2, x2)‖Cηcs = o (1) as (ι1, x1) → (ι2, x2). Set for t >
N1,

E1 = e−ηcs t−
∫ t

0 z(θrω)dr

t∫
φA0c (t, s)�c�G (s,ω)ds,
N1
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and E1 = 0 for t ≤ N1; For t > N1,

E2 = e−ηcs t−
∫ t

0 z(θrω)dr

N1∫
0

φA0c (t, s)�c�G (s,ω)ds,

and change N1 to t if t ≤ N1. For t > N2,

E3 = −e−ηcs t−
∫ t

0 z(θrω)dr

t∫
N2

φA0u (t, s)�c�G (s,ω)ds,

and E3 = 0 for t ≤ N2; For t > N2,

E4 = −e−ηcs t−
∫ t

0 z(θrω)dr

N2∫
−∞

φA0u (t, s)�c�G (s,ω)ds,

and change N2 to t if t ≤ N2. For t > N3,

E5 = e−ηcs t−
∫ t

0 z(θrω)dr lim
λ→+∞

t∫
N3

φA0s (t, s) λ (λI −As)
−1 �s�G (s,ω)ds,

and E5 = 0 for t ≤ N3; For t > N3,

E6 = e−ηcs t−
∫ t

0 z(θrω)dr lim
λ→+∞

N3∫
0

φA0s (t, s) λ (λI −As)
−1 �s�G (s,ω)ds,

and change N3 to t if t ≤ N3. N1, N2, N3 above are large positive numbers to be chosen later. 
For t > N1, and choose ‖ι1 − ι2‖ ≤ 1,

|E1| ≤KL

t∫
N1

e(ηcs−σ−γ )(s−t)e−σ tds[‖ψ (·,ω, ι1, x1)‖Cηcs−σ
+ ‖ψ (·,ω, ι2, x2)‖Cηcs−σ

]

≤ 2K2Le−σN1

1 −KL
(
Cχ+σ + 1

ηcs−σ−γ
+ 1

α−ηcs+σ

) (2‖ι1‖ + 1)

≤ 12

5
KLe−σN1 (2‖ι1‖ + 1) .

For given ε > 0, choose N1 so positive that

sup |E1| ≤ ε

14
. (36)
t≥0
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(

)fx(( sω, v(s,ω, x2

(, +(,
For such N1, for t > N1,

|E2| ≤ e−ηcs t

N1∫
0

Keγ (t−s)−∫ s
0 z(θrω)dr

[
|G (

θsω, v (s,ω, x1)+ψ (s,ω, ι1, x1)
)

−G
(
θsω, v (s,ω, x2)+ψ (s,ω, ι2, x2)

)  
s ∈, v(s,∈, x2

)(
GTDτ(3)Tjτ/Fβ 1 Tfτ.4047 -.81057 TDτ(3)Tjτ/cτ(64)Tjτ/Fs 1 Tfτ-29.79513303732 T3.47466τ(()Tjτ.φ 1 Tfτ.9738 0 T61.2984 Tcτ(Ke)Tjτ7.L716 0 0 7.5716 84.54 5364.314 13.00Tcτ(1)Tjτ/F3 1 Tfτ5.9776 0 0 5.9776 115.35691.9382 120.814jτ/F9 1 Tfτ9.9626 0 0 9.9626 107.05883.0814 111TD�c s 2s( f 2 r �  s |

x , ω 1 , x 1x , ω 1 , x 1 (
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|E5| = e−ηcs t−
∫ t

0 z(θrω)dr

∣∣∣∣ lim
λ→+∞

t−N3∫
0

φA0s (t, l +N3) λ(λI −As)
−1�s�G (l +N3) dl

∣∣∣∣
≤ LCχ+σ sup

h∈[N3,t]
e(χ+σ)(t−h)e−ηcs t e(ηcs−2σ)h[‖ψ (h,ω, ι1, x1)‖Cηcs−2σ

+ ‖ψ (h,ω, ι2, x2)‖Cηcs−2σ ]
≤ LCχ+σ sup

h∈[N3,t]
e(χ+2σ−ηcs )(t−h)e−σ t [‖ψ (·,ω, ι1, x1)‖Cηcs−2σ + ‖ψ (·,ω, ι2, x2)‖Cηcs−2σ ]

≤ 2KLCχ+σ e
−σN3

1 −KL
(
Cχ+2σ + 1

ηcs−2σ−γ
+ 1

α−ηcs+2σ

) (2‖ι1‖ + 1)

≤ 12

5
LCχ+σ e

−σN3 (2‖ι1‖ + 1) .

For given ε > 0, choose N3 so positive that

sup
t≥0

|E5| ≤ ε

14
. (40)

Fix such N3, for t > N3,

|E6| ≤ LCχ+σ sup
s∈[0,N3]

e(χ+σ−ηcs )(t−s)
[
|G (

θsω, v (s,ω, x1)+ψ (s,ω, ι1, x1)
)

−G
(
θsω, v (s,ω, x2)+ψ (s,ω, ι2, x2)

) | + |G(θsω, v (s,ω, x1))−G(θsω, v (s,ω, x2)) |
]

≤ KLCχ+σ

[
‖ψ (·,ω, ι1, x1)−ψ (·,ω, ι2, x2)‖Cηcs + 2‖v (·,ω, x1)− v (·,ω, x2)‖Cηcs

]
.

There exists δ3 > 0 such that if ‖x1 − x2‖ < δ3, we have

sup
0≤t≤N3

‖v (t,ω, x1)− v (t,ω, x2)‖ ≤ ε

14
· 1

2KLCχ+σ

.

Then we get that if t > N3 and ‖x1 − x2‖ < δ3, we have

|E6| ≤ 1

6
‖ψ (·,ω, ι1, x1)−ψ (·,ω, ι2, x2)‖Cηcs + ε

14
. (41)

If t ≤ N3, choose the same δ3 and if ‖x1 − x2‖ < δ3, we have

sup
0≤s≤t

‖v (s,ω, x1)− v (s,ω, x2)‖ ≤ sup
0≤t≤N3

‖v (t,ω, x1)− v (t,ω, x2)‖ ≤ ε

14
· 1

2KLCχ+σ

,

still yielding (41). And there exists δ0 > 0, such that if ‖ι1 − ι2‖ < δ0,

sup e−ηcs t−
∫ t

0 z(θrω)dr‖φA0c (t,0) (ι1 − ι2)‖ ≤ sup e(γ−ηcs )t‖ι1 − ι2‖ ≤ ε

14
. (42)
t≥0 t≥0
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Take δ = min{δ0, δ1, δ2, δ3, 1}, from (36)-(42), we have if ‖x1 − x2‖ < δ, ‖ι1 − ι2‖ < δ, then

‖ψ (·,ω, ι1, x1)−ψ (·,ω, ι2, x2)‖Cηcs ≤ 1

2
‖ψ (·,ω, ι1, x1)−ψ (·,ω, ι2, x2)‖Cηcs + ε

2
,

which means

‖ψ (·,ω, ι1, x1)−ψ (·,ω, ι2, x2)‖Cηcs ≤ ε.

Therefore ψ (·,ω, ι, x) is continuous with respect to (ι, x). Since ψ (·,ω, ι, x) can be an ω-wise 
limit of the iteration of a contraction mapping Z starting at 0 and Z maps a measurable function 
to a measurable function, ψ (·,ω, ι, x) is measurable. By [6, Lemma III.14], ψ is measurable 
with respect to (ω, ι, x).
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which implies

ξ = lcs (ι,ω, x) and ι = hcu (ξ,ω) . (44)

By the Lipschitz continuity of
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Therefore, Wcs∗ (x,ω) is a Lipschitz center invariant foliation given by the graph of a Lipschitz 
continuous function lcs∗ (ι,ω, x)= ez(θtω)lcs

(
e−z(θtω)ι,ω, x

)
over X0cs . �

By similar arguments, we could get the existence of a center-unstable foliation Wcu∗ (x,ω)
of (1). Then there is a center foliation Wc (x,ω), which is obtained by an intersection of the 
other two: Wc = Wcs∗ ∩ Wcu∗. Next we discuss the smoothness of Wcs∗ (x,ω). We have the 
following result.

Theorem 4.4. Assume that F is Ck in u. For −β < χ < kηcs and γ < kηcs < min{α, β} with

KL

(
Cχ+(i−1)ηcs + 1

iηcs − γ
+ 1

α − iηcs

)
< 1, for all 1 ≤ i ≤ k (45)

then lcs (ι,ω, x) is Ck in ι for x ∈X0.

Proof. Step 1. We prove that the fixed point ψ (t,ω, ι, x) of the Lyapunov-Perron operator 
Z (·, ι) defined in Theorem 4.2 is C1. For notational simplify, we denote Cηcs ([0,+∞);X0)

by Cηcs from now on. Notice that for γ < η′
cs < η′′

cs < min {α,β}, Cη′
cs

⊂ Cη′′
cs

, thus a fixed point 
in Cη′

cs
must be in Cη′′

cs
. So ψ (·,ω, ι, x) is independent of ηcs satisfying (45).

Clearly, there exists ν∗ > 0 such that for 0 < ν ≤ ν∗, we have −β < χ < iηcs −2ν < iηcs −ν, 
γ < iηcs − 2ν < iηcs − ν < min {α,β} and

KL

(
Cχ+jν + 1

iηcs − jν − γ
+ 1

α − iηcs + jν

)
< 1, for all 1 ≤ i ≤ k, j = 1,2. (46)

Then Z (·, ι) is a uniform contraction in Cηcs−ν ⊂ Cηcs . By (34), for ι ∈ X0cs ,

ψ (t,ω, ι, x) =φA0c (t,0) ι+�0s
(
S ��Gx

(
v,ψ

))
(t)

+
t∫

0

φA0c (t, s)�c�G
(
θsω, v (s) ,ψ (s,ω, ι, x)

)
ds

−
+∞∫
t

φA0u (t, s)�u�G
(
θsω, v (s) ,ψ (s,ω, ι, x)

)
ds.

By (35), for ι, ι0 ∈X0cs and i = 1, 2, ψ satisfies

∥∥ψ (t,ω, ι, x)−ψ (t,ω, ι0, x)
∥∥
Cηcs−iν

≤ K ‖ι1 − ι2‖
1 −KL

(
Cχ+iν + 1

ηcs−iν−γ
+ 1

α−ηcs+iν

) .

Fix ν ∈ (0, ν∗], we first prove that 
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T ψ =
t∫

0

φA0c (t, s)�cDψ�G
(
θsω, v (s) ,ψ (s,ω, ι0, x)

)
ψ (s) ds

−
+∞∫
t

φA0u (t, s)�uDψ�G
(
θsω, v (s) ,ψ (s,ω, ι0, x)

)
ψ (s) ds

+ lim
λ→+∞

t∫
0

φA0s (t, s) λ(λI −As)
−1

×�sDψ�G
(
θsω, v (s) ,ψ (s,ω, ι0, x)

)
ψ (s) ds.

Using the same arguments as we proved that Z is a contraction and 
∥∥Dψ�G(θsω, v,ψ)

∥∥ ≤
Lip G = L, we have T is a bounded linear operator from Cηcs−ν to itself with the norm

‖T ‖ ≤ KL

(
Cχ+ν + 1

ηcs − ν − γ
+ 1

α − ηcs + ν

)
< 1.

Thus id − T is invertible in Cηcs−ν . For ι, ι0 ∈X0cs , set

S (t)=
t∫

0

φA0c (t, s)�c�G(ψ) (s) ds −
+∞∫
t

φA0u (t, s)�u�G(ψ) (s) ds

+ lim
λ→+∞

t∫
0

φA0s (t, s) λ(λI −As)
−1�s�G(ψ) (s) ds

where

�G(ψ) (s) = �G
(
θsω, v (s) ,ψ (s,ω, ι, x)

) −�G
(
θsω, v (s) ,ψ (s,ω, ι0, x)

)
−Dψ�G

(
θsω, v (s) ,ψ (s,ω, ι0, x)

) (
ψ (s,ω, ι, x)−ψ (s,ω, ι0, x)

)
= G

(
θsω, v (s)+ψ (s,ω, ι, x)

) −G
(
θsω, v (s)+ψ (s,ω, ι0, x)

)
−DψG

(
θsω, v (s)+ψ (s,ω, ι0, x)

) (
ψ (s,ω, ι, x)−ψ (s,ω, ι0, x)

)
.

We prove ‖S‖Cηcs−ν
= o (‖ι− ι0‖) as ι → ι0, then we have

ψ (·,ω, ι, x)−ψ (·,ω, ι0, x)− T
(
ψ (·,ω, ι, x)−ψ (·,ω, ι0, x)

)
= φA0 (t,0) (ι− ι0)+ S
= φA0 (t,0) (ι− ι0)+ o (‖ι− ι0‖) ,

which implies

ψ (·,ω, ι, x)−ψ (·,ω, ι0, x) = (id − T )−1 φA (t,0) (ι− ι0)+ o (‖ι− ι0‖) .
0
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We know that φA0 (t,0) = T (t) e
∫ t

0 z(θrω)dr is a bounded operator, therefore ψ (·,ω, ι, x) is dif-
ferentiable in ι and Dιψ (·,ω, ι, x) ∈ L 

(
X0cs,Cηcs−ν

)
. Next we prove ‖S‖Cηcs−ν

= o (‖ι− ι0‖)
as ι → ι0. We write e−(ηcs−ν)t−∫ t

0 z(θrω)drS = ∑6
i=1 Si , where for t > N1,

S1 = e−(ηcs−ν)t−∫ t
0 z(θrω)dr

t∫
N1

φA0c (t, s)�c�G(ψ) (s) ds,

and S1 = 0 for t ≤ N1; For t > N1,

S2 = e−(ηcs−ν)t−∫ t
0 z(θrω)dr

N1∫
0

φA0c (t, s)�c�G(ψ) (s) ds,

and change N1 to t if t ≤ N1. For t > N2,

S3 = −e−(ηcs−ν)t−∫ t
0 z(θrω)dr

N2∫
t

φA0u (t, s)�u�G(ψ) (s) ds,

and S3 = 0 for t ≤ N2; For t < N2,

S4 = −e−(ηcs−ν)t−∫ t
0 z(θrω)dr

+∞∫
N2

φA0u (t, s)�u�G(ψ) (s) ds,

and change N2 to t if t ≥ N2. For t > N3,

S5 = e−(ηcs−ν)t−∫ t
0 z(θrω)dr lim

λ→+∞

t∫
N3

φA0s (t, s) λ(λI −As)
−1�s�G(ψ) (s) ds,

and S5 = 0 for t ≤ N3; For t > N3,

S6 = e−(ηcs−ν)t−∫ t
0 z(θrω)dr lim

λ→+∞

N3∫
0

φA0s (t, s) λ(λI −As)
−1�s�G(ψ) (s) ds,

and change N3 to t if t ≤ N3. N1, N2, N3 above are large positive numbers to be chosen later. 
By (5) and (35), for t > N1,
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|S1| ≤ 2KL

t∫
N1

eγ (t−s)e−(ηcs−ν)t e(ηcs−2ν)s
∥∥ψ (·,ω, ι, x)−ψ (·,ω, ι0, x)

∥∥
Cηcs−2ν

ds

≤ 2KL
∥∥ψ (·,ω, ι, x)−ψ (·,ω, ι0, x)

∥∥
Cηcs−2ν

e(γ−ηcs+ν)t

t∫
N1

e(ηcs−2ν−γ )sds

≤ 2K2L

(ηcs − 2ν − γ )
[
1 −KL

(
Cζ+2ν + 1

ηcs−2ν−γ
+ 1

α−ηcs+2ν

)]e−νN1 ‖ι− ι0‖ .

Choose N1 so large that

sup
t≥0

|S1| ≤ ε

6
‖ι− ι0‖ . (47)

Fix such N1,

|S2| ≤ K
∥∥ψ (·,ω, ι, x)−ψ (·,ω, ι0, x)

∥∥
Cηcs−ν

e(γ−ηcs+ν)t

N1∫
0

e(ηcs−ν−γ )s

×
1∫

0

∥∥∥DψG
(
θsω, v (s)+ τψ (s,ω, ι, x)+ (1 − τ)ψ (s,ω, ι0, x)

)

−DψG
(
θsω, v (s)+ψ (s,ω, ι0, x)

)∥∥∥dτds.
Since G (ω, v) is Ck , DψG (ω, v,ψ) is continuous. For ε > 0, there exists ρ1 > 0 such that if 
‖ι− ι0‖ < ρ1, ∥∥∥DψG

(
θsω, v (s)+ τψ (s,ω, ι, x)+ (1 − τ)ψ (s,ω, ι0, x)

)
−DψG

(
θsω, v (s)+ψ (s,ω, ι0, x)

)∥∥∥
≤

ε (ηcs − ν − γ )
[
1 −KL

(
Cζ+ν + 1

ηcs−ν−γ
+ 1

α−ηcs+ν

)]
6K2e(ηcs−ν−γ )N1

.

Then by (35),

sup
t≥0

|S2| ≤ ε

6
‖ι− ι0‖ for ‖ι− ι0‖ < ρ1. (48)

Similarly, by choosing N2 to be sufficiently large, we have

sup
t≥0

|S3| ≤ ε

6
‖ι− ι0‖ . (49)

Fix such N2, there exists ρ2 > 0 such that if ‖ι− ι0‖ < ρ2,
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sup
t≥0

|S4| ≤ ε

6
‖ι− ι0‖ for ‖ι− ι0‖ < ρ2. (50)

For S5, if t > N3,

|S5| = e−(ηcs−ν)t−∫ t
0 z(θrω)dr lim

λ→+∞

t−N3∫
0

φA0s (t, l +N3) λ(λI −As)
−1�s�G(ψ) (l +N3) dl

≤ 2LCχ+2ν sup
h∈[N3,t]

e(χ+4ν−ηcs )(t−h)e−νt
∥∥ψ (·,ω, ι, x)−ψ (·,ω, ι0, x)

∥∥
Cηcs−2ν

≤ 2KLCχ+2νe
−νN3

1 −KL
(
Cχ+2ν + 1

ηcs−2ν−γ
+ 1

α−ηcs+2ν

) ‖ι− ι0‖ .

Choose N3 so large that

sup
t≥0

|S5| ≤ ε

6
‖ι− ι0‖ . (51)

And for the last one S6,

|S6| ≤ LCχ+ν sup
s∈[0,N3]

e(χ+2ν−ηcs )(t−s)
∥∥ψ (·,ω, ι, x)−ψ (·,ω, ι0, x)

∥∥
Cηcs−ν

×
1∫

0

∥∥∥DψG
(
θsω, v (s)+ τψ (s,ω, ι, x)+ (1 − τ)ψ (s,ω, ι0, x)

)

−DψG
(
θsω, v (s)+ψ (s,ω, ι0, x)

)∥∥∥dτ .
For ε > 0, there exists ρ3 > 0 such that if ‖ι− ι0‖ < ρ3,

∥∥∥DψG
(
θsω, v (s)+ τψ (s,ω, ι, x)+ (1 − τ)ψ (s,ω, ι0, x)

)
−DψG

(
θsω, v (s)+ψ (s,ω, ι0, x)

)∥∥∥
≤

1 −KL
(
Cχ+ν + 1

ηcs−ν−γ
+ 1

α−ηcs+ν

)
KLCχ+ν

.

Then by (35),

sup
t≥0

|S6| ≤ ε

6
‖ι− ι0‖ for ‖ι− ι0‖ < ρ3. (52)

By taking ρ0 = min {ρ1, ρ2, ρ3} and combining (47)-(52), we have

‖S‖C ≤ ε ‖ι− ι0‖ for ‖ι− ι0‖ < ρ0.
ηcs−ν
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This implies ‖S‖Cηcs−ν
= o (‖ι− ι0‖) as ι → ι0. Next we prove Dιψ (·,ω, ι) is continuous with 

respect to ι from X0cs to L 
(
X0cs,Cη

)
. By (31), we have

Dιψ (t,ω, ι, x) = φA0c (t,0)�0cs

+
t∫

0

φA0c (t, s)�cDψG
(
θsω, v (s)+ψ (s,ω, ι, x)

)
Dιψ (s,ω, ι, x) ds

−
+∞∫
t

φA0u (t, s)�uDψG
(
θsω, v (s)+ψ (s,ω, ι, x)

)
Dιψ (s,ω, ι, x) ds

+ lim
λ→+∞

t∫
0

φA0s (t, s) λ(λI −As)
−1

×�sDψG
(
θsω, v (s)+ψ (s,ω, ι, x)

)
Dιψ (s,ω, ι, x) ds.

For ι ∈ X0cs and ψ ∈ Cηcs , define the operator T ′ : Cηcs → Cηcs as follows (replace the ι0 with ι
in the definition of T )

T ′ψ =
t∫

0

φA0c (t, s)�cDψ�G
(
θsω, v (s) ,ψ (s,ω, ι, x)

)
ψ (s) ds

−
+∞∫
t

φA0u (t, s)�uDψ�G
(
θsω, v (s) ,ψ (s,ω, ι, x)

)
ψ (s) ds

+ lim
λ→+∞

t∫
0

φA0s (t, s) λ(λI −As)
−1

×�sDψ�G
(
θsω, v (s) ,ψ (s,ω, ι, x)

)
ψ (s) ds.

Similarly, we have

‖T ′‖ ≤ KL

(
Cχ + 1

ηcs − γ
+ 1

α − ηcs

)
< 1. (53)

For ι, ι0 ∈X0cs ,

Dιψ (t,ω, ι, x)−Dιψ (t,ω, ι0, x)

=
t∫

0

φA0c (t, s)�c

[
DψG

(
θsω, v (s)+ψ (s,ω, ι, x)

)
Dιψ (s,ω, ι, x)

−DψG
(
θsω, v (s)+ψ (s,ω, ι0, x)

)
Dιψ (s,ω, ι0, x)

]
ds
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+
t∫

+∞
φA0u (t, s)�u

[
DψG

(
θsω, v (s)+ψ (s,ω, ι, x)

)
Dιψ (s,ω, ι, x)

−D
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Step 2. We prove ψ (t,ω, ι, x) is Ck .
Make the inductive assumption that ψ (·,ω, ι, x) is Cj from X0cs to Cjηcs for all 1 ≤ j ≤ k − 1

and we prove it for j = k. By calculation, the (k − 1)th-derivative Dk−1
ι ψ (·,ω, ι, x) satisfies the 

following equation

Dk−1
ι ψ (t,ω, ι, x) =

t∫
0

φA0c (t, s)�cDψG
(
θsω, v (s)+ψ (s,ω, ι, x)

)
Dk−1

ι ψ (s,ω, ι, x) ds

−
+∞∫
t

φA0u (t, s)�uDψG
(
θsω, v (s)+ψ (s,ω, ι, x)

)
Dk−1

ι ψ (s,ω, ι, x) ds

+ lim
λ→+∞

t∫
0

φA0s (t, s) λ(λI −As)
−1�sDψG

(
θsω, v (s)+ψ (s,ω, ι, x)

)
Dk−1

ι ψ (s,ω, ι, x) ds

+
t∫

0

φA0c (t, s)�cR (s,ω, ι, x) ds −
+∞∫
t

φA0u (t, s)�uR (s,ω, ι, x) ds

+ lim
λ→+∞

t∫
0

φA0s (t, s) λ(λI −As)
−1�sR (s,ω, ι, x) ds,

where

R (s,ω, ι, x) =
k−3∑
i=1

(
k − 2

i

)
Dk−2−i

ι

(
DψG

(
θsω, v (s)+ψ (s,ω, ι, x)

))
Di+1

ι ψ (s,ω, ι, x) .

Applying the chain rule to Dm−2−i
ι

(
DψG

(
θsω, v (s)+ψ (s,ω, ι, x)

))
, we observe that each 

term in Rm−1 (s,ω, ι, x) contains factors: Di1
ψG

(
θsω, v (s)+ψ (s,ω, ι, x)

)
for some 2 ≤ i1 ≤

m− 1 and at least two derivatives Di2
ι ψ (s,ω, ι, x) and Di3

ι ψ (s,ω, ι, x) for some i2, i3 ∈
{1, ..., m − 2}. Since Di

ιψ (·,ω, ι, x) ∈ Ciηcs for i = 1, ..., m − 1 and F is Ck , Rm−1 (·,ω, ι, x) :
X0cs → Lm−1 (X0cs,X0) are C1 in ι. Using the same argument we used in the case k = 1, we 
can show that Dm−1

ι ψ (·,ω, ι, x) is C1 from X0cs to Lm
(
X0cs,Cmηcs

)
. So ψ (t,ω, ι, x) is Ck . 

Thus lcs (ι,ω, x) is Ck , which guarantees the Ck-smoothness of Wcs∗ (x,ω). �
5. Illustrative examples

In this section, we give two examples about age-structured problems and stochastic parabolic 
equations. Note that we only verify the main assumptions in this article and do not provide 
specific results of invariant manifolds and foliations.

5.1. Age-structured problems

Consider the following age-structured model which is a hyperbolic stochastic partial differen-
tial equation
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂u

∂t
+ ∂u

∂a
= −μu(t, a)+ u (t, a) ◦W (t) , t ≥ t0, a ≥ 0,

u (t,0) =
+∞∫
0

h(t, a)u (t, a) da,

u (t0, ·) = ϕ ∈ L
p
+ ((0,+∞);R) ,

(56)

where a is the age, μ > 0 is the mortality of the population and h ∈ C (R,Lq ((0,+∞) ,R))

(with 1
p

+ 1
q

= 1). W is a one-dimensional Brownian motion. Set the Banach space X := R ×
Lp ((0,+∞) ,R) equipped with the usual product norm∥∥∥∥

(
r

ϕ

)∥∥∥∥ = |r| + ‖ϕ‖Lp
(
(0,+∞),R

) ,
and set X0 := {0R} ×Lp ((0,+∞) ,R). Consider a linear operator A :D (A)⊂ X →X defined 
by

A
(

0
ϕ

)
=

( −ϕ (0)
−ϕ′ −μϕ

)

with

D (A) = {0R} ×W 1,p ((0,+∞) ,R) .

Notice that X0 = D (A) �= X. So A is non-densely defined on X. Also, A is Hille-Yosida if and 
only if p = 1. By [30, Lemma 8.1, Lemma 8.3], we have

0 < lim sup
λ→+∞

λ1/p
∥∥∥(λI −A)−1

∥∥∥
L(X)

< ∞,

and we can conclude that A0, the part of A in X0, is Hille-Yosida and generates a C0-semigroup 
{TA0 (t)}t≥0. A generates an integrated semigroup {SA (t)}t≥0. A is an MR operator.

Consider the family of bounded linear operators {F (t)}t≥0 ⊂ L (X0,X) given by

F (t)

(
0

ϕ

)
:=

(∫ +∞
0 h(t, a)ϕ (a) da

0

)
, ∀

(
0

ϕ

)
∈ X.

Take

u∗ (t)=
(

0R2

u (t, ·)
)
, ω (t) =

(
0

W (t)

)
.

Then we can rewrite (56) as

du∗ (t)= (A+F (t)) u∗ (t) dt + u∗ (t) ◦ dω (t) , t ≥ t0, u
∗ (t0) =

(
0R2

ϕ

)
. (57)

Assume additionally
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n d

′ [c≥(5.7[|≥367 ∞ /F4 ∞ [{≥9.96∈6 ′ ′ 9.96∈6 3∞4.95∀ 436E[≥ [m37 ∞ 9[|≥.374 .′′7∈ [=≥(r)[|≥.4679 -.′′7∈ [=67 ′9|≥367 [|≥/F4 ∞∀∞∀ .′′7∈ [=≥(=)[|≥/F4 ∞ [{≥.9∀∀3 ′ [=≥(u)[|≥/F5 ∞ [{≥7.57∞6 ′ ′ 7.57∞6 ∞5∀.664 443.∀∈ [m≥(∗)[|≥/F4 ∞[ [=≥(t)4[(Z.)-∈49.7(Li,)-∈5∈(+).95 [c≥[4 ∞≥(∗)/F4 ∞A[{≥9.96∈6 ′ ′ 9.96∈6 ∈′′.44∈ 4399.∞∈7[4 4.76|≥/F5 ∞ [{≥.5673 .′′7∈ [=≥(+)[|≥/F4 ∞ [≥.′6≥.∈367 [|≥/F4 ∞∀∞∀ .′′7∈4≥(′)[|≥/F4 ∞ [{≥9.[|≥∞.39∞∈ ∞≥.5764 (−664 443.∀∈ [m≥(≥(r)[|≥.46∞ [{≥9.96∈6 ′ ′ 9.96∈6 ∞75.∈6 439∈9.43≥[4 6{≥∈.4/F5 ∞ [{≥.5673 .′′7∈ [=≥(+)[|≥/F4 ∞ [3 [{ 43967 [|≥/F4 ∞∀96∈6 ′ ′∈4 [m≥(L)[|≥5∞ [{≥9.96∈6 ′ ′ 9.96∈6 ∞∞∈.476 4′469∀ ′ 37 ∞ 9[|≥.374 .′′7∈ [=≥(r)[|≥.4679 -.′′7∈ [=∞5()5∈367 [|≥/F4 ∞∀∞∀ .′′7∈4≥(′)[|≥/F4 ∞ [{≥9.96∈6 ′ ′ 9.96∈6 ∞75.∈6 43956.64∀[4 6{≥∈.4/F5 ∞ [{≥.5673 .′′7∈ [=≥(+)[|≥/F4 ∞ [66∈6∞43967 [|≥/F4 ∞∀96∈6 4∈∀ 455.376 [m≥(t)[|≥/F9 ∞ [{≥9.96∈6 ′ E[≥79[|.(+)./F9 ′ [c≥(u)∞′ 74∈4≥3∈ [=(r)97346 B=+≥B9 re≥{[{≥97∈ [=≥(+)[|≥/F4 ∞ [{ 74∈4≥366∈6 [{≥.∈5∞[|≥.4679 ∞ [{≥=≥(∈)[|≥/F∞∈ ∞ [{≥.63 ′[|≥3∀3.43∗)[|≥/F4 ∞ [{≥7.57∞6 ′ ′ 7.57∞6 ∞9′.45∈ 4∈5∀9 ≥.5≥3∀ [{∈≥/F3 ∞ [{≥5.9776 ′ ′ 5.9776 ∈′∈.3∀6 495∀9 ∈)[|3t)[|′∀/F5 ∞ [{≥9.96∈6 ′ ′ 9.96∈6 ∈′′.44∈ 439.∞ ∞ |≥3( )9∀≥/F5 ∞ [{≥7.57∞6 ′ ′ 7.57∞6 ∈∞7.∞64 5∞39936[|≥367 ∞ /F4 ∞S [=≥(t)4[(Z.)-∈49.7(Li,)-∈5∈(+).∈.7∞∈ ′ 4 ∞≥(∗)/F4 ∞A[{≥9.97∞6 ′ ′ 7.57∞6 ∈∞7.∞64 5∞3.3{≥∈.4367 ∞ /F4  9.96∈6 5∞.∞ ∞ [{≥9.[|≥∞.39∞934{≥.∀3∈9 ′ [=≥−664 443.∀∈ [m≥(≥57∞ [{≥∈.′59 ′ [=≥s∀96∈6 4∈∈ .′′7∈ [∀∈′ <</M+;= ∈>>B79 -.′′7∈ [=≥(� ′5∈6 ′ ′ 9.96∈6 5∞F4 ∞s)-5.∞6∞∀9u∞6 ∈9∀.∈∞∀ 4553.596 544.566 [m≥(∈ 6{′∞[m37 ∞ 9[|≥.3= ∈>>B[((r)-79.∀()d)-77.∈(r)][J≥/F5 ∞∈ [49∀4367 ∞ /F4  9.96∈6 5∞F4 ∞s)-5.∞6∞∀9 ′ ′ 7.5s∞6 ∈9∀.∈∞∀ 455.37)[|≥9.96|≥/F9 ∞ [{≥9.96∈6 ′ E[≥79[|.(+)./F9 ′ [c≥(u)33.7336≥3∈ [=(r)97346 B=+≥B9 re≥{[{≥97∈ [=≥(+)[|≥/F4 ∞ 33.7336≥366∈6 [{≥.∈5∞[|≥.4679 ∞ [{≥=≥(∈)[|≥/F∞∈ ∞ [{≥({) ∞ ≥3∀3.43∗)[|≥/F4 ∞ [{≥7.57∞6 ′ ′ 7.57∞6 ∞9′.45∈ 4∈3∞7.96∞≥3∀ [{∈≥/F3 ∞ [{≥5.9776 ′ ′ 5.9776 ∈′∈.3∀6 493∞7.∈.5≥3t
sup
t∈R

‖h(t, ·)‖Lq < +∞.

Then Assumption 2.1 can be easily checked by Hölder’s inequality.

Definition 5.1. A function u∗ ∈ C (R,X0) is an integrated solution of (57) if and only if for each 
t ≥ t0,

t∫
t0

u∗ (r) dr ∈D(A),

and

u∗ (t) = u∗ (t0)+
t∫

t0

[A+F (r)]u∗(r)dr +
t∫

t0

u∗ (r) ◦ dω (r) .

We say that u∗ is a 
 tt  of 57) if a  each  t ≥∗′

∈{≥7343.∀9.∞∈4≥/F4 ∞ [{≥7.57∞6 ′ ′ 7.57∞6 ∈≥7.7∀F3 ∞ [{≥.∈5∞∞(t)[|≥/F9 ∞ [{≥9.96∈6 ′ ′≥∞.3′∀∞ ′ [=≥
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Define

C (R;X) :=
{
f ∈ C (R,X) : ‖f ‖∞ = sup

t∈R
‖f ‖X < +∞

}
.

By [32, Theorem 5.13], we have the following result concerning the exponential dichotomy.

Lemma 5.3. The following assertions are equivalent

(i) The evolution family {UF (t, s)}(t,s)∈� has a exponential dichotomy.
(ii) For each f ∈ C (R;X), there exists a unique integrated solution v ∈ C (R;X0) of

dv (t)

dt
= Av (t)+F (t) v (t)+ f (t) , t ∈R.

With the exponential dichotomy verified, we could study stable and unstable foliations of (56)
by similar arguments in Theorem 4.2. For the exponential trichotomy, one can refer to Chapter 5 
of [29] about the age-structured model with bifurcation parameter.

5.2. Stochastic parabolic equation

We consider the following stochastic parabolic equation with a nonlinear (and nonlocal) 
boundary condition

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

∂u

∂t
= ∂2u

∂x2 + π2u (t, x)+ P (u (t, x))+ u (t, x) ◦ dW (t) , t ≥ 0, x > 0,

− u (t,0)

∂x
= Q(u(t, ·)) ,

u (0, ·) = u0 ∈ Lp ((0,+∞),R) ,

(59)

where P : Lp ((0,+∞),R) → Lp ((0,+∞),R) and Q : Lp ((0,+∞),R) → R are arbitrary 
nonlinear maps which are assumed to be globally Lipschitz continuous and P (0) = Q (0) = 0. 
W is a one-dimensional Brownian motion. Make X := R ×Lp ((0,+∞),R). Consider a linear 
operator A :D (A) ⊂ X → X defined by

A

(
0
ϕ

)
=

(
ϕ′ (0)
ϕ′′

)

with D (A) = {0R} × W 2,p ((0,+∞) ,R). Notice that A0, the part of A in D (A) = {0R} ×
Lp ((0,+∞) ,R), is the generator of the strongly continuous semigroup of bounded operators 
associated to ⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∂u

∂t
= ∂2u

∂x2 , t ≥ 0, x > 0,

− u (t,0)

∂x
= 0,

u (0, ·) = u ∈ Lp ((0,+∞),R) .
0
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That is

A0

(
0
ϕ

)
=

(
0
ϕ′′

)

with

D (A0) =
{(

0

ϕ

)
∈ {0R} ×W 2,p ((0,+∞) ,R) : ϕ′ (0) = 0

}
.

Take

F

(
0
ϕ

)
=

(
Q(ϕ)

P (ϕ)

)
, u∗ (t) =

(
0R2

u (t, ·)
)
, ω (t)=

(
0

W (t)

)
.

Then we can rewrite (59) as⎧⎨
⎩
du∗ (t) =

((
A+ π2I

)
u∗ (t)+ F

(
u∗ (t)

))
dt + u∗ (t) ◦ dω (t) , t ≥ 0,

u∗ (0, ·) = u∗
0 ∈D (A) := X0.

According to [32, Lemma 6.1], A0 is the infinitesimal generator of a C0-semigroup {TA0 (t)}t≥0
on X0. Moreover, 

(
A+ π2I

)
0, the part of 

(
A+ π2I

)
, is the infinitesimal generator of a C0-

semigroup on X0 denoted by {T(
A+π2I

)
0
(t)}t≥0. By [28,30, Proposition 2.5], 

(
A+ π2I

)
gener-

ates a integrated semigroup {S(
A+π2I

) (t)}t≥0. The spectrum of A0 is given by

σ (A0) =
{
− (πk)2 : k ∈ N

}
.

And by [32, Lemma 6.3], we have the following estimations

0 < lim inf
λ→+∞λ1/p∗ ∥∥∥(λI −A)−1

∥∥∥
L(X)

≤ lim sup
λ→+∞

λ1/p∗ ∥∥∥(λI −A)−1
∥∥∥
L(X)

< ∞,

where p∗ = 2p
1+p

. We can obtain that A is non-densely defined and is not a Hille-Yosida operator 
when p > 1. Assumption 2.1 is obviously satisfied by the Lipschitz continuity of P, Q. We make 
another assumption additionally.

Assumption 5.1. Let A : D (A) ⊂ X → X be a linear operator on a Banach space X. Assume 
that there exist two constants, ωA ∈R and MA > 0, such that

(i) ρ (A0) ⊃ {λ ∈C : Re (λ)> ωA} and∥∥∥(λ−ωA) (λI −A0)
−1

∥∥∥
L(X0)

≤ MA, ∀λ ∈C, Re (λ)> ωA;

(ii) (ωA,+∞) ⊂ ρ (A) and there exists p∗ > 1 such that

lim supλ1/p∗ ∥∥∥(λI −A)−1
∥∥∥
L(X)

< ∞.

λ→+∞
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0} ,  β

2.1], and 
The above assumption can be reformulated by saying that A0 is sectorial and A is 1
p∗ -almost 

sectorial. By [32, Lemma 6.1-6.3], Assumption 5.1 is satisfied. Then by [12, Theorem 3.11], for 
fixed λ >ωA, p̂ > p∗ and τ0 > 0, for each f ∈ Lp̂ ([0, τ0],X), the following estimate holds

∥∥ (S � f ) (t)
∥∥ ≤ Mβ,τ0

t∫
0

(t − s)−β eωA(t−s)‖f (s)‖ ds, ∀t ∈ [0, τ0],

where β ∈
(

1 − 1
p∗ ,1 − 1

p̂

)
and Mβ,τ0 is some positive constant. Therefore

∥∥ (S � f ) (t)
∥∥ ≤

⎛
⎝Mβ,τ0

t∫
0

(t − s)−β eωA(t−s)ds

⎞
⎠ sup

s∈[0,t]
‖f (s)‖ , ∀t ∈ [0, τ0].

Then by [32, Lemma 6.4], A is an MR operator. Then we check Assumption 2.2. In fact, by [32, 
Lemma 6.2] and [29, Lemma 2.1], we have σ (A0) = σ (A), then

σ
(
A+ π2I

)
= σ

(
A0 + π2I

)
=

{
− (πk)2 + π2 : k ∈N

}
=

{
π2,0,−3π2,−8π2,−15π2, ...

}

and each eigenvalue λk = (
1 − k2

)
π2 corresponding to the eigenfunction

ψk (x) = sin (πkx) .

By Remark 2.11, we could take α = π2 − ε∗, β = π2 + ε∗ and γ = γ ∗ ∈ (
0,π2 − ε∗) for 

some ε∗ ∈ (
0,π2

)
. Thus the spectrum of A0 + π2I could be split into three parts σ 0s ={(

1 − k2
)
π2 : k = 2,3, ...

}
, σ 0c = {0} , σ 0u = {

π2
}
. So A0 + π2I satisfies the exponential tri-

chotomy condition and the Assumption 2.2 is satisfied. The center subspace 

a\{≥∞6∞37 6{≥.∞( )[|≥/F4 ∞ [{≥.4∞′∞ ′ [=≥(∪)[|≥/F5 ∞ tis�ed.  
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