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Abstract. The aim of this paper is to develop a center manifold theory for
a class of stochastic partial dierential equations with a non-dense domain
through the Lyapunov-Perron method. We construct a novel variation of con-
stants formula by the resolvent operator to formulate the integrated solutions.
Moreover, we impose an additional condition involving a non-decreasing map
to deduce the required estimate since Young's convolution inequality is not
applicable. As an application, we present a stochastic parabolic equation to
illustrate the obtained results.

1. Introduction.  In this paper, we shall study the existence of center invariant
manifolds of the following Stratonovich stochastic evolution equation

du= Audt + F (u)+ u dw; t2[0;T]

u(0)= up 2 D (A): (1.1)

where A : D(A) X ! X is a linear operator andD (A) 6 X, namely, its do-
main is non-densely de ned. Indeed,W is a one-dimensional Brownian motion and

F :D(A)! X is globally Lipschitz continuous. Note that the Cauchy problem

to (1.1) is ill-posed if the Hille-Yosida theory for Cy-semigroup generated byA
breaks down. Such Cauchy problems with a non-dense domain cover several types
of di erential equations, such as delay di erential equations, age-structured models
and some partial di erential equations, evolution equations with nonlinear bound-
ary conditions. To overcome the embarrassment, the integrated semigroup theory
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and established the existence of random stable/unstable manifolds based on the
Lyapunov-Perron method. A similar idea was extended to study the invariant fo-
liations of (1.1) by Shen and Zeng [21]. The mentioned work brings much interest
to discern the long-time dynamics of (1.1).

There are several results regarding invariant manifolds in the framework of ran-
dom dynamical systems. Mohammed and Scheutzow [18] studied the existence of
local stable and unstable manifolds of stochastic di erential equations driven by
semimartingales. Results regarding stable and unstable manifolds for stochastic
partial di erential equations can be looked up to the work of Duan et al. [11], Lu
and Schmalfuss [13] and Caraballcet al. [5]. As for center manifolds, Chenet
al. [8] studied center manifolds for stochastic partial di erential equations under
an assumption of exponential trichotomy. Boxler [4] used the multiplicative er-
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whichis(B(R) F B (X);B(X))-measurable and satis es:
@ O;hx)=x,forx2 X and! 2
@iy " t+s;hx)="( I (s;hx)), forall t;s2 R;x2 X and all! 2
We will use a coordinate transform to convert the stochastic partial di erential
equation (1.1) into a random evolution equation [6, 10, 11]. To do this, we consider
the linear stochastic di erential equation
dz+ zdt = dw; (2.1)

where is a positive parameter. We extract the important results on the stationary
Ornstein-Uhlenbeck process from [6, 11] in the following.

Lemma 2.1. () There exists af (giog-invariant set = Cg (R;R) of full mea-
sure satisfying the sublinear growth condition
Qe
im 08 _g.y 5~

tl itj

R
(i) The random variablez(!) = O s (s)dsis well dened forall ! 2 ~

and generates a unique stationary solution of(2.1) given by
z 0 z 0

Y7 z( )= e’ ! (s)ds= e’ ¢! (s
1 1
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Therefore, it follows from [16, Lemma 2.1] that (A) = (Ap), and thus (A) =
(Aop). Indeed, we need the following result.

Lemma 2.2. [14, Lemma 2.1]Let (X; k k) be a Banach space and : D (A) X!
X be a linear operator. Assume that there existé¢t 2 R, such that (#;+1 ) (A)
and

limsu | A) L < +1:
!+1p ( ) L (Xo)

Then the following assertions are equivalent:
@ lim , +1 (1 A) x=x8x2 Xo.
i) im , +1 (I A) x=0;8x2X.

(i) D (Ag) = Xo.

Now we are ready to present the de nition of integrated semigroups.

Denition 2.2.  Let (X; kk) be a Banach space. A family of bounded linear oper-
ators fS(t)g: o on X is called an integrated semigroup if

(i) S@)=0.

(i) The mapt! S(t)x is continuous on[0;+1 ) for eachx 2 X.

(i) S(t) satis es
Z S

S(s)S(t) = 0(S(r+t) S(r))dr;8s;t O

We next discuss some basic assumptions about operat@ and show that it can
generate an integrated semigroup. Note thatA is said to be a Hille-Yosida operator
if there exist two constants,#2 Rand M 1, such that (#;,+1 ) (A) and

(1 A) X Lk;8>#; 8k I
LX) ( #)

Lemma 2.3. [20, Theorem 5.3]A linear operator A : D (A) X 1 X is an
in nitesimal generator of a Co-semigroup (T (t)), , satisfying kT (t)k ~ Me*, if
and only if

(i) A is densely de ned inX;
(i) A is a Hille-Yosida operator.

Assumption 2.1. Let (X; kk) be a Banach space and leA : D (A) X ! X be
a linear operator. Assume that

(a) A is a Hille-Yosida operator on X;

(O lim , +1 (I A) *x=0; 8x2X:

According to Lemma 2.3 and Assumption 2.1, we know thatAy generates a
Co-semigroup onX, denoted by (T (t)), ,. It can also be denoted by e*et ¢ o

Besides, as concluded in [15, Proposition 2.5 generates an integrated semigroup
on X denoted by (S(t)), ,. Foreachx 2 X;t 0, and ># , (S(t)), , is given

by z,
S(t)x = TE)(1 A xds+(1 T@)(l A) x (2.2)
0

Also, the mapt! S(t) is continuously di erentiable if and only if x 2 X and

ds (t) x
dt

=T()x; 8t 0; 8x 2 Xo:
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Lemma 2.4. [14, Lemma 2.6]For eachf 2 C([0;T];X), de ne
z t

(s )= S(t s)f(s)ds; 8t2[0;T]:
0

Then we have the following:
(i) The mapt! (S f)(t) is continuously di erentiable on [0; T].
(i) (S f)(t)2D (A); 82][0;T].
(i) For each ># , and eacht 2 [0; T], we have
t

(1 A 1%(3 fy(y= T s)(1I A Y (s)ds:
0

Assumption 2.2.  Assume that there exists real numbef > 0, and a non-decreasing
map :[0;T]! [0;+1 ) such that for eachf 2 C([0;T];X),

9s £)yt) (1) sup kf (9)k: 8t 2 [0:T]:
dt s2[0:t]

In order to de ne the mild solution to (1.1), we recall the non-homogeneous
Cauchy problem [14, 15, 16]

du _

a

where the linear operatorA is the same as in this article. For eactf 2 C! ([0;T]; X),
we denote

Au(t)+ f (t); t2[0;T]; u(0)= x 2 Xo; (2.3)

(S f)(t)= %(S f)(t); 8t2[0;TI:

According to Lemma 2.4 and Lemma 2.2(), we have
z t

(s = lim i T s) (I A) Yf(s)ds; 8t2[0;T]; 8 >#:
Under Assumptions 2.1 and 2.2, equation (2.3) has a unigue integrated solution
in C([0;T]; Xy), given by

ul®)=T@)x+(S f)():
Assumption 2.3. F : Xo! X is globally Lipschitz continuous, i.e.

JF(u1) F(u2)j Ljur ugj;
for any uj;uy 2 Xo, where L is the Lipschitz constant andF (0) = 0.
To our aim, we de ne the coordinate transform
v= (ul)=ue 2,

and its reverse transform

u= Y(v;l)= verl ),
fort 0. Performing the transformation ( v;!) into (1.1), we obtain

dv=Avdt+ z( ¢! )vdt+ G(!;v)dt; t 2 [0;T]

v(0) = vp 2 Xo; (2.4)

whereG (I;v) = e 2(t"JF &(')y | Obviously, G and F have the same Lipschitz
constant.

Denition 2.3. A mapping v 2 C([0;T];X) is called an integrated solution of
(2.4) if and only if for 8t 2 [0;T],
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. R
() ,v(s)ds2 D (A).
(ii) It holds
z t z t z t
v(t)= vo+ A v(s)ds+ z(s!')v(s)ds+ G (v (s)) ds:
0 0 0

We claim that if A is a closed operator, then an integrated solution always belongs
to Xo. In fact,

Ziin
0/ _ o V(t+h)  wv(t) i L
vo(t) = Irlwr!no—h =) v(t) Ii|1r!no h v (s)ds
It follows from De nition 2.3 that
Z i

v(s)ds2 D (A);

and thus the required claim is sure. For the linear part of (2.4), we de ne
A, (t;s) = eholt 9F Taer 2 T s) eRsI z( ot )dr.
As in (2.3), one could de ne thezmile solution to (2.4) as follows.
V()= a, (5 0)vo+ !irrll Ot Ao, (S) (I A) 1G( s v (9)) ds: (2.5)
The following result was proved in [19, Theorems 4.1 & 4.2].

Lemma 2.5. Under Assumptions 2.1-2.3, equation(2.4) has a unique integrated
solution given by (2.5), which generates a random dynamical system. Moreover,

GEX )0 PO (gL (hx)) = Tehx);
is a random dynamical system. Also, this process is a solution of1.1) for x 2 Xy.
2.3. Exponential Trichotomy.

Assumption 2.4. We assumeT (t) satis es the exponential trichotomy with expo-
nents > 0 > and boundK , thus there exist two continuous linear
projection operators with nite-rank  oc 2 L (Xo)nfOg and o, 2 L (Xg) such that

ou oc= oc ou=0;

and
ok T(t)=T(t) ok; 8 0; 8k2fc;ug:

Denote

s = Ixe (oct ou)i Xoc= o0cXo; Xou = ouXo; Xos = o0sXo;

and for all x 2 X, it holds
KTa,, (1) ocxk Ke 1Ukxk; 8t 2 R; (2.6)
KTa,, (t) ouxk Ke' kxk; 8t 0 (2.7)
KTao. (1) osxk Ke ' kxk; 8t 0; (2.8)

whereAop = Agjx,, and Ta,, (t) is the Co-semigroup generated byAop,8p 2 f ¢; u; sg.

Remark 2.1. Since for eachk 2 f c;ug, ok is nite-rank projection, then X is
a nite dimensional subspace ofXy. Then Ta,, (t) which acts onx 2 Xk can be
extended to aCy-semigroup, k 2 f ¢; ug.
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Remark 2.2. Consulting [8], we have that if X, is a nite dimensional space and
there exist eigenvalues with negative, zero, positive real parts, then the exponential
trichotomy holds, and if X is an in nite dimensional space and the spectrum ofAq
satises (Ag)= [ O[ O where %=1f 2 (Ag):Re() g %=

f 2 (Ag):jRe()j g %=1 2 (Ap):Re() g, and Ay generates a
strong continuous semigroup, then the exponential trichotomy holds, too (seg 2,
page 267] Since (A)= (Ap), the spectrum of A can be split asAg.

Since we only require the Hille-Yosida condition onX g, one needs to extend the
mentioned projections from X to X and outline the associated statement below.

Lemma 2.6. [16, Proposition 3.5]Let o :Xg! X, be a bounded linear projection
satisfying

ol Ag) T=(1 Ao ' oo 8>#
and
oXo D (Ap); and Agj oXo is bounded

Then there exists a unique bounded projection: X ! X such that

i) Jx,= o
i) ( X) Xo;
i) ( 1 A t=(1 A 8>#.

Furthermore, for each x 2 X, we have

1
o 1, _ .
X = t!I|r1r11 o (I A) "x= hI:mO+ h 0S (h) x;

where S is the integrated semigroup generated by.

With the mentioned information at hand, we are ready to state the decomposition
on X . For eachk 2 f c;ug, denote by  : X ! X the unique extension of ¢ and

s=1Ix (ct )
Then we have for eachp 2 f c; u; sg,
(1 A) T=(1 AT i 8>H
and
p(Xo)  Xo:
Then for eachp 2 f c; u; sg, set
Xop= p(Xo); Xp= p(X); and Ap = Ajx,:
Then for eachk 2 f ¢; ug,
Xok = Xk; Xg= Xps Xoge Xou; and X = Xg X Xy:

Herein, Xoc, Xou and X gg are called centre subspace, unstable subspace and stable
subspace ofX o respectively. For more details, see [16, page 22].
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2.4. Estimate of Random Wick Convolution. For the sake of notational sim-
plicity, we introduce the notation of random Wick convolution to rewrite (2.5). In
fact, it follows that

V()= A (EO)vo+(S G(V)(D);

where 2
(S GW)(Y= lim T 9 E (1 A) "B( 4k () ds
"
=lim A (ts) (1 A) 'G(shv (9)ds:
L 0

Before presenting the useful estimate, we recall a result on§ f)(t).

Lemma 2.7. [16, Proposition 2.13]Let Assumptions 2.1 and 2.2 be satis ed. Then
for ># | there existsC > 0 such thatf 2 C([0;T];X) and

k(S f)(t)k C supe ™ Skf (t)k; 8t2[0;T]:

s2[0;t]
Moreover, for each" > 0, if - > O satisfyingM () ", it holds
2" . "
c = max(l;e ).
1 e# )
Proposition 2.1. Let Assumptions 2.1 and 2.4 be satis ed, then we have
z t

0s(8 G = lm A (ts) (I A " G(shv (9)dsi (29)
L 0

while for eachk 2 f c; ug,

z t
k(S GWV)(1)= Ao (S) kG ( shv (S) ds: (2.10)
0
Moreover, for each > , there existsC > 0, such that for 8t 2 [0; T], we obtain
RI
K 0s(S G(v)(t)k C supe szl kG ( v (s)k: (2.11)
s2[0;t]

Proof. We rst extract some facts from [16, Proposition 3.7] based on Assumption
2.1. To this end, denote : X ! X by a bounded linear projection and assume
(1 A =1 A !;8>#

Then the linear operator Aj( xy = A x) satises Assumption 2.1 in ( X).
Moreover, if has a niterankand ( X) Xo,then ( X)= ( Xo) ( D (Ao))
D (Ao), Aj( x) is a bounded linear operator from ( Xo) to itself. In particular,
Aj( xy = Aoj( x,)- For eachx 2 X, if we set for eacht 2 [0; T], that

V= A, (5E0)x+(S G(V)(D);

then the mapt!  v(t) solves
d v(t)= Aoj( Xo) v(t)dt+ z()v()dt+ G( (v (B)dt
vi)= x:

in ( Xg). This further implies that

VD= aoj ) (E0) X+ Sy ) G(V) (D)
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and
Zt Zt

v(t)= x+ Aj( x) . v(s)ds+ . z(s')v(s)+ G( shv (9)ds:

We now turn to the associated projections and the required estimate. Note that
s : X ! X is a bounded linear projection satisfying

(1 A T=(1 A ! 8>

Also, Aj x) = A] ,x) = Ajx, = As satis es Assumption 2.1 in §(X) = Xs.
Moreover, we know that s has a nite rank and ¢ (X) Xo, which further
indicates that Aoj _(x,) = Aojxoes = Aos and Aj _(x) = Ajx, = As. Thus if for
eachx 2 X, and eacht 2 [0; T], we still set

V(D= A (E0)x+(S G(V)(1);

then the map t ! sV (t) solves
d sv(t)= Aos sv()dt+ <z( !)v(t)dt+ G( v (1)dt
sV(0) = sx

in s (Xo) = Xps. Then
G(v) (1)

sv(t) = Ao s(xg) (£0) sx+ S s(X)

Ao (0) sx+(Sa, _G(V)(D)
Zt

nos (60) sx+ lim 4 (£5) (1 A9 ' <G(shv (s)ds:
' ° (2.12)

It is easy to prove that ¢ is a extension of g from X to X, then we apply os
to v (t). In fact, we have

osV()= V()= A (£0) X+ 0s(S G(V)(1): (2.13)

Comparing (2.12) and (2.13), we obtain the required expression (2.9). Similarly, we
can prove that for eachk 2 f c; ug,
z t
ok (S G((V)(t)= Ilim L Ao (BS) (I Ay) LG ( shv (s) ds:
L 0

Since ¢ (X) Xy, (2.10) is sure by Lemma 2.2(). Finally, it is straightforward
to observe that the required estimate (2.11) is accessible by applying Lemma 2.7 to
0s(S G(W)(1)=(Sa. sG(V))(1) and (2.9). O

3. Center Manifolds.  This section is dedicated to the existence of invariant man-
ifolds of (1.1) through the Lyapunov-Perron method. Precisely, we shall prove the
existence of the invariant center manifold for (2.4), then use the inverse transfor-
mation ! to get a center manifold of (1.1).

De nition 3.1. A random set M (! ) is called invariant for a random dynamical
system’ (t;L;x)if " (t;hM (1) M () fort O

For each > 0 and a Banach spaceX; k k, ), we de ne the Banach space

R,
C (RiX)= f2C(R;X):supe U o2(sNki )k, <1
t2R
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with the norm
T
kf (t)ke (mx) =sup e 14 o2(sDdSkf (t)k,
t2R

Set

ME():=fvg2 Xp: V(v o) 2 C (R;Xo)g;
where v (t;!;v o) is the solution of (2.4) with the initial data v (0) = vp. We below
prove that M ¢ (! ) is invariant and it is given by a graph of a Lipschitz function.

Theorem 3.1. Assume Assumptions 2.1-2.4 hold. If < < minf; g and
< < with

1 1

KL C + +

<1 (3.1)

then there exists a center invariant manifold for (2.4), given by
ME()=f +h°(;1 ) 2 Xoog:
L
whereh®(;!): Xoc! Xou Xogs is a Lipschitz continuous map andh®(0;! ) =0.

Proof. We proceed it in four steps.
Step 1. We prove that vo 2 M € (1) if and only if there exists a function v ( ;!;v o) 2
C (R;Xp) with v (0) = vo which satis es

z
V(GELV o) = ag (10) + t Ao (ES) G (shv () ds
Z+l °
Ao (S) uG(shv (s)ds (3.2)
t z,

+m o A (63) (I A T sG(sh (s)ds;
I+ 1

where = V.
To this aim, we let vp 2 M€ (! ) and assume thatv 2 C (R; X)) is a solution of
(2.4). Then by the procedure of proof to the Lemma 2.1, fork 2 f c; ug, we have

d kv(t) _ d okv(t)
dt dt

=A0j (xo) KVO+ kz( v+ kG( v (1)
=Aok okV()+ kz( v+ kG( v (D)
By the variation of constants formula, one further gets
Zt
ocV(thVo)= A, (t0) + Aoe (:S) G ( shv (9))ds; (3.3)
0
forall t;1 2 R with t<1,
Zt
owV(Ehvo)= Ay (B1) ouv()+ Aow (:S) uG( shv (9)ds: (3.4)
|

According to (2.7), for 1 0,
RI
K g (61) ouv(Dk Ke ¢ D 7 20eDd gy (K
legke ¢ D* |+R[; 2(1)drg | R(;z( DA Ky (1)k

R
Ke ( i+t gzl i kvke (R:X o)
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Letl! +1 ,we have
Z+1

ouV (G v o) = Ao (8) uG( shiv (s)ds: (3.5)
t

Moreover, for all t;| 2 Rwith t |,

V(D= a1 oV + 0s(S G+ (L )
t
a (G osv()+ lim s (ts) (I AT (39)
P+ |

sG( shv (9)ds:
According to (2.7), for I 0,

R
K A (1) ouv(Dk Ke (t DF " 20eHdr ey )k
Ke (t D+ |+R0‘z( P)drg Ro'z( ,!)drkv(l)k

R
Ke ( Yt + Jz( ! )dr kac o
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To show this claim, we denoteJ (v; ) the right side of (3.2), i.e.

Z
J(V; )= e (50) + t Ao (6S) G (shv (s)ds
z, 0
' Aoy (S) uG(shv (s)ds (3.10)
t
Zt

+ lim fos (65) (1 Ag) 1 G(shiv (9)ds:
o+ 1

So it needs to show thatJ maps from C (R;Xg) Xgc to C (R;Xp) and itis a
uniform contraction. For v;v2 C (R;Xy)

LRy
KI(V; ) J(% ke (mxoy =supe 19 020Dk (v; ) I (v )k
’ t2R

R
=sup e 11 020s)ds (354 3,4 35);

t2R
where
Z, R
= Ta(t 9)esZDI (G(hv (5) G w(9)ds ;
ZO+1 R
Jp= Tao, (t S)e= 20D (G( s w(s) G(shv (s)ds ;
t
Z
o= lim, t Ao (65) (1 As) 1 5(G(shiv (8) G(slw(s))ds :
I+ 1

For the center part, it yields

R Z, R
Supe itj OIZ( s! )dSJ]_ KL Sup e( )it sj jsj OS z( ¢ !)dr kv V.kds
t2R t2R _ 0
Z t
( )it sj
KL tszu]IE . € dskv YKo (rxo)
KL kv vk (R:X o)
For the unstable part, it follows that
R Z 1 R
Supe jti (;Z( s! )dS‘JZ KL Sup e( )t s) jsj OSZ( p1)dr kv V.kds
t2R t2R _t
Z t
t
KL sup el MU 9dskv  wke (pxy)
1 .
KL kv wke (R:X o)

(3.11)
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For the stable part, according to (2.11), for with < < , we have
t
Js = 'Iirpl rIIim Ags (8) (I As) 1 s(G(shv () G(s! w(9)) ds
- . r z tor
= lim_lim Aos (G1+1) (1 A9
' +1 rll 0

s(GCiriv (1+1)) G(rerh ¥(I+ 1)) dl

Rt
lim LC sup e " Dewrr20 D py(+ 1) w(l+r)k
ri1 12[0;t r]

R
=LC sup e e 20 DY k() w( )k;
2(1 t]
implying that
R
supe M oz(sD)dsy. | C supe M sup el it ()
t2R 2R 2(1 i)

.. R
e 11 020 DA k() w( )k

LC supe W sup el (" kv wko iy )
t2R 2(1 ] '
Since + < 0,ift 0,
jtj i t
LC supe ' sup el kv vk (mx,
t 0 2(1 it

U sup e () kv WK (pxy)
2(1 st]

LC sup €
t 0

LC sup el "t (kv vk iy,

LC kv WKe (rix,):

Since + < Oand > 0, we have > 0,ift 0,
LC supe 1V sup el " kv vk gy,
t 0 2(1 ] '
= LC supel ' sup el kv Wk px,
t 0 2(1 ;] '

LC supel 'max sup e (') supel ) kv wKe px
t 0 2(1 ;0] 2[03t] '

LC tsu(;))e( el kv WK ()

LC kv WYKo (rix,):

Thus R
Ry
supe 1V 02(s1)®35 1C kv Wke (mix,): (3.12)
t2R '
By combining the above estimates, we have

1
+

kJ(v; ) J(% )ke (R:X ) KL C + kv vk (R:X o)

which implies that J is a uniform contraction with respect to v. Furthermore, it is
straightforward that J is well de ned from C (R;Xg) Xgcto C (R;Xg) by setting
v = 0. From the contraction mapping principle, for any given 2 Xgq., J(; ) has
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a unique xed point v2 C (R;Xp). That is, for eacht 2 R, v (t;!; ) is a unique
solution to (3.2) and

Also, for 8 1; 2 2 Xoqc,
@) I ke
= kvt 1) VEE 2ke (mx,)

1 1

Kji1 2j+KL C + +

kv(th 1) V(5 2)Ke mxo):

Thus

K . .
kv(t;h, 1) v(t!h 2)kc (R:X o) J1 2l (3.13)
1 KL C + -1+ L

Sov (t;!; ) is Lipschitz continuous from Xo. to C (R;Xg). Sincev(;!; ) can be
an ! -wise limit of the iteration of contraction mapping J starting at 0 and J maps
a measurable function to a measurable functionv(;!; ) is measurable. By [7,
Lemma I11.14], the mapping V (t;!; ) is measurable with respectto (;!; ).
Step 3. We will prove that the center manifold is given by a graph of a Lipschitz
continuous map.
Leth®(;! )= sv(0;!; )+ v(0;!; ), then by (3.7) and (3.9),
Zy
he ()= lim_ aes (0:9) (1 A) 1 sG( L V(s )ds
: 1

Aoy (038) WG (s (sl ))ds:
0
Sincev (0;!;v o) = vg, we haveh®(0;! ) = 0 and thus h® is F-measurable. Indeed,
by (3.11)-(3.13), it follows that
. . K(KL+CL . .
ih®Cut) he(2t)] ( ) j1 o
( )y 1 KL C + -1+ L

From the de nition of h®( ;! ) and the claim in Step 1, it follows that vo 2 M¢(!)
if and only if there exists 2 X such that v = + h®(;! ). Therefore, we have
ME()=1f +h®(;!): 2 XoeO:

Step 4. Finally, we prove M € (! ) is invariant.
Following De nition 3.1, we need to show that for eachvg 2 M (1), v(r;!;v ) 2
Me(1) forall r
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SoM¢ (!)is invariant. Moreover, for t 0,
ME ()= (5M °(1))

= U= (L +h°(iI): 2 Xoo
n )

up= eI+ (1) 2 Xoe
n )
= up= +e&0HIpe g 20t 0 2 X,

Therefore, M ¢ (1) is a Lipschitz center invariant manifold given by the graph of a
Lipschitz continuous function h® (;! )= e('Ih¢ e 2(') ;1 over Xq. O

4. lllustrative example. Consider the following stochastic Stratonovich para-
bolic partial equation

= + 2u(tx)+ go(u(tx)) dt+u(tx) dw(t)

@utx) _  @u(tx)
% ot o3
@ut; 0) _ .
@X - gl (U (L )) (4.1)
g@gf:mwm»

"u(0; )= up2L2(0;1)

wheret> 0;x 2 (0;1);00:L?(0;1)! L?(0;1), g1;092: L?(0;1)! R are arbitrary
nonlinear functions, which are assumed to be globally Lipschitz continuous and
0o (0) = g1 (0) = g2 (0) = 0. Herein, W is a one-dimensional Brownian motion and
L2 (0;1) is the usual L?-space on the interval (Q1). In order to incorporate the
boundary conditions, we de ne
Y=R R L?0©;1) andYo=1f0g f Og L?(0;1):

which are Banach spaces equip8edlwith the usual product norm. Let us denote

0 ' 2(0)

A @A = @ ' oA
) v 00

with domain D (A) = fOg f Og V(\)/Z?zl(o; 18 ancli its part

Ao @A = @A
’ » 00

with domain D (Ag) = fOg f Og ' 2W22(0;1):’ °0)="9°1)=0 , where
W?22(0; 1) is the usual Sobolev space. Notice that
Yo=D(A)=f0g f Og L?(0;1)6 Y

and take 01 0 1 0 1 0 1
0 % (") 0 0
F@OA = @gl(’ )A, u (t; ): @ 0 A; ! (t)= @ 0 A:
’ () u(t ) W (1)

Then we can rewrite (4.1) as
du ()= A+ 21 u ()+ F(u (1) dt+u (t) d (1);
u (0)=uy2Yo:
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According to [17, Lemma 6.1 & Lemma 6.3] that the linear operatorAg is the
in ntesimal generator of (Ta, (1)), o a Co-semigroup onYy and the non-densely
de ned operator A is 3/4-almost sectorial, namely, its resolvent satis es

0 < liminf oAy ¢! ) limsup = (1 A )* <1:
! 11

(x) L (x)
Then [15, Lemma 8.5] guarantees Assumption 2.2. Moreover, the spectrum &

is given by n o

(Ag)=  (k)*:k2N
Moreover, A+ 2| o the part of A+ 2| , is the in nitesimal generator of a
Co-semigroup onYp denoted by T(a+ 21, (t) ¢ o Also, according to [17, Lemma
6.4] and [14, 15, Proposition 2.5], we get that Assumption 2.1 is satis ed, which
means A does not satisfy the Hille-Yosida condition but A + 2| generates a
integrated semigroup Sia+ 21y (t) , ,. In addition, Assumption 2.3 is obvious by

the Lipschitz continuity of g;;i =0;1;2. So we next check Assumption 2.4. In fact,
by [17, Lemma 6.2] and [16, Lemma 2.1], we have (Ag) = (A), then
n 0

A+ 21 = Ag+ A =  (k)*+ 2:k2N
= 20 3% 82 157%:: ;
and each enginvalue c = 1 k? 2 corresponding to the enginfunction
k(X)=sin( kx):

By Remark 2.2, we could take =32 ", = 2+ " and = 2
O;min 2+":32 " for any " > 0. Thus the sgectrum of A + 2| could
be split into three parts %= (1 k)? 2:k=2;3;:: ; %=fog; M= 2

SoAg+ 2| satis es the exponential trichotomy condition and the Assumption 2.4
is satis ed. The center subspaceY., stable subspaceYys and unstable subspace
You Of Yg are spanfsin(x )g, spanfsin(nx );n =2;3;::g, and f Og, respectively.

Therefore, the results obtained in Theorems 3.1 and 3.2 are applicable and thus
justify the existence of Lipschitz center manifolds for (4.1).
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