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aspect and analyze the Lu-Schmalful conjecture [Garrido-
Atienza, et al., (2010) [14]] on the existence of stable man-
ifolds for a class of parabolic SPDEs driven by nonlinear
multiplicative fractional noise. We emphasize that stable man-
ifolds for SPDEs are infinite-dimensional objects, and the
classical Lyapunov-Perron method cannot be applied, since
the Lyapunov-Perron operator does not give any information
about the backward orbit. However, by means of interpola-
tion theory, we construct a suitable function space in which
the discretized Lyapunov-Perron-type operator has a unique
fixed point. Based on this we further prove the existence and
smoothness of local stable manifolds for such SPDEs.
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1. Introduction
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du(t) Wy Au(t) + F(u(t)) dt + G(u(t))dw(t), (1.1)
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2. Preliminaries
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2.1. Random dynamical systems
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2.4. Ezistence and uniqueness of a global solution
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< ¢sCapLa(1+ |[ullg—s + vl 5.-p)lullp.p—s 1+ (t =) (r — )" (r =)™, O
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Lemma 2.10. Let o € (0,1) such that « — o —1> —1. Then

IDG, S(t =) = S(s =) Gul) 7| a8

< CapesLallullpp—se’ (t = 5)7 (s =) 77" 4 (s — ) Frf 7]

and

1D, S(t—-) = S(s —-) Gu() = G 7 |lL.@m_s
< ¢sCa,pLa(1+ ullg—p + [[v]ls,—p)lu = vllg,p—pe (t — 5)°
X (s —1)"¥r' o 4 (s — p)Prfel
Proof. y &84 "V.Q hadl hoR w@‘“‘c ‘V‘g
1D, S(t—-) = S(s =) Gu() " |l Loem_s)
< Gall SC—7) = S(s — ) Gu()l| 1.6,

(03

[ S(t—r)—S(s —r) Glu(r)) — S(t—q) — S(s — q) G(u(@)| o8
+ Ca O/ g

B)dq

< GallS(t —s) Y llzes_plS(s —)lres) |G@r) @8

[ —r)=S(—r)— — s —q) G(u(r .
+Ca/ St —7r)—S(s—7) S((i _Z)):rj( q) G(u( )>||L2<B,B_,,>dq
0
[ —q) = S(s —q) Gu(r)) — G(u(q)) .
+Ca/ IS —q)—S( Q)(rG(qga)le G(ulq)) HLz(B,B,ﬁ)dq
0
_ CallS(t—5) =Y u@e |56 = Nllzee) IGu)L.@e)

T

1
+Ca/m||5(t—5) -4 HL(B;B_B)HS(S—7“)||L(B_a,;s)
0

x N =50 — @) les. ) |G| L.E8)dd

o / 15( = 5) =Y @y 156~ @)lze_m |G@r) — Gu@) L@ )
- (r —g)ot!

dq
0

< CacsLalulls pse?” (t — 5)° [r—a + 5= = g
0
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r

+ /(8 —q)P(r—q)"*'dgq

0

< CapesLalullpp—pe™ (t—5)7 (s —r)~r* = 4 (s — r)~Prf=el,
an iy CCQ*{ Teg O (2,171 L st 0 (Ag),} a0V s

IDGy S(t =) = S(s =) G(u() = G()) 7 llraee_0)
_ Call St —1) = S(s = 1) G(u(r) = G(r)) lr.ee_y)

/,aOt

+C/ (e =St Gt~ Gl

— S(t—q) = S(s —q) Gul@)) = Cw@) |, ep_,
_ CallS(t—5) =Y @156 = NlLes)lIGWr) = GO@)|.@8)

/,1(1

15

Ca/ I S(t—7r) = S(s =) = S(t = q) + S(s = ¢) Glu(r)) _G(U(T))[”LQ(B;B,B))dq

(r—q)ott

e / | S(t—a) = S(s —a) Glu(r)) - Gle(r) = G(u(@)) + @) la@es ;.
(r—q)*
_ CallS(t = 5) =Y lL@e_ 56 = llz@e) Gu(r) - Go@) | @Ee

T

1
+CQ/W|IS(75—8)—N ILee oSG —1)liE e
0

x b —S(r - Dllces_HIGu(r)) = G(r)l L. (B:8)d
+Ca / 809 - e 156 - Dllepe

X (|G (u(r)) = Gu(r)) — G(ulqg)) + G(v(9)l|L.8:B_s)da

T

< ¢sCa pLa|lu— o5 pse” (t — 5)° [r—a + s

’

(r— )" =g

+(lullas + ollams) (=00 - q>5—a—1dq]
0

< ¢sCapLla(1+ |ullg—p + lIvllg—p)llu — vllg,p,—se”™
X (s—1) 7T 4 (s =) PPl o
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‘" “
e PO wre O ma Pts w WH ey he 00 wirg ugFul o osul. 0g my
S’f € R, ﬂ’b > —1,‘“‘ 4 0 e N.c 0 mOY pul s, @ one, # w FUg Dws ) ods
o Me O aw g

/ Ta+ 1) Wb+ 1)

— 2\ (p — g\ _o\atbtl
/(t r)*(r—s)7dr g Watb+2) (t—s) : (2.20)
“ .
W riee s
t
Ki(p) Wy v /e_”(t_")(r — )%t —r)°dr. (2.21)
0=s<¥&T

R N b o DPLASY

t

1
/e_”(t_r)(r — 5)%(t —r)dr NG 5) o /e_”(t_s)(l_r)r“(l —r)bdr
0

a_il 2,‘»cfl‘mq8[,‘g Rwan Ki(p) -4 sp—)oo."f’a,b>—iiu a+b+1>0.

Lemma 2.11. Under the assumptions (A1), (As) and (A4), there exist constants cs, Co g
such that for any u,v € Cfﬁ( 0,7 B),

/ S( — )G (u(r))dw(r) < ¢5CasKr(p)Laltllppmpllwllz o 1
0 B,p,—B

and

/ S(-— 1) Glu(r)) — G(u(r)) dw(r)
0 B,p,—B
< CopesKi(p)La(1+ [lullsmp + 0]

g=p)llu—vllgp—sllwlls o1
o
Proof. Vs d ‘1‘%_ Syogh'c. h_
DI w il < Jllwll g g p(t = )T

[
Afp VR e o slafleas WY P a dn DY, Wi ¥



X. Lin et al. / Journal of Functional Analysis 286 (2024) 110227 17

< / 1D2,S(t — ) Glu() = G() ¥ [[Ly@e_ny DI i [dr

< esCapLa(1+ |lullg—s + lvllg,—s)llullg,p,—slllwlll 5 0.7
t
X /(t — )t e — )T 1 4 (r — s) e dr,
S

t

‘/sa—@amw»¢¢m

S

t

< / 102, 8(t — )G () || Lagemy| DI=Cw o |dr

t

< / 12 S(t =) G(u()) = G 1 | Ly | DI w o [dr 0.22)

< csCapLla(1+ [lullg,—s + [lvllg,—p)lullg,p,—sllwlll5 0.7
¢
X /(t — r)“*ﬁ/_l (r—s) %+ (t— T)_ﬂ(r — s)[’)_”‘[ e dr.

S

[
B e Bp-® Mwn ¥

t

/sa—mam&»mu)

s

—B
t

< / 1D2, 8(t — IG () 7 [y | DI=w o |dr

t
< esCapLalullspsllelly or [ (€= (=9 4 (r = 5l e

S
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S

/ St — 1) — S(s — ) G(u(r))du(r)

0 —B
< ¢esC, —sllwlllg o7 (t =)

S
X /epr(s - T)O‘Jrﬁ'_l (s — r)_a/ra/_a +(s— 7‘)_51"6_0‘[ dr
0
< esC, —pe” |l g o (¢ = 5)757,
a b

0
< csCapLa(l+ ullg—p + [Vll5,-p) le = vllg,p— g |l g0 o (¢ = 5)%™"
L3 L
&R ® uecfﬁ(o,ﬁ B) W (0. mY, og“‘fﬂ(‘(Q.lQ)
[ 8= 6
0 B.p,—B
e, )G (u(r))dw(r)
st ept/St—r dw sY
Tt 0% (m)dwo(r)) + s<t [OT] (t—s)p

S

/ St —r)—S(s—r) Gulr) — G(r)) dw(r)

0 —B

< ¢sCapLa(1+ |lulls,—p + [vlls.—p)llu = vllgp=sllwllg 0.0t = 5)
S

X /epr(s . T)a+5/—1 (s — )"

’

ro' T g (s — )PPl gy

B

. e[ S(t— 1) — S(s — 1) G(u(r))dw(r)|
s<; T (t - S)ﬁ

< sW csCqpLallullg,p—-sllwll s
. [‘;,gﬁ a,B Bsp,—B 387,0,T

—B8

t
x / (t=r) T (r—s) T+ (t =) (r = 5)P ey

S

"‘fﬁ csCa,pLcllullp,p,— ﬁ|||W|H5/ 0,T
s<t T]

fs (t—r)>tF =1 (r — )™ 4 (r — s)ﬁ_a[e_p(t_r)dr

. (t—s)P




X. Lin et al. / Journal of Functional Analysis 286 (2024) 110227 19

+ s esCapLallulls,p—sllwlls oz (t — 5)°
s<t [0,T]

fOS e Pt (s — T)O‘Jrﬁ/_l (s — r)_alr’l/—a + (s — r)_ﬁrﬁ_a[ dr
(t—s)p
< csCapKi(p)Lellullg,p—slllwlll 5 0.1

X

‘4 L
0 uveCl (0T B) W e b ¥ b

/ S(-— 1) Glulr)) - G(u(r)) dulr)

0

B.p,—B

/ S(t — ) G(u(r)) — Glo(r)) du(r)

su, e Pt
t

+ Su&, e | fy S(t = )[G(u(r)) = Glu(r)]dw(r) = [§ S(s = r)[G(u(r)) = G(v(r))]dw(r)|_,
7]

s<t (t—s)°

< su e Pt
t [0,1]

/ S(t — 1) Glu(r) — Glo(r)) du(r)
0

L e Pt UO (t—r)—S(s— r)[ G(u(r)) — G(v(r))[dw(r)dw(r”_ﬂ
v B UEDE
et ) Glu(r)) = Glo(r) du(r)|_
+ su
s<t T (t - S)ﬁ
< CopesEr(p)La(L+ Juls—s + [olls—5) olllly o O

L . %
Pune e ste Mo Oms O ne W N

Theorem 2.12. Assume that (Al) (A4) are satisfied. Then the SPDE (2.5) has a unique

solution u € C_ﬁ( 0,7 B) with u(0 h_%uo € B. Moreover, its solution operator generates
a random dynamical system o Rt X x B — B.

W . ¥ ¢+ N
PI’OOf Al]yh.c a_a_.h. % le h%()c n"l.'.() \a QQ%_}'.%C \I'Sc‘@__
ue glgsSOL @1110:.0(90) y.cnm211 W Bl O D UsOMeg o 5Me s
OWS()“%%;]"CC MO 2 "‘N%‘“‘Fto nguoeg_i\ B>0,1 is

Y 0 aw Odes 2

e IS () = S(s) LB luol
S(: 5 < s¥e e P S(tug| + 8 =
ISCYtollspn < s €IS Ouol + sy =

< cglugl. (2.23)
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oo * LN 2 $
As® e | o Mo MW I (2.1Q) (2.7), Wilae 1y Mmja

/S(- —r)F(u(r))dr

0

B.p,—B

/St—r (r))dr

e Pt ‘fo S(t —r)F(u(r))dr — fos S(s — r)F(u(r))dr‘

* s<fu[%§T] (t—s)p
et |[L S~ r)F(u(r))dr‘_B

S(t—r)F )dr| 4+ s
/ s<tuhT] (t—s)p

i Stt =) = 56— ] Fut )|,

gu, e Pt
R

-8

Pt
t[gc‘i‘] ’

+ s

s<t [O/T] (t—s)”
< sLe = ullg a1 + T19)
L e Pt fos [S(t —7) = S(s —7)llLB_g) | F(ul(r))|dr
s<t 7] (t—1s)
<esLpi O lullg,p.—s(1 + T +T)

wesLrKa(p)ullpp—p(1+ 177 +1),

a W

/so—Mva»—F@vﬁw
0

B.p,—B
t

W s e / S(t—r) F(u(r)) — F(u(r)) dr
0

t [0,T]

e | o S(t = r)F(u(r)) — Fo(r)ldr — [§ S(s = r)[F(u(r)) — F(v(r)))dr iy

+ s
s<t L“Eﬁ',T] (t—s)?

gu, Pt S(t —r) F(u(r)) — F(v(r)) dr
< / (t - 1) F(u(r)) - F(o(r))
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e~ | LS =) Plu(r) = F(o(r)) dr]
ot b (=)

o e S = S(s —rf Flur) — Flewr)Ydr]
s<; U%:T] (t - S)B

1—e?T 1-8
< CSLFT |u—vllg,p,—p(1+T77")

—B

e NS =) = S(s = )lln@ie_n | F(u(r)) — F(o(r))|dr
* s<; J&T] (t N S)B

< csLpKa(p)|u—vllp, M(¥HMTr@+wym 3 So

‘b-cc Kz()i_A W-.‘.h- Q'-g.gsoilsp%oo
Qﬁ'i;}k‘y,‘@é T i lle Th e W%K""OH«CB(OIB)MQ.‘gV
¥y mby
t t

t) W S(tuo + /S(t — 7)F(u(r))dr + /S(t —7)G(u(r))dw(T).
0

0

B e e, 201
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A 4 ‘
lh.cc'Qc,.Q'@“.c .‘h(‘uoh_%vm} ,‘s;gss‘lbg 0 ﬁh_ pL S 8 P uwveB,

[T (w) = T()lg,pr,—5 < csLrKa(p1)|u—2lg,p,—5
+¢sCa,pLaK1(p1)(1+ 2Ry)

—B H|W|||5',0,1

1
< §Hu —v|lg,p1,—5-

dRe Byng aamin KU O 0% Mg o ke um KPR SEPCIURE YR
T (u) W u® g3ig ®uy € B. ﬂ(‘l@‘vlusﬁm,@ [ wl¢§mar _(ug,r. 0 Mee mﬁ(
WeORe i e OO 0OT(20)g B easa HOM ue M lsys M D

3. Main results

i,.
B M7 ls g Pmls O 08 Mo 15 Re O CH-sMPin s M anow0l o
ne ' 20 Tsyse Mok B oL byke U0 Qg0 1910 N7 (218) % Hop <

0<"€<'14"{,UM}Z!9— St e Wihad lg..lthh_P{uZ} Z+7‘b-ccuz€Cﬁ( (B)7
Wi e ®

(CLCNE N e luillp—p < 00, ui(1) Wuit1(0).

.]"c -‘"ﬁ&,oc (Heo | - ll1,) B8 a_at e S ee Jea 19 HE D e SURs OF 7, sym B
h_gel? RN Hfb_.‘l-‘g subg OF H,, \S.O%c.

3.1. Derivation of the Lyapunov-Perron operator

v ‘,  * i, 4 b .
od 0 1424 woim Ny, ®w Yigee Wy O Ve OMOpg  Oa sl el
Wi (2.18).

Lemma 3.1. Given £ € B—,U h_F{uZ}l z+ €EHE, e O, 1, let u(t+m) h_Fum(t),t co0,1.

Then u(-) is the solution of (2.18) with v~ (0) W.$ if and only if U satisfies the following
equality:

J(U) m h-%S (t+m)¢

m

+/S_(t—7')F(um dT+/S £ — 7Yt (7)) dOmo(7)  (3.1)
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1

1
- /S+(t — 7)F(up(7))dr — /S+(t = 7)G (U (7)) dOr(T)

t

oo 1
- S+(t+m—¢)/s+(1—T)F(ui_l(T))dT
0

1=m-+2

-y S+(t+m—i)/5+(1—T)G(ui_l(r))dﬁi_lw(r),
0

1=m-+2
with the convention that Z?:k fi h+0 for any n < k.
Proof. gulse 1P m0¥ (2.18) wi ol Lv 14 w(0) Wik u —(0) W &N W 1y

u@—i—m)h*um ),t € Oﬂ_ﬂ Uh.Fuz'Z‘hh'c"Zbyh'cﬂa_\. DmOT Ows W s
© WOk g

u, (1) IR (t+m,w,u(0))

m % t+m
ST (E+m)E+ Z / ST™(t+m —7)F(u(r))dr + / ST(t+m —7)F(u(r))dr

t+m

n Z} / S (t+m — )G (u(r))dw(r) + / S (t+m — )G (u(r))dw(r)

W ST (t+m)E + Z ST(t+m—1) / ST —7)F(uj—1(7))dr

=1 0

§

1
+Y .87 t+m—z/S (1 — 7)G(ui—1 (7)) dOi—1w(7)
1=1 0

t t
+/S (t—7)F dT+/S t—1)G 7))dOpmw(T).
0 0

. (3.2)

o
otr Soaneay T B byt W OROT OO ROT(215), Wi ¥

*(s) h_%S"'(s) /S+ s—r) dr+/S+ s —1)G(u(r))dw(r)

a B -o"nzs, by e ¢O ¥ d }Jo% y,u.o*t sh
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u™(n) h+S+(n—s /S+ n—r)F(u(r) dr+/S+ n —r)G(u(r))dw(r).

e BT ls #ie S LRISLN | e g,m’OU%S*(-
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‘“
W YoV Mimeas SN — +00 $Re K+ > 0.0 Irine 1M 1 — 00 (3.3) o sUls

3

U,

L) / S*(t = 7)F (s (7)) dr — / S*(t = 7) Gt (7)) Ao (7)

_ i St(t+m—i) [ ST —7)F(ui—a(7))dr

1=m-+2

= Y ST(t+m—i) [ ST =7)G(ui1(7))dbi—1w(r).

i=m-+2

o O~ _

i
Wi # Uas Isdhs (3.1) by O mwmng (3.2) Wi (34). Omy gy ¥ U € Hias tsds
(3,1), e i‘1").‘]. ® e by u(t) gui(s) Wim i+ s W t®Pa Myt > 0,} 210 ws¥0 M,
aode Oaw ta (al Pek u(t)isie © 100 MO7(218) Wi v (0) & O
L3 b [
As.Q,r%ml%,,@ IMine he® yO7llval m a0l 14,24, Va ¥ 0 & .
e OME o RE b GEO Wi ind y e s@en Ty 0wowC’ (0,1 B)
ylg mby
lulls.—5 <
U, B,=B =5
(u) { 2
0, llullg,—5 > 1,
b b b
win Omimo us kg K g0k 2y g 0 uk byl Oms msD D20 R>0
(e WIRYe o gt 1eSupg, Dw32) d
R
3 < =
u, l[ullg—s < 3
R.

xr(u) W Rx (%) g{

0, l|ullg,—p >

W iae e # Fr(u) &P oxn(l b Gr(u) 0,.Goxaw® ue (0,1 B).

Wkw. by
Lp(R) wama {D sV IDF(nxr(u) + (1 —n)xr@))lLes),
X u,v BB(O,]&S n [0,1] ( )

D, “”&5 IDEF(nxr(u) + (1 —n)xr(@))|L@B_s}
u,v Bg(0,R),n [0,1]
2 W
Lg(R)
o (D, S DG (W)l (B;12(B:8)): Dx S IDG(w)l|(_p:L2(B:8_5)) -
w Bp 7R) w Bp 7R)
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We a0 Y% 0 ne Wb pssor DE DG BNy 0 e (Oh10ms DF(0) Wy
0,DG(0) w0, Lr(RL % La(R)eOmg % © 0 s R — 0. ORS¥ Wk ¥ B
Lr(R) W C Dy,Cpr B % Lg(R) W C Dy,D?,Cpa,Cpid R, We ¢ Cls O % ™
winte g b 0myomD, D2 B omine Wik 07N dv 1y 0T E b Aow
by Cpr e Spe 18 5,006, Co2 e Wh lsedl | e e PR M0 MR a8
NO R du Mg e xR DY g ssum Dm(Az) K (Ag), 10N sk

|Fr(u) = Fr(v)| W [F(xr(w) = F(xr(v))|
1

. / DF () + (1 - m)xr())(xr(w) — xa())dy

0

< Dy S"‘]‘% [DF(mxr(u) + (1 =n)xr@))lllu—vl
u,v Bg(0,R),n [0,1]

< Lp(R)|u — v

|Fr(u) = Fr(v)|-p W[ F(xr(w) = F(xr(v))|-s

. / DF () + (1 = m)xa(®))(xr(w) — xa(v))dy

0

< Dy 5“&5 IDF(nxr(u) + (1 =n)xr))|LeEs_lu—vl
w,v Bg(0,R),n [0,1]

< Lp(R)|lu —v|.

“
el ly? G, W ¥

1Gr(u) = Gr(v)||Ly:8) WIG(XR(W) = G(xR(W)||L.(BiB)

" / DG (x(u) + (1 — )xa(®))(xa(u) — xa(v))dn
0
<D, su  [IDGxa(w) + (1 —nxr@)l -1
u,v Bg(0,R)

S DX " guﬁs,R) HDG(U))(U, - U)”LQ(B;B)

< La(R)|u — v,

|G R(u) — GR(’U)HLQ(B;B_/;)
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W, |G (xr(u) — G(xr(w))| L. @B:B_s)

1

| [ DGOR() + (1 = nxr(e)) (xnla) = xre))dy
0 L2(B;B_p)
<Dy s IDG(nxr(u) + (1 —n)xr(@)(w—"2)|L,@E8
u,v Ba(0,R)
<D g:‘%&R) IDG(w)(u =) ,88_s)

< Lo(R)lu—vls.

e Bidte mg ly AN 1o Bog wa w N ‘6&&}‘(% e NN a0 s e
1) — Grl)laee ) < La(R)lu— ol

a sly

DG Rr(u)h — DGR(v)h| L,B:8_,))
1

/ DG (nxa(w) + (1 — m)xr(@))dn(xa(u) — xa()h
0

.

L2(B;B—p)

<D, s% |[D*G(w)(u—v)h|r,@8 )
w Bg(0,R)

< Dy Lg|u — v|—g|h|—p.
o
dRe © Ui, vi,u2,v2 €EB, Wi ¥

|Gr(u1) — Gr(v1) — Gr(uz) + Gr(v2)||L,B:B_))

= H //DZG(h(éXR(ul) + (1 =&xr(v1)) + (1 = h)(Exr(u) + (1 = §)xr(v2)))dh
0 0

x Exr(ur) + (1 —&)xr(v) — Exr(uz) — (1= )xr(va) d€(xr(u1) — Xr(v1))

L2(B;B_g)
1

+ /DG(5XR(U2) + (1 =&)xr(v2))dl(xr(u1) — xr(V1) = XR(U2) + XR(V2))
0

L2(BiB_5)
< Lea(Ixr(u1) = xr(u2)|-s + [xr(v1) = Xr(v2)|-8)[XR(W1) = XR(V1)|-5

+ La(R)|xr(u1) = xr(vi) — Xr(u2) — XR(V2)|-8
< La(Dy)?(lur — ugl—p + |v1 = va|—p)Jur = v1|— + La(R) DY |ur — v1 — ug — va|—p.
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Remark 3.2. Dy © e &pv’Ou% S laMlie 5.0 Ban MO Wi h.c o R au Dn(2.5)
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3.8. Smoothness of local stable manifolds
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B misks 19 sUpe ¥, Bt Do myV eH, O%a n . V €H,.,
Sy
(L —id)V WV,

[ b b i
WO ks 1MW & Lyz W Lo—VD s, Minisks 0% ¢ P2 ha she o®e
A &Y OV s
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LV -V WV

o “ 4 " "
QR MO Mid — Llsstpg 1uWine ¢ Mias MY & W6 i s wuk e
Y O 0OmH .
- K4y

W, \ Yoo ¥ of
e £ BB, whe B O Ope O ZOMH, ., W € 0,90, Win s
¥y mby

IV =U) ) WV = U (t) = LV =U) n(t) = S™(t+m)(€ - &). (3.26)
Waltma |2V = U)ln,.. o€~ Ghl s& = EMne nt Y s
U () = wm (1) = LV = U) i (8) WS (8 +m) (€ = &) + o€ = &ol)
a sg—>go-o:_ myte 0,1,meZ*, Wy Lok s
V() = wm () W @ = £)7NS(E +m)(€ ~ &) + o(|€o — €]).

.
ke u( ) st 1%’05—-%1 Wi e Spe © ¢ e B K }Sﬁ‘cil"‘gﬁ-—s Vo dis
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Lemma 3.11. The operator defined in (3.26) satisfies |Z(V — U)|n,., Wio(|§ — &ol) as
£ — &o-

“ “
Proof. 0 mm; >0 0 dYe o e, whe O M0 s Timg s s ws.

IV = U) n(t) W7 () + I3 (0) + I (1) + I (1),

S ST (t+m =) [ ST(1—T)[Frep,_u) (vio1(7))
—Freg,_,w)(ui-1(7))
—DFRg,_,w) (-1 (7)) (vi—1(T) — ui—1(7))]d7T
ST+ m—14) [} ST (1 —7)[GRreo, ) (vi-1(7))
~GRreo,_,w)(ui—1(7))

Iy (1) W) —DPCRE w0 (@i-1 (1) (vie1(7) = ui-1(7))]dfi-10(7)

+ Jo 87 (t = T)[Fr(o,w) (vm (1)) — Fr(o,w) (tm (7))

—DFR9,,w) (Um (7)) (vm (T) — um (7))]dr

+ J§ S (t = TG r(6,,0) (Wm (7)) — GR(o,w) (um (1))

—DGR(0,,w) (Um (7)) (Vm (T) = um (7))]dOmw(T), 1<m<my,
07 m Z mau,
0 1<m<m,

YL ST (t+m =) [ ST(1 = 7)[Frep,_yu) (vio1(7))
—FRro,_yw) (ui-1(7))
—DFrp,_,w)(wi—1(1))(vi—1(T) — ui—1(7)))dT
Y STt m =) [y ST(L—7)[Gres,_w) (Wi-1(7))
5 (1) h-% —GRreo,_,w)(ui—1(7))
—DGRe,_,w) (Ui=1(7)) (vi=1(T) — ui—1(7))]db;—10(7)
+ Jo 87 (t = T)[Fr(o,w) (vm (7)) — Fr(o,w) (tm (7))
—DFgro,,w)(Um (7)) (Vm (T) — um(7))ldT
+ Jy S (t = T)[Gr(6,.w) (0m (7)) — GR(o,w) (um (1))
—DGRo,,w) (Um (7)) (vm(T) — um (7))]d0mw(T), m > ma,

= ST(E+m =) [§ ST (L= 7)[Fres,_w) (vi1(7))
—Fro,_ ) (ui-1(7))
—DFRg,_,w) (i-1(7)) (vi—1(T) — ui—1(7))]dT
— e ST+ m =) [y ST = T)[Greo,_yw) (vi-1(T))
—GR(o,_,w) (Ui-1(T))
I (t) i+ —DGRro,_,w)(Uum (7)) (vi—1(T) — wi—1(7))]d0;—1w(T)
— [ 8F(t = T)[Freo,,w) (vm (7)) = Freo,w) (um (1))
—DFR,,w)(Um (7)) (vm(T) — um(7))ldT
— [} 8H(t = TG r(o,w) (Vm (7)) = GRo,0) (Um (7))
—DGR(9,,0) (Um (7)) (Wm(T) = um (7))]dOmw(T), 1<m<m,
0, m 2> ma,
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=% a2 ST+ m =) [ ST = T)[Freo,_,w)(vie1 (7))
—Fro,_,w)(ui-1(1))
—DFgrp,_,w)(wi-1(7)) (vi—1(7) — ui—1(7))]dT
2 ST(E+m =) [ ST(1 = 7)[Cres,_yw) (Vi1 (7))
—GR(0:_1w)(Wi-1(T))
—DGRo,_,w) (wi—1(7)) (vi=1(T) = ui—1(7))]d0;—1w(T)
- f[)l ST (t+m —mi1 — D[Fre,,, w)(Vm, (7)) = Fro,,, ) (um, (7))
—DFR,,, w)(tUm, (7)) (Vm, (T) — tum, (7))]dr
— Jy St (t+m—m1 —1)[Grs,,w) (Vm, (7)) — GRreo,, w) (tm, (7))
+ —DGR(gmlw)(um, (7)) (W, (T) = Uy (7))]dOm, w(7), 1<m<m,
Iy (1) o 2 g2 ST +m —14) [ ST —7)[Freo,_w)(vi-1(7))
—Fro,_yw)(ui-1(7))
—DFgro,_,w)(wi—1(7))(vi—1(T) — ui—1(7)))dT
= ST+ m =) [] ST(L = 7)[CRes,_yw)(vi1(7))
—~GR(0,_ ) (Wi-1(T))
—DGReo,_,w) (um (1)) (vi—1(T) — ui—1(7))]dOi—1(7)
— [ 8F(t = T)[Freo,,w) (vm (7)) = Freo,,w) (um (1))
—DFgo,,0)(um (7)) (0m(T) — um(7))ldT
— [} STt = T)[GR(0,00) (Wm (1)) = GRo,,w) (um (T))
—DGR(o,,w) (Um (7)) (vm(T) — um(T))}dam::(T% . m > ma.

Ry < 0, We Staflea N10% s By o M5 O m > my, By ssui 0w

(A5), (AR A Mo W ORsOv Lp(RL A Lo(R), Wi ¥ e 010 wrgeip ou 1-

& S—

|FR6:_10) (Vi—1) = FR(0,_,0) (Ui—1) = DFR,_,w) (Wi—1)(vi—1 — ui—1)] (3.27 )
< Lp(R(0;—1w))|vi—1 — wi—1],
|FR0:_10)(Vi—1) = FR(9;_,0)(i—1) = DFRg, ) (wi—1)(vim1 — wi—1)|—p (3.27m)

< Lp(R(0;—1w))|vi—1 — wi—1],
|G o, 1) (Vi—1) = GReo, 1) (wi—1) — DGRo, ) (wi—1)(vim1 — ui—1)||L,B:8) (3-2% )
< Lg(R(0i—1w))|vi—1 — wi—1],

G R _1w)(Vie1) = GR(o;_y ) (Wi—1) — DG R(6,_yw) (Ui=1) (Vi1 — ui=1) | Lo (BB_p) ,
(3.2% )

< Lg(R(Oi—1w))|vi—1 — wi—1],

IG R, 1) (Vi=1()) = GRo,_1) (Ui=1()) = DG R(p, 1wy (i1 (r)) Vi1 (r) — w1 (r)
(3.2%)

= GR(o,_10)(vi-1(9)) + Gro,_,w) (ui-1(q))
+DGRo,_,w)(ui—1(q)) vi—1(q) — ui—1(q) lz.B:B_5)
< Le(R)(r — @)P lvie1 — ui—1lp,—p-

'
g e 0 F(u), Glul s 1m e M 214 B0 M2.12 by Frp, ) (vie1(7)) —

Frio, ) (1i-1(7)) = DF(g, 0 (uim1(7)) (0im1 (7) = tim1 (TRl & Grep, 0 (vim1 (7)) —
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[
GRr(o,-10) (Wi—1(7) = DG R0, 1) (i1 (7)) (Vi1 (T) —1i=1(T)) & Sge ¥ 1y, W Od IMine
010w lm gu b s70 My327 ), (3.27h), (3.2% ), 32 (3.27 )-

\ [ 50=7) Fuo o wim17)) = Py i1 ()

— DFp(g, o) (i1 (7)) (i1 (T) — wi—1 (7)) d7

< Lrp(R(0i—1w))||vi—1 — ui—1]|g,—p,

| /5t Bt ot~ B s
0

— DFR(p, ) (i1 (7)) (vie1(7) — uim1 (7)) dr

8,8
< Lp(R(0i—1w))|[vi—1 — ui—1]lg,—8,
1
| [500=7) Gatorop(651()) = G517
— DG rp,_w) (ti—1 (7)) (Vi1 (1) — ui1 (7)) dr
LQ(B;B)
< Lg(R(Oi—1w))|[vi—1 — wi-1ll,—p,
2 H
H [ 56=7) Grto i vi-1(r) = Gt i-a(7)
0
— DGR, o) (i1 (7)) (vie1 (7) — wi—1 (1)) dr
8,8

< Lo(R(0i—1w))||[vie1 — ui—1llg,—p-

Y “
e Do My > L e ®Y my, Iy L) Tia Wb e Smc‘ﬂ‘ by
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s "L gmp S KU = Ve, st Y M0 Om =z
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. {FR(Gilw)(vi—l) — Fro,_10)(Ui—1) — DFR(g,_,w) (Ui—1)(vim1 — ui—1)],

|FR0;_10) (Vim1) = FR(0;_1w) (Wim1) = DFRo,_ ) (Ui—1) (Vi1 — ui—1)| -5,
G R(6:_ 1) (Vi—1) = GR(9,_1w) (Wi—1) — DG Rr(6,_10) (Ui—1)(Vi—1 — Ui=1) || o (B:B_5)>

|G R0, 1) (Vi—1) = GR(o, 1) (Wi—1) — DG Ro, 1) (wi—1)(Vim1 — wi—1)| L, (B; B)}

< &1|vi—1 — ui—1],

R SRRTEE N 1

1GR9, 1) (Vi-1(1) = G R0, 1) (Ui=1 (1) = DG po, ) (Wim1 (1)) Vi1 (r) = wimy (r)
— GR(6;_10) (Vi-1(9)) + GR(6;_ ) (wi-1(q))
+ DG o, ) (ui-1(q)) vi-1(q) — ui—1(q) l2.(B:B_5)
< E(r =)’ vie1 — wima [l p,—p-

R W ‘v'u‘vh.c ‘?Qﬁ_ iy

1
'/S (1 =7) Freg,_1w)(0i=1(7)) = Freo,_,w)(ui—1(7))
0

— DFgg,_yu) (i1 (7)) (0i=1 (7) — i1 (7)) dr

< &ieslvi-r — ui—1llp.—5,

| /5t Bt ot~ B s
0

— DFpo, o) (ui1(7)) (i1 (1) — wj—1 (7)) d7

B,—B
< &ieslvier — ui—1llp.—5,
1
H [ 80:=7) Gaor o (vim1(7)) = Gty i (1)
0

— DG rg,_u) (i1 (7)) (Vi1 (1) — =1 (7)) d;—10(7)

Ly
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— DG g, o) (i1 (7)) (i1 (T) — wi—1(7)) di—10(7)

8,8
< &iesCaplllfirwllig o Vi1 — wi-1llg,—s
an Uy To b T m . st by
o T ey P (3.28)
1=m<mq
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s, eI 5 (3.280)
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m1—1
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m 1
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+
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1

- / ST (t = 7)DFr(o, ) (tm (7)) Dettn (7)dr

t
1

- /S+(t - T)DGR(gmw)(um(T))Dgum(T)dGmw(T).
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Va My € 0,70, e Dgu g wubt e o
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S e %e O Dea b D s

Dgvm(t) = Dt (t) by L(DeV = DU i (8) + T ().

[
y (3.25), Deuml(t) .\s.O:}Nﬁ ug :wh. eS8 O ETITlkay 7 sE— MO s
a NP, mm; >00 hlee MBlale W e Wie E sP®ws

T (1) ey
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S ST (t+m =) [} ST(1—7)[DFR, ,u)(vi-1(T))
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=2 ST+ m—1i) [§ ST(1—7)[DFgo, ,u)(vi-1(7))
_DFR:(QHIUJ) (uifl(T))]DEUifl(T)dT
e ST+ m—1i) [y ST (1= 7)[DGRo, ,u)(vi=1(7))
_DGR(QV‘W)(ui_l(T))]DEUi_l(T)dei_lw(‘l')
= [ 87 (t = DD Fr(o,,w)(vm (7)) = DFR(9,,0) (tm (7))] Devm (T)dT
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— ;?imi‘*'? STt +m —1) fol ST(1—7)[DFgo,_,w)(vi—1(T))
—DFR(9, w) (Ui-1(7))]Devi—1(r)dr
- Zfim;+2 STt +m—i) fol ST —=7)[DGreo,_,w)(vi—1(T))
—DGR(g, yw)(ui—1(7))]Devi—1(7)d0; _1w(T)
— J2 S (¢4 m = m = ) DFne,,, ) (g (7))
_DFR(G,,,,1 w) (Umg (T))]DE'Um" (r)dr
7‘2+ (t) h.s —EGSJF (t+m— Wl/1 — T)[DGR(gm; w) (Umi (7)) ,
- R0, ) (wm (7)) Devimy dOmqw(T), 1=m < mi,
= i St(t+m —1) fol ST(1—=7)[DFgo,_,w)(vi—1(T))
_DFR(thlw)('U/ifl(T))]Ds'Uifl(T)dT
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