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Abstract. The aim of this paper is to develop a center manifold theory for
a class of stochastic partial di�erential equations with a non-dense domain
through the Lyapunov-Perron method. We construct a novel variation of con-
stants formula by the resolvent operator to formulate the integrated solutions.
Moreover, we impose an additional condition involving a non-decreasing map
to deduce the required estimate since Young’s convolution inequality is not
applicable. As an application, we present a stochastic parabolic equation to
illustrate the obtained results.

1. Introduction. In this paper, we shall study the existence of center invariant
manifolds of the following Stratonovich stochastic evolution equation

�
du = Audt + F (u) + u � dW ; t 2 [0; T ]
u (0) = u0 2 D (A):

(1.1)

where A : D (A) � X ! X is a linear operator and D (A) 6= X , namely, its do-
main is non-densely de�ned. Indeed,W is a one-dimensional Brownian motion and
F : D (A) ! X is globally Lipschitz continuous. Note that the Cauchy problem
to (1.1) is ill-posed if the Hille-Yosida theory for C0-semigroup generated byA
breaks down. Such Cauchy problems with a non-dense domain cover several types
of di�erential equations, such as delay di�erential equations, age-structured models
and some partial di�erential equations, evolution equations with nonlinear bound-
ary conditions. To overcome the embarrassment, the integrated semigroup theory
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and established the existence of random stable/unstable manifolds based on the
Lyapunov-Perron method. A similar idea was extended to study the invariant fo-
liations of (1.1) by Shen and Zeng [21]. The mentioned work brings much interest
to discern the long-time dynamics of (1.1).

There are several results regarding invariant manifolds in the framework of ran-
dom dynamical systems. Mohammed and Scheutzow [18] studied the existence of
local stable and unstable manifolds of stochastic di�erential equations driven by
semimartingales. Results regarding stable and unstable manifolds for stochastic
partial di�erential equations can be looked up to the work of Duan et al. [11], Lu
and Schmalfuss [13] and Caraballoet al. [5]. As for center manifolds, Chenet
al. [8] studied center manifolds for stochastic partial di�erential equations under
an assumption of exponential trichotomy. Boxler [4] used the multiplicative er-
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which is (B (R) 
 F 
 B (X ) ; B (X )) -measurable and satis�es:
(i) ’ (0; !; x ) = x, for x 2 X and ! 2 
 .
(ii) ’ (t + s; !; x ) = ’ (t; � s!; ’ (s; !; x )) , for all t; s 2 R; x 2 X and all ! 2 
 .

We will use a coordinate transform to convert the stochastic partial di�erential
equation (1.1) into a random evolution equation [6, 10, 11]. To do this, we consider
the linear stochastic di�erential equation

dz + �zdt = dW; (2.1)

where � is a positive parameter. We extract the important results on the stationary
Ornstein-Uhlenbeck process from [6, 11] in the following.

Lemma 2.1. (i) There exists af � t gt 2 R-invariant set ~
 � C0 (R; R) of full mea-
sure satisfying the sublinear growth condition

lim
t !�1

j! (t)j
jt j

= 0 ; ! 2 ~
 :

(ii) The random variable z (! ) = � �
R0

�1 e�s ! (s) ds is well de�ned for all ! 2 ~

and generates a unique stationary solution of(2.1) given by

(t; ! ) 7! z (� t ! ) = � �
Z 0

�1
e�s � t ! (s) ds = � �

Z 0

�1
e�s � t ! (s
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Therefore, it follows from [16, Lemma 2.1] that � (A) = � (A0), and thus � (A) =
� (A0). Indeed, we need the following result.

Lemma 2.2. [14, Lemma 2.1]Let (X; k�k) be a Banach space andA : D (A) � X !
X be a linear operator. Assume that there exists# 2 R, such that (#; + 1 ) � � (A)
and

lim sup
� ! + 1

�



 (�I � A) � 1





L (X 0 )

< + 1 :

Then the following assertions are equivalent:
(i) lim � ! + 1 � (�I � A) � 1x = x; 8x 2 X 0.
(ii) lim � ! + 1 (�I � A) � 1x = 0 ; 8x 2 X .

(iii) D (A0) = X 0.

Now we are ready to present the de�nition of integrated semigroups.

De�nition 2.2. Let (X; k�k) be a Banach space. A family of bounded linear oper-
ators f S (t)gt � 0 on X is called an integrated semigroup if

(i) S (0) = 0 .
(ii) The map t ! S (t)x is continuous on [0; + 1 ) for each x 2 X .

(iii) S (t) satis�es

S (s) S (t) =
Z s

0
(S (r + t) � S (r )) dr; 8s; t � 0:

We next discuss some basic assumptions about operatorA and show that it can
generate an integrated semigroup. Note thatA is said to be a Hille-Yosida operator
if there exist two constants, # 2 R and M � 1, such that (#; + 1 ) � � (A) and




 (�I � A) � k





L (X )
�

M
(� � #)k ; 8� > #; 8k � 1:

Lemma 2.3. [20, Theorem 5.3] A linear operator A : D (A) � X ! X is an
in�nitesimal generator of a C0-semigroup (T (t)) t � 0 satisfying kT (t)k � Me#t , if
and only if

(i) A is densely de�ned in X ;
(ii) A is a Hille-Yosida operator.

Assumption 2.1. Let (X; k�k) be a Banach space and letA : D (A) � X ! X be
a linear operator. Assume that

(a) A is a Hille-Yosida operator on X 0;
(b) lim � ! + 1 (�I � A) � 1x = 0 ; 8x 2 X:

According to Lemma 2.3 and Assumption 2.1, we know thatA0 generates a
C0-semigroup onX 0 denoted by (T (t)) t � 0. It can also be denoted by

�
eA 0 t �

t � 0.
Besides, as concluded in [15, Proposition 2.5],A generates an integrated semigroup
on X denoted by (S (t)) t � 0. For each x 2 X; t � 0, and � > # , (S (t)) t � 0 is given
by

S (t) x = �
Z t

0
T (s) ( �I � A) � 1xds + ( I � T (t)) ( �I � A) � 1x: (2.2)

Also, the map t ! S (t) is continuously di�erentiable if and only if x 2 X 0 and

dS (t) x
dt

= T (t) x; 8t � 0; 8x 2 X 0:
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Lemma 2.4. [14, Lemma 2.6]For each f 2 C1 ([0; T ]; X ), de�ne

(S � f ) ( t) =
Z t

0
S (t � s) f (s)ds; 8t 2 [0; T ] :

Then we have the following:
(i) The map t ! (S � f ) ( t) is continuously di�erentiable on [0; T ].
(ii) ( S � f ) ( t) 2 D (A); 8t 2 [0; T ].

(iii) For each � > # , and eacht 2 [0; T ], we have

(�I � A) � 1 d
dt

(S � f ) ( t) =
Z t

0
T (t � s) ( �I � A) � 1f (s) ds:

Assumption 2.2. Assume that there exists real numberT > 0, and a non-decreasing
map � : [0; T ] ! [0; + 1 ) such that for eachf 2 C1 ([0; T ]; X ),






d
dt

(S � f ) ( t)




 � � (t) sup

s2 [0;t ]
kf (s)k ; 8t 2 [0; T ]:

In order to de�ne the mild solution to (1.1), we recall the non-homogeneous
Cauchy problem [14, 15, 16]

du
dt

= Au (t) + f (t) ; t 2 [0; T ]; u (0) = x 2 X 0; (2.3)

where the linear operatorA is the same as in this article. For eachf 2 C1 ([0; T ]; X ),
we denote

(S � f ) ( t) =
d
dt

(S � f ) ( t) ; 8t 2 [0; T ]:

According to Lemma 2.4 and Lemma 2.2(i ), we have

(S � f ) ( t) = lim
� ! + 1

Z t

0
T (t � s) � (�I � A) � 1f (s) ds; 8t 2 [0; T ]; 8� > #:

Under Assumptions 2.1 and 2.2, equation (2.3) has a unique integrated solutionu
in C ([0; T ] ; X 0), given by

u (t) = T (t) x + ( S � f ) ( t) :

Assumption 2.3. F : X 0 ! X is globally Lipschitz continuous, i.e.

jF (u1) � F (u2)j � L ju1 � u2j;

for any u1; u2 2 X 0, where L is the Lipschitz constant andF (0) = 0 .

To our aim, we de�ne the coordinate transform

v = � ( u; ! ) = ue� z( � t ! ) ;

and its reverse transform

u = � � 1 (v; ! ) = vez( � t ! ) ;

for t � 0. Performing the transformation � ( v; ! ) into (1.1), we obtain
�

dv = Avdt + z (� t ! ) vdt + G (!; v ) dt; t 2 [0; T ]
v (0) = v0 2 X 0; (2.4)

whereG (!; v ) = e� z( � t ! ) F
�
ez( � t ! ) v

�
. Obviously, G and F have the same Lipschitz

constant.

De�nition 2.3. A mapping v 2 C ([0; T ] ; X ) is called an integrated solution of
(2.4) if and only if for 8t 2 [0; T ],
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(i)
Rt

0 v (s) ds 2 D (A).
(ii) It holds

v (t) = v0 + A
Z t

0
v (s) ds +

Z t

0
z (� s! ) v (s) ds +

Z t

0
G (!; v (s)) ds:

We claim that if A is a closed operator, then an integrated solution always belongs
to X 0. In fact,

v0(t) = lim
h ! 0

v (t + h) � v (t)
h

=) v (t) = lim
h ! 0

1
h

Z t + h

t
v (s) ds:

It follows from De�nition 2.3 that
Z t + h

t
v (s) ds 2 D (A);

and thus the required claim is sure. For the linear part of (2.4), we de�ne

� A 0 (t; s) = eA 0 ( t � s)+
Rt

s z( � r ! )dr = T (t � s) e
Rt

s z( � r ! )dr :

As in (2.3), one could de�ne the mile solution to (2.4) as follows.

v (t) = � A 0 (t; 0) v0 + lim
� ! + 1

Z t

0
� A 0 (t; s) � (�I � A) � 1G (� s!; v (s)) ds: (2.5)

The following result was proved in [19, Theorems 4.1 & 4.2].

Lemma 2.5. Under Assumptions 2.1-2.3, equation(2.4) has a unique integrated
solution given by (2.5), which generates a random dynamical system� . Moreover,

(t; !; x ) ! � � 1 (� t !; � ( t; !; � ( !; x ))) =: �̂ ( t; !; x ) ;

is a random dynamical system. Also, this process is a solution of(1.1) for x 2 X 0.

2.3. Exponential Trichotomy.

Assumption 2.4. We assumeT (t) satis�es the exponential trichotomy with expo-
nents � > 
 � 0 � � 
 > � � and boundK , thus there exist two continuous linear
projection operators with �nite-rank � 0c 2 L (X 0) nf 0g and � 0u 2 L (X 0) such that

� 0u � 0c = � 0c� 0u = 0 ;

and
� 0k T (t) = T (t) � 0k ; 8t � 0; 8k 2 f c; ug:

Denote

� 0s = I X 0 � (� 0c + � 0u ) ; X 0c = � 0cX 0; X 0u = � 0u X 0; X 0s = � 0sX 0;

and for all x 2 X 0, it holds

kTA 0c (t)� 0cxk � Ke 
 j t j kxk ; 8t 2 R; (2.6)

kTA 0u (t)� 0u xk � Ke �t kxk ; 8t � 0; (2.7)

kTA 0s (t)� 0sxk � Ke � �t kxk ; 8t � 0; (2.8)
whereA0p = A0jX 0p and TA 0p (t) is the C0-semigroup generated byA0p,8p 2 f c; u; sg.

Remark 2.1. Since for eachk 2 f c; ug, � 0k is �nite-rank projection, then X 0k is
a �nite dimensional subspace ofX 0. Then TA 0k (t) which acts onx 2 X 0k can be
extended to aC0-semigroup, k 2 f c; ug.
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Remark 2.2. Consulting [8], we have that if X 0 is a �nite dimensional space and
there exist eigenvalues with negative, zero, positive real parts, then the exponential
trichotomy holds, and if X 0 is an in�nite dimensional space and the spectrum ofA0
satis�es � (A0) = � 0s [ � 0c [ � 0u , where � 0s = f � 2 � (A0) : Re(� ) � � � g, � 0c =
f � 2 � (A0) : jRe(� )j � 
 g, � 0u = f � 2 � (A0) : Re(� ) � � g, and A0 generates a
strong continuous semigroup, then the exponential trichotomy holds, too (see[12,
page 267]. Since � (A) = � (A0), the spectrum ofA can be split asA0.

Since we only require the Hille-Yosida condition onX 0, one needs to extend the
mentioned projections from X 0 to X and outline the associated statement below.

Lemma 2.6. [16, Proposition 3.5]Let � 0 : X 0 ! X 0 be a bounded linear projection
satisfying

� 0(�I � A0) � 1 = ( �I � A0) � 1� 0; 8� > #:

and

� 0X 0 � D (A0); and A0j � 0 X 0
is bounded:

Then there exists a unique bounded projection� : X ! X such that

(i) � jX 0
= � 0;

(ii) � ( X ) � X 0;
(iii) �( �I � A) � 1 = ( �I � A) � 1� , 8� > # .

Furthermore, for each x 2 X , we have

� x = lim
t ! + 1

� 0� (�I � A) � 1x = lim
h ! 0+

1
h

� 0S (h) x;

where S is the integrated semigroup generated byA.

With the mentioned information at hand, we are ready to state the decomposition
on X . For eachk 2 f c; ug, denote by � k : X ! X the unique extension of � 0k and

� s = I X � (� c + � u ) :

Then we have for eachp 2 f c; u; sg,

� p(�I � A) � 1 = ( �I � A) � 1� p; 8� > #;

and

� p (X 0) � X 0:

Then for eachp 2 f c; u; sg, set

X 0p = � p (X 0) ; X p = � p (X ) ; and Ap = A jX p :

Then for eachk 2 f c; ug,

X 0k = X k ; X 0 = X 0s � X 0c � X 0u ; and X = X s � X c � X u :

Herein, X 0c, X 0u and X 0s are called centre subspace, unstable subspace and stable
subspace ofX 0 respectively. For more details, see [16, page 22].
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2.4. Estimate of Random Wick Convolution. For the sake of notational sim-
plicity, we introduce the notation of random Wick convolution to rewrite (2.5). In
fact, it follows that

v (t) = � A 0 (t; 0) v0 + ( S � G (v)) ( t) ;

where

(S � G (v)) ( t) = lim
� ! + 1

Z t

0
T (t � s) e

Rt
s z( � r ! )dr � (�I � A) � 1G (� s!; v (s)) ds

= lim
� ! + 1

Z t

0
� A 0 (t; s) � (�I � A) � 1G (� s!; v (s)) ds:

Before presenting the useful estimate, we recall a result on (S � f ) ( t).

Lemma 2.7. [16, Proposition 2.13]Let Assumptions 2.1 and 2.2 be satis�ed. Then
for � > # , there existsC� > 0 such that f 2 C ([0; T ] ; X ) and

k(S � f ) ( t)k � C� sup
s2 [0;t ]

e� ( t � s) kf (t)k ; 8t 2 [0; T ]:

Moreover, for each " > 0, if � " > 0 satisfying M� (� " ) � " , it holds

C� =
2"max (1; e� �� " )

1 � e(# � � ) � "
:

Proposition 2.1. Let Assumptions 2.1 and 2.4 be satis�ed, then we have

� 0s (S � G (v)) ( t) = lim
� ! + 1

Z t

0
� A 0s (t; s) � (�I � As) � 1� sG (� s!; v (s)) ds; (2.9)

while for eachk 2 f c; ug,

� 0k (S � G (v)) ( t) =
Z t

0
� A 0k (t; s) � k G (� s!; v (s)) ds: (2.10)

Moreover, for each � > � � , there existsC� > 0, such that for 8t 2 [0; T ], we obtain

k� 0s (S � G (v)) ( t)k � C� sup
s2 [0;t ]

e� ( t � s) e
Rt

s z( � r ! )dr kG (� s!; v (s))k : (2.11)

Proof. We �rst extract some facts from [16, Proposition 3.7] based on Assumption
2.1. To this end, denote � : X ! X by a bounded linear projection and assume

�( �I � A) � 1 = ( �I � A) � 1� ; 8� > #:

Then the linear operator A j �( X ) = A �( X ) satis�es Assumption 2.1 in � ( X ).
Moreover, if � has a �nite rank and � ( X ) � X 0 , then � ( X ) = � ( X 0) � � ( D (A0)) �
D (A0), A j �( X ) is a bounded linear operator from � ( X 0) to itself. In particular,
A j �( X ) = A0j �( X 0 ) . For each x 2 X 0, if we set for eacht 2 [0; T ], that

v (t) = � A 0 (t; 0) x + ( S � G (v)) ( t) ;

then the map t ! � v (t) solves
�

d� v (t) = A0j �( X 0 ) � v (t)dt + � z (� t ! )v (t) dt + � G (� t !; v (t))dt;
� v (0) = � x:

in � ( X 0). This further implies that

� v (t) = � A 0 j �( X 0 )
(t; 0) � x +

�
SA j �( X )

� � G (v)
�

(t) ;
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and

� v (t) = � x + A j �( X )

Z t

0
� v (s)ds +

Z t

0
� z (� s! )v (s) + � G (� s!; v (s))ds:

We now turn to the associated projections and the required estimate. Note that
� s : X ! X is a bounded linear projection satisfying

� s(�I � A) � 1 = ( �I � A) � 1� s; 8� > #:

Also, A j � s (X ) = A j � s (X ) = A jX s = As satis�es Assumption 2.1 in � s (X ) = X s.
Moreover, we know that � s has a �nite rank and � s (X ) � X 0, which further
indicates that A0j � s (X 0 ) = A0jX 0s = A0s and A j � s (X ) = A jX s = As. Thus if for
eachx 2 X 0 and eacht 2 [0; T ], we still set

v (t) = � A 0 (t; 0) x + ( S � G (v)) ( t) ;

then the map t ! � sv (t) solves
�

d� sv (t) = A0s � sv (t)dt + � sz (� t ! )v (t) dt + � sG (� t !; v (t))dt;
� sv (0) = � sx;

in � s (X 0) = X 0s. Then

� sv (t) = � A 0 j � s ( X 0 ) (t; 0) � sx +
�

SA j � s ( X )
� � G (v)

�
(t)

= � A 0s (t; 0) � sx + ( SA s � � G (v)) ( t)

= � A 0s (t; 0) � sx + lim
� ! + 1

Z t

0
� A 0s (t; s) � (�I � As) � 1� sG (� s!; v (s)) ds:

(2.12)

It is easy to prove that � s is a extension of � 0s from X 0 to X , then we apply � 0s
to v (t). In fact, we have

� 0sv (t) = � sv (t) = � A 0s (t; 0) � sx + � 0s (S � G (v)) ( t) : (2.13)

Comparing (2.12) and (2.13), we obtain the required expression (2.9). Similarly, we
can prove that for eachk 2 f c; ug,

� 0k (S � G (v)) ( t) = lim
� ! + 1

Z t

0
� A 0k (t; s) � (�I � Ak ) � 1� k G (� s!; v (s)) ds:

Since � k (X ) � X 0, (2.10) is sure by Lemma 2.2(i ). Finally, it is straightforward
to observe that the required estimate (2.11) is accessible by applying Lemma 2.7 to
� 0s (S � G (v)) ( t) = ( SA s � � sG (v)) ( t) and (2.9).

3. Center Manifolds. This section is dedicated to the existence of invariant man-
ifolds of (1.1) through the Lyapunov-Perron method. Precisely, we shall prove the
existence of the invariant center manifold for (2.4), then use the inverse transfor-
mation � � 1 to get a center manifold of (1.1).

De�nition 3.1. A random set M (! ) is called invariant for a random dynamical
system ’ (t; !; x ) if ’ (t; !; M (! )) � M (� t ! ) for t � 0.

For each � > 0 and a Banach space (X; k�kX ), we de�ne the Banach space

C� (R; X ) =
�

f 2 C (R; X ) : sup
t 2 R

e� � j t j�
Rt

0 z( � s ! )dskf (t)kX < 1
�

;
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with the norm

kf (t)kC � (R;X ) = sup
t 2 R

e� � j t j�
Rt

0 z( � s ! )dskf (t)kX :

Set
M c (! ) := f v0 2 X 0 : v (t; !; v 0) 2 C� (R; X 0)g;

where v (t; !; v 0) is the solution of (2.4) with the initial data v (0) = v0. We below
prove that M c (! ) is invariant and it is given by a graph of a Lipschitz function.

Theorem 3.1. Assume Assumptions 2.1-2.4 hold. If
 < � < min f �; � g and
� � < � < � � with

KL
�

C� +
1

� � 

+

1
� � �

�
< 1; (3.1)

then there exists a center invariant manifold for (2.4), given by

M c (! ) = f � + hc (�; ! ) : � 2 X 0cg;

wherehc (�; ! ) : X 0c ! X 0u
L

X 0s is a Lipschitz continuous map andhc (0; ! ) = 0 .

Proof. We proceed it in four steps.
Step 1. We prove that v0 2 M c (! ) if and only if there exists a function v (�; !; v 0) 2
C� (R; X 0) with v (0) = v0 which satis�es

v (t; !; v 0) = � A 0c (t; 0) � +
Z t

0
� A 0c (t; s) � cG (� s!; v (s)) ds

�
Z + 1

t
� A 0u (t; s) � u G (� s!; v (s)) ds

+ lim
� ! + 1

Z t

�1
� A 0s (t; s) � (�I � As) � 1 � sG (� s!; v (s)) ds;

(3.2)

where � = � 0cv0.
To this aim, we let v0 2 M c (! ) and assume thatv 2 C� (R; X 0) is a solution of

(2.4). Then by the procedure of proof to the Lemma 2.1, fork 2 f c; ug, we have

d� k v (t)
dt

=
d� 0k v (t)

dt
= A0j � k (X 0 ) � k v (t) + � k z (� t ! )v (t) + � k G (� t !; v (t))

= A0k � 0k v (t) + � k z (� t ! )v (t) + � k G (� t !; v (t)) :

By the variation of constants formula, one further gets

� 0cv (t; !; v 0) = � A 0c (t; 0) � +
Z t

0
� A 0c (t; s) � cG (� s!; v (s)) ds; (3.3)

for all t; l 2 R with t < l ,

� 0u v (t; !; v 0) = � A 0u (t; l ) � 0u v (l) +
Z t

l
� A 0u (t; s) � u G (� s!; v (s)) ds: (3.4)

According to (2.7), for l � 0,

k� A 0u (t; l ) � 0u v (l)k � Ke � ( t � l )+
Rt

l z( � r ! )dr kv (l)k

leqKe� ( t � l )+ �l +
Rt

0 z( � r ! )dr e� �l �
R l

0 z( � r ! )dr kv (l)k

� Ke � ( � � � ) l + �t +
Rt

0 z( � r ! )dr kvkC � (R;X 0 ) :
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Let l ! + 1 , we have

� 0u v (t; !; v 0) = �
Z + 1

t
� A 0u (t; s) � u G(� s!; v (s)ds: (3.5)

Moreover, for all t; l 2 R with t � l ,

� 0sv (t) = � A 0s (t; l )� 0sv(l) + � 0s (S � G (v (l + :))) ( t � l)

= � A 0s (t; l ) � 0sv (l) + lim
� ! + 1

Z t

l
� A 0s (t; s) � (�I � As) � 1

� � sG (� s!; v (s)) ds:

(3.6)

According to (2.7), for l � 0,

k� A 0u (t; l ) � 0u v (l)k � Ke � ( t � l )+
Rt

l z( � r ! )dr kv (l)k

� Ke � ( t � l )+ �l +
Rt

0 z( � r ! )dr e� �l �
R l

0 z( � r ! )dr kv (l)k

� Ke � ( � � � ) l + �t +
Rt

0 z( � r ! )dr kvkC � (R;X 0
e

��
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To show this claim, we denoteJ (v; � ) the right side of (3.2), i.e.

J (v; � ) = � A 0c (t; 0) � +
Z t

0
� A 0c (t; s) � cG (� s!; v (s)) ds

�
Z + 1

t
� A 0u (t; s) � u G (� s!; v (s)) ds

+ lim
� ! + 1

Z t

�1
� A 0s (t; s) � (�I � As) � 1 � sG (� s!; v (s)) ds:

(3.10)

So it needs to show thatJ maps from C� (R; X 0) � X 0c to C� (R; X 0) and it is a
uniform contraction. For v; ~v 2 C� (R; X 0)

kJ (v; � ) � J (~v; � )kC � (R;X 0 ) = sup
t 2 R

e� � j t j�
Rt

0 z( � s ! )ds kJ (v; � ) � J (~v; � )k

:= sup
t 2 R

e� � j t j�
Rt

0 z( � s ! )ds (J1 + J2 + J3) ;

where

J1 =






Z t

0
TA 0c (t � s) e

Rt
s z( � r ! )dr � c (G (� s!; v (s)) � G (� s!; ~v (s))) ds





 ;

J2 =






Z + 1

t
TA 0u (t � s) e

Rt
s z( � r ! )dr � u (G (� s!; ~v (s)) � G (� s!; v (s))) ds





 ;

J3 =




 lim

� ! + 1

Z t

�1
� A 0s (t; s) � (�I � As) � 1 � s (G (� s!; v (s)) � G (� s!; ~v (s))) ds





 :

For the center part, it yields

sup
t 2 R

e� � j t j�
Rt

0 z( � s ! )dsJ1 � KL sup
t 2 R

Z t

0
e( 
 � � ) j t � sj� � jsj�

Rs
0 z( � r ! )dr kv � ~vk ds

� KL sup
t 2 R

Z t

0
e( 
 � � ) j t � sj dskv � ~vkC � (R;X 0 )

� KL
1

� � 

kv � ~vkC � (R;X 0 ) :

For the unstable part, it follows that

sup
t 2 R

e� � j t j�
Rt

0 z( � s ! )dsJ2 � KL sup
t 2 R

Z + 1

t
e( � � � )( t � s) � � jsj�

Rs
0 z( � r ! )dr kv � ~vk ds

� KL sup
t 2 R

Z t

0
e( � � � )( t � s) dskv � ~vkC � (R;X 0 )

� KL
1

� � �
kv � ~vkC � (R;X 0 ) :

(3.11)
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For the stable part, according to (2.11), for � with � � < � < � � , we have

J3 =




 lim

� ! + 1
lim

r !�1

Z t

r
� A 0s (t; s) � (�I � A s ) � 1 � s (G (� s !; v (s)) � G (� s !; ~v (s))) ds







=




 lim

� ! + 1
lim

r !�1

Z t � r

0
� A 0s (t; l + r ) � (�I � A s ) � 1

� � s (G (� l + r !; v ( l + r )) � G (� l + r !; ~v ( l + r ))) dl






� lim
r !�1

LC � sup
l 2 [0 ;t � r ]

e� ( t � r � l ) e
Rt

l + r z ( � � ! ) d� kv ( l + r ) � ~v ( l + r )k

= LC � sup
� 2 ( �1 ;t ]

e� ( t � � ) e
Rt

� z ( � � ! ) d� kv (� ) � ~v (� )k ;

implying that

sup
t 2 R

e� � j t j�
Rt

0 z( � s ! )dsJ3 � LC � sup
t 2 R

e� � j t j sup
� 2 ( �1 ;t ]

e� j � j+ � ( t � � )

� e� � j � j�
R�

0 z( � � ! )d� kv (� ) � ~v (� )k

� LC � sup
t 2 R

e� � j t j sup
� 2 ( �1 ;t ]

e� j � j+ � ( t � � ) kv � ~vkC � (R;X 0 ) :

Since � + � < 0, if t � 0,

LC � sup
t � 0

e� � j t j sup
� 2 ( �1 ;t ]

e� j � j+ � ( t � � ) kv � ~vkC � (R;X 0 )

= LC � sup
t � 0

e( � + � ) t sup
� 2 ( �1 ;t ]

e� ( � + � ) � kv � ~vkC � (R;X 0 )

= LC � sup
t � 0

e( � + � ) t e� ( � + � ) t kv � ~vkC � (R;X 0 )

= LC � kv � ~vkC � (R;X 0 ) :

Since � + � < 0 and � > 0, we have� � � > 0, if t � 0,

LC � sup
t � 0

e� � j t j sup
� 2 ( �1 ;t ]

e� j � j+ � ( t � � ) kv � ~vkC � (R;X 0 )

= LC � sup
t � 0

e( � � � ) t sup
� 2 ( �1 ;t ]

e� j � j� �� kv � ~vkC � (R;X 0 )

� LC � sup
t � 0

e( � � � ) t max

 

sup
� 2 ( �1 ;0]

e� ( � + � ) � ; sup
� 2 [0;t ]

e( � � � ) �

!

kv � ~vkC � (R;X 0 )

� LC � sup
t � 0

e( � � � ) t e( � � � ) t kv � ~vkC � (R;X 0 )

= LC � kv � ~vkC � (R;X 0 ) :

Thus
sup
t 2 R

e� � j t j�
Rt

0 z( � s ! )dsJ3 � LC � kv � ~vkC � (R;X 0 ) : (3.12)

By combining the above estimates, we have

kJ (v; � ) � J (~v; � )kC � (R;X 0 ) � KL
�

C� +
1

� � 

+

1
� � �

�
kv � ~vkC � (R;X 0 ) ;

which implies that J is a uniform contraction with respect to v. Furthermore, it is
straightforward that J is well de�ned from C� (R; X 0) � X 0c to C� (R; X 0) by setting
~v = 0. From the contraction mapping principle, for any given � 2 X 0c, J (�; � ) has
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a unique �xed point v 2 C� (R; X 0). That is, for each t 2 R, v (t; !; � ) is a unique
solution to (3.2) and

J (v; � ) = v (t; !; � ) :
Also, for 8� 1; � 2 2 X 0c,

kJ (v; � 1) � J (v; � 2)kC � (R;X 0 )

= kv (t; !; � 1) � v (t; !; � 2)kC � (R;X 0 )

� K j� 1 � � 2j + KL
�

C� +
1

� � 

+

1
� � �

�
kv (t; !; � 1) � v (t; !; � 2)kC � (R;X 0 ) :

Thus

kv (t; !; � 1) � v (t; !; � 2)kC � (R;X 0 ) �
K

1 � KL
�

C� + 1
� � 
 + 1

� � �

� j� 1 � � 2j : (3.13)

So v (t; !; �) is Lipschitz continuous from X 0c to C� (R; X 0). Since v (�; !; � ) can be
an ! -wise limit of the iteration of contraction mapping J starting at 0 and J maps
a measurable function to a measurable function,v (�; !; � ) is measurable. By [7,
Lemma III.14], the mapping v (t; !; �) is measurable with respect to (�; !; � ).
Step 3. We will prove that the center manifold is given by a graph of a Lipschitz
continuous map.

Let hc (�; ! ) = � sv (0; !; � ) + � u v (0; !; � ), then by (3.7) and (3.9),

hc (�; ! ) = lim
� ! + 1

Z 0

�1
� A 0s (0; s) � (�I � As) � 1� sG (� s!; v (s; !; � )) ds

�
Z + 1

0
� A 0u (0; s) � u G (� s!; v (s; !; � )) ds:

Sincev (0; !; v 0) = v0, we havehc (0; ! ) = 0 and thus hc is F -measurable. Indeed,
by (3.11)-(3.13), it follows that

jhc (� 1; ! ) � hc (� 2; ! )j �
K (KL + C� L (� � � ))

(� � � )
�

1 � KL
�

C� + 1
� � 
 + 1

� � �

�� j� 1 � � 2j :

From the de�nition of hc (�; ! ) and the claim in Step 1 , it follows that v0 2 M c (! )
if and only if there exists � 2 X 0c such that v0 = � + hc (�; ! ). Therefore, we have

M c (! ) = f � + hc (�; ! ) : � 2 X 0cg:

Step 4. Finally, we prove M c (! ) is invariant.
Following De�nition 3.1, we need to show that for eachv0 2 M c (! ), v (r; !; v 0) 2

M c (! ) for all r �



CENTER MANIFOLDS FOR ILL-POSED STOCHASTIC EVOLUTION EQUATIONS 2497

So M c� (! ) is invariant. Moreover, for t � 0,

M c� (! ) = � � 1 (!; M c (! ))

=
�

u0 = � � 1 (!; � + hc (�; ! )) : � 2 X 0c
	

=
n

u0 = ez( � t ! ) (� + hc (�; ! )) : � 2 X 0c

o

=
n

u0 = � + ez( � t ! ) hc
�

e� z( � t ! ) �; !
�

: � 2 X 0c

o
:

Therefore, M c� (! ) is a Lipschitz center invariant manifold given by the graph of a
Lipschitz continuous function hc� (�; ! ) = ez( � t ! ) hc �

e� z( � t ! ) �; !
�

over X 0c.

4. Illustrative example. Consider the following stochastic Stratonovich para-
bolic partial equation

8
>>>>>>>>><

>>>>>>>>>:

@u(t; x )
@t

=
�

@2u (t; x )
@x2

+ � 2u (t; x ) + g0 (u (t; x ))
�

dt + u (t; x ) � dW (t)

�
@u(t; 0)

@x
= g1 (u (t; �))

@u(t; 1)
@x

= g2 (u (t; �))

u (0; �) = u0 2 L 2 (0; 1)

(4.1)

where t > 0; x 2 (0; 1) ; g0 : L 2 (0; 1) ! L 2 (0; 1), g1; g2 : L 2 (0; 1) ! R are arbitrary
nonlinear functions, which are assumed to be globally Lipschitz continuous and
g0 (0) = g1 (0) = g2 (0) = 0. Herein, W is a one-dimensional Brownian motion and
L 2 (0; 1) is the usual L 2-space on the interval (0; 1). In order to incorporate the
boundary conditions, we de�ne

Y = R � R � L 2 (0; 1) and Y0 = f 0g � f 0g � L 2 (0; 1) :

which are Banach spaces equipped with the usual product norm. Let us denote

A

0

@
0
0
’

1

A =

0

@
’ 0(0)

� ’ 0(1)
’ 00

1

A

with domain D (A ) = f 0g � f 0g � W 2;2 (0; 1) and its part

A 0

0

@
0
0
’

1

A =

0

@
0
0

’ 00

1

A

with domain D (A 0) = f 0g � f 0g �
�

’ 2 W 2;2 (0; 1) : ’ 0(0) = ’ 0(1) = 0
	

, where
W 2;2 (0; 1) is the usual Sobolev space. Notice that

Y0 = D (A ) = f 0g � f 0g � L 2 (0; 1) 6= Y

and take

F

0

@
0
0
’

1

A =

0

@
g0 (’ )
g1 (’ )
g2 (’ )

1

A ; u� (t; �) =

0

@
0
0

u (t; �)

1

A ; ! (t) =

0

@
0
0

W (t)

1

A :

Then we can rewrite (4.1) as
(

du� (t) =
��

A + � 2I
�

u� (t) + F (u� (t))
�

dt + u� (t) � d! (t) ;
u� (0) = u�

0 2 Y0:
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According to [17, Lemma 6.1 & Lemma 6.3] that the linear operator A 0 is the
in�ntesimal generator of ( TA 0 (t)) t � 0 a C0-semigroup on Y0 and the non-densely
de�ned operator A is 3/4-almost sectorial, namely, its resolvent satis�es

0 < lim inf
� !1

�
3
4




 (�I � A ) � 1





L (x )
� lim sup

� !1
�

3
4




 (�I � A ) � 1





L (x )
< 1 :

Then [15, Lemma 8.5] guarantees Assumption 2.2. Moreover, the spectrum ofA 0
is given by

� (A 0) =
n

� (�k )2 : k 2 N
o

:

Moreover,
�
A + � 2I

�
0, the part of

�
A + � 2I

�
, is the in�nitesimal generator of a

C0-semigroup onY0 denoted by
�
T(A + � 2 I )0

(t)
�

t � 0
. Also, according to [17, Lemma

6.4] and [14, 15, Proposition 2.5], we get that Assumption 2.1 is satis�ed, which
means A does not satisfy the Hille-Yosida condition but

�
A + � 2I

�
generates a

integrated semigroup
�
S(A + � 2 I ) (t)

�
t � 0. In addition, Assumption 2.3 is obvious by

the Lipschitz continuity of gi ; i = 0 ; 1; 2. So we next check Assumption 2.4. In fact,
by [17, Lemma 6.2] and [16, Lemma 2.1], we have� (A 0) = � (A ), then

�
�
A + � 2I

�
= �

�
A 0 + � 2I

�
=

n
� (�k )2 + � 2 : k 2 N

o

=
�

� 2; 0; � 3� 2; � 8� 2; � 15� 2; :::
	

;

and each enginvalue� k =
�
1 � k2�

� 2 corresponding to the enginfunction

 k (x) = sin ( �kx ) :

By Remark 2.2, we could take � = 3 � 2 � " � , � = � 2 + " � and 
 = 
 � 2�
0; min

�
� 2 + " � ; 3� 2 � " � 	�

for any " � > 0. Thus the spectrum of A 0 + � 2I could
be split into three parts � 0s =

n
(1 � k)2 � 2 : k = 2 ; 3; :::

o
; � 0c = f 0g ; � 0u =

�
� 2	

.
So A 0 + � 2I satis�es the exponential trichotomy condition and the Assumption 2.4
is satis�ed. The center subspaceY0c, stable subspaceY0s and unstable subspace
Y0u of Y0 are spanf sin (�x )g, spanf sin (�nx ) ; n = 2 ; 3; :::g, and f 0g, respectively.

Therefore, the results obtained in Theorems 3.1 and 3.2 are applicable and thus
justify the existence of Lipschitz center manifolds for (4.1).
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