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behaviors, among which the projections of local attractor and repeller of the associated skew 
product semiflow have been extensively studied, see for instance Aragao-Costa, Caraballo, Car-
valho & Langa [1], Caraballo, Jara, Langa & Liu [5], and Bortolan, Caraballo, Carvalho & Langa 
[3]. In particular, it was proved that a non-autonomous gradient-like evolution process possesses 
a Morse decomposition on the pullback attractor, and admits a Lyapunov function to describe a 
decaying energy level on the evolution of trajectories in [1]. As to the Morse decompositions of 
uniform attractors, the concept of lifted-invariance was provided to deal with the non-invariance 
of uniform attractor under non-autonomous systems [4].

In general, dynamical systems are often subject to random influences, such as uncertain 
parameters, internal agitation, external fluctuations and fluctuating initial conditions. One well-
studied general framework for the study of systems driven by noise is the theory of random 
dynamical systems (RDS), see the monograph by Arnold [2] and the references listed therein. In 
this framework, many efforts have been done corresponding to Morse decomposition of random 
attractors, as for instance Crauel, Duc & Siegmund [10], Liu [15–17] in the case of autonomous 
systems. The Morse decomposition theory was further developed and the equivalence between 
the existence of Morse decomposition and the existence of Lyapunov function under strong con-
ditions was presented in Liu, Ji & Su [18]. Afterward, Caraballo, Langa & Liu [7] studied the 
properties of the gradient infinite-dimensional random dynamical systems on pullback attractors. 
Recently, a strong Lyapunov function was constructed by Ju, Qi & Wang [13] to study the Morse 
decomposition and its stability.

The situation becomes more complicated when taking non-autonomous effect into consid-
eration since there are two base flows: random base flow and non-autonomous base flow. To 
characterize the long-term dynamics, Wang [19,20] established some criteria for existence of 
pullback attractor for non-autonomous random dynamical systems (NRDS). Recently, Cui & 
Langa [12] introduced uniform random attractor to study the uniform asymptotic dynamics of 
NRDS with respect to the compact time-dependent symbol space. They provided the existence 
and uniqueness theorem of uniform random attractor, discussed the relationship with the cocycle 
attractor of NRDS and the pullback attractor of the corresponding skew product semiflow, and 
further showed that uniform random attractor uniformly forward attracts proper random sets in 
probability. This inspired us to study the forward dynamics of NRDS on uniform random attrac-
tor. It is noteworthy that uniform random attractors have non-invariance, which is completely 
different from the pullback attractors of random dynamical systems.

In this paper, we aim to investigate the Morse decomposition of uniform random attractors, 
together with the Lyapunov function and the stability of deterministic Morse decomposition un-
der a small random disturbance. To this end, the first step is to define Morse sets according to 
local attractor-repeller pairs, inspired by Kloeden & Rasmussen [14]. However, it is impossible 
to define directly them in uniform random attractors by the so-called local attractor-repeller pairs 
because of the non-invariance of uniform random attractor. More precisely, the uniform repulsion 
can not be established since the NRDS is irreversible on such attractor. In order to avoid this em-
barrassing situation, we will define the Morse sets on uniform random attractor by means of the 
Morse sets on pullback attractor of the skew product semiflow, inspired by Bortolan, Carvalho 
& Langa [4]. In addition, we prove the existence of Morse decomposition of uniform random at-
tractors and establish a measurable Lyapunov function on such attractor. Moreover, we construct 
a random Morse decomposition for disturbed dynamical system based on deterministic local at-
tractors and prove random Morse sets converge to deterministic ones as the noise intensity tends 
to zero.
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The remainder of this paper is organized as follows. We firstly recall some preliminary re-
sults from [2,17,12] in Section 2. We then define the Morse decomposition of random uniform 
attractor for a jointly continuous NRDS, obtain Lyapunov function for uniform random attractor 
and further present the stability of Morse decomposition under a small random disturbance in 
Section 3. An illustrated example is presented in Section 4 to justify the obtained result in Sec-
tion 3. Finally, we discuss several related topics of Morse decomposition in random framework 
in Section 5.

2. Preliminaries

In this section, we fix the basic notations that we use in this paper and extract some basic 
definitions and results from [2,17,12].

2.1. Morse decomposition for random semiflow

Let (X, dX) be a complete metric space with metric dX, and B(X) the Borel σ -algebra of X. 
The Hausdorff semi-distance on X is given by

dX(A,B) = sup
x∈A

inf
y∈B

dX(x, y),A,B ⊂ X.

Denote Oε(A) by the ε-neighborhood of A, that is to say

Oε(A) = {x ∈ X;dX(x,A) < ε}.

Definition 2.1. An RDS φ on the measurable space (X, B(X)) over a metric dynamical system 
(�, F , P , {ϑt }t∈R+) with time R+ is a mapping

φ :R+ × � × X → X, (t,ω, x) �→ φ(t,ω, x),

with the following properties:

(i) φ(·, ω, x) is an identity operator on X.
(ii) φ(t, ϑsω, φ(s, ω, x)) = φ(t + s, ω, x).

(iii) (t, ω, x) �→ φ(t, ω, x) is (B(R+), F , B(X))-measurable.

Herein, we assume that (�, F , P ) is a measure space, and P is ϑt -invariant for t ∈ R and ergodic 
under ϑ .

A set-valued mapping ω �→ D(ω) ⊂ X, ω ∈ � is called a random closed (or compact) if 
D(ω), ω ∈ � is a closed (or compact) subset of X and for every x ∈ X, the function ω �→
dX(x, D(ω)) is measurable. We call D open random set if its complement Dc is random closed.

Definition 2.2. A random set K is forward 
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Moreover, it is invariant if for any t ≥ 0

φ(t,ω,K(ω)) = K(ϑtω), ω ∈ �.

In order to describe the backward trends of semiflows in random invariant sets, we intro-
duce the concepts of backward trajectory and complete trajectory for random semiflow, whose 
properties can be found in [17].

Definition 2.3. Let M be the set of all X-valued random variables and x a random variable in 
M. A mapping ξ : R− → M is called a backward trajectory of φ through random variable x if 
for all ω ∈ �, the following cocycle property holds:

ξ(0,ω) = x(ω), ξ(t + s,ω) = φ(s,ϑtω)ξ(t,ω), t ≤ 0, s ≥ 0, t + s ≤ 0.

ξ is called a complete trajectory of φ through x if for all ω ∈ �, the following cocycle property 
holds:

ξ(0,ω) = x(ω), ξ(t + s,ω) = φ(s,ϑtω)ξ(t,ω), t ∈ R, s ≥ 0.

For a given complete trajectory ξ , denote �ξ, �∗
ξ by the omega-limit set and the alpha-limit 

of ξ respectively, namely,

�ξ(ω) =
⋂
s≥0

⋃
t≥s

ξ(t, ϑ−tω), �∗
ξ (ω) =

⋂
s≥0

⋃
t≥s

ξ(−t, ϑtω).

Now, let us recall the Morse decomposition of a compact random invariant set S ⊂ X under 
random semiflow φ, which is useful to study the Morse decomposition of uniform random at-
tractor of NRDS through the associated skew product semiflow. Let us start with the definitions 
of local attractor and repeller.

Definition 2.4. Assume that A ⊂ S is a compact and invariant random set under φ. If there exists 
a froward invariant random open neighborhood U of A such that

�U(ω) =:
⋂
s≥0

⋃
t≥s

φ(t,ϑ−tω,U(ϑ−tω)) = A(ω).

Then we call A a local attractor of φ. The basin of attraction of A is defined by

B(A)(ω) = {χ ∈ S(ω) : φ(t,ω)χ ∈ U(ϑtω), for some t ≥ 0}.

The repeller A∗ corresponding to A is defined by

A∗(ω) = S(ω) \ B(A)(ω), ω ∈ �.

(A, A∗) is called an attractor-repeller pair.
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Notice that B(A) is an invariant random open set which is almost surely independent of the 
choice of U , see [15, Lemma 3.2].

Definition 2.5. Assume that (Ai, A∗
i ), i = 1, · · · , n are attractor-repeller pairs of S with

∅ = A0 � A1 � · · · � An−1 � An = S,

and

∅ = A∗
n � A∗

n−1 � · · · � A∗
1 � A∗

0 = S.

Then the family {Mi}ni=1 of subsets of S, defined by

Mi(ω) = Ai(ω) ∩ A∗
i−1(ω), i = 1,2, · · · , n,

is called a Morse decomposition of S, and each Mi is called Morse set.

By the definition of Morse set, it is easy to check that Mi, i = 1, ·, n are non-empty, invariant, 
pairwise disjoint random compact sets. Since S is a invariant random set in X, for any random 
variable x ∈ S, there exists a complete trajectory ξ through x lying on S, see [17, Corollary 4.2]. 
Throughout this paper, when we say a complete trajectory through x, we refer to the complete 
trajectory lying on S.

Definition 2.6. An invariant random set M is called isolated if there exists a random neighbor-
hood U of M such that for each random variable x with the property that the complete trajectory 
ξ(t, ω), t ∈ R, ω ∈ � through x remains in U almost surely, then the orbit always belongs to M
almost surely, i.e. the inclusion

ξ(t,ω) ∈ U(ϑtω), t ∈R

implies x(ω) ∈ M(ω) for almost all ω ∈ �.

Let B(A∗)(ω) := S \ B(A)(ω), ω ∈ �. Based on the fact that �ξ ⊂ A if x ∈ B(A) and �∗
ξ ⊂

A∗ if x ∈ B(A∗), see [17, Lemma 4.5], one can easily check that Mi, i = 1, · · · , n are isolated 
following analogous proof procedures with [10, Lemma 5.1].

Lemma 2.1. [17, Theorem 4.1] Suppose that {Mi}ni=1 is a Morse decomposition of S, given by 
attractor-repeller pairs (Ai, A∗

i ), 1 ≤ i ≤ n. Then the compact random set, given by
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(2) If ξ is a complete trajectory through x satisfying that �ξ ⊂ Mi almost surely and �∗
ξ ⊂ Mj

almost surely for some 1 ≤ i, j ≤ n, then i ≤ j . Moreover, i = j if and only if ξ lies on Mi .
(3) If random variables ξ1, · · · , ξp ∈ S satisfy that for some 1 ≤ j0, · · · , jp ≤ n, �ξk

⊂ Mjk−1

and �∗
ξk

⊂ Mjk
for k = 1, · · · , n, then j0 ≤ jp . Furthermore, j0 < jp if and only if ξk does 

not lie on M with positive probability for some k, otherwise j0 = · · · = jp .

2.2. NRDS and uniform random attractors

Let (
, d
) be a complete metric space. For simplicity, we assume the base space 
 is com-
pact directly from now on. An operator θ on R × 
 is called a base flow on 
 if it satisfies:

(1) θ0 is an identity operator on 
;
(2) θt (θsσ ) = θt+sσ for any t, s ∈R;
(3) (t, σ) �→ θtσ is continuous;
(4) 
 is invariant under θ , i.e. θt (
) = 
, t ∈R.

Definition 2.7. A mapping � : R+ × � × 
 × X → X is called a non-autonomous random 
dynamical system (NRDS) when

• � is (B(R+) ⊗F ⊗B(
) ⊗B(X); B(X))-measurable;
• �(0, ω, σ, x) is an identity operator on X;
• � satisfies the cocycle property, i.e.

�(t,ϑsω, θsσ,�(s,ω,σ, x)) = �(t + s,ω,σ, x), t, s ∈ R+.

Herein, we call {θt : t ∈R} and {ϑt : t ∈R} the driving systems of �.

Let DX be a collection of random sets in X satisfying: (i) neighborhood-closed, i.e. for each 
D ∈ DX there exists an ε > 0 such that the closed ε-neighborhood Oε(D) ∈ DX; (ii) inclusion-
closed, i.e. if D ∈ DX , each random set smaller than D belongs to DX . An X-valued set A =
{Aσ }σ∈
 is said to be non-autonomous random set if Aσ is random for any σ ∈ 
.

Definition 2.8. A random set A = {A(ω)}ω∈� is called the DX-uniform random attractor of 
NRDS � if A ∈ DX and it is the minimal compact uniformly DX-pullback attracting set in DX , 
that is

lim
t→∞ sup

σ∈


dX(�(t,ϑ−tω, θ−t σ,D(ϑ−tω)),A(ω)) = 0,ω ∈ �,D ∈ DX.

Definition 2.9. A non-autonomous random set A = {Aσ }σ∈
 is called a DX-cocycle attractor for 
an NRDS � if

(1) A is compact;
(2) A is DX-pullback attracting;
(3) A is invariant under �, that is

�(t,ω,σ,Aσ (ω)) = Aθtσ (ϑtω), t ∈R,ω ∈ �,σ ∈ 
.
28
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(4) A is the minimal among all the closed non-autonomous random sets which are DX-pullback 
attracting.

Denote X = X × 
 by the skew product space with the metric

dX(χ1, χ2) = dX(x, y) + d
(σx, σy),

where χ1 = (x, σx) and χ2 = (y, σy) are in X. The associated skew product semiflow {
(t, ω) :
t ∈R+, ω ∈ �} is given by


(t,ω)(x,σ ) = (�(t,ω,σ, x), θtσ ), σ ∈ 
,x ∈ X.

Denote a universal DX by the proper random set if B is random and PσB(ω) 
= ∅, PXB ∈ DX , 
σ ∈ 
, ω ∈ �, where PσB is the σ -section of B and PXB is the union of all σ -sections of B.

Definition 2.10. A proper random set A is called the DX-attractor of skew product semiflow 

if

1. A is a compact set in X;
2. A pullback attracts any proper set in DX, that is

lim
t→∞dX(
(t,ϑ−tω,D(ϑ−tω)),A(ω)) = 0,D ∈ DX;

3. A is invariant under 
, that is


(t,ω,A(ω)) = A(ϑtω), t∈R+.

Definition 2.11. [11, Definition 5.3] Given any σ ∈ 
, a mapping η : R × � → X is called a 
σ -driven complete trajectory of NRDS � if

η(t,ω) = �(t − s,ϑsω, θsσ, η(s,ω)), t ≥ s ∈R,ω ∈ �.

We say it is through random variable x when η(0, ω) = x(ω), ω ∈ �. If there exists a random set 
B ∈ DX such that ∪t∈Rη(t, ·) ⊂ B(·), then η is called a DX-complete trajectory.

Lemma 2.2. [12, Corollary 4.5, Theorem 4.15, and Proposition 4.19] Suppose � is a jointly 
continuous NRDS both in 
 and X. Then the uniform attractor A of the NRDS exists if and only 
if so does the DX-random attractor A of 
. Moreover, If � has uniform attractor A, then

A(ω) = PXA(ω) = ∪σ∈
Aσ (ω),∀ω ∈ �,

and

A(ϑtω) = {η(t,ω) : η is a DX-complete trajectory of �,ω ∈ �}, t ∈R.
29
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For a given DX-complete trajectory η lying on A, let ξ(s, ·) = (η(s, ·), θsσ ) with s ∈ R, σ ∈

. Then for any t ≥ 0, ω ∈ �,


(t,ϑsω, ξ(s,ω)) = (�(t,ϑsω, θsσ, η(s,ω)), θt θsσ )

= (η(t + s,ω), θt+sσ )

= ξ(t + s,ω),

and ξ(0, ω) = (η(0, ω), σ) = (x(ω), σ), ω ∈ �. Hence ξ is a complete DX-complete trajectory 
of 
 through (x, σ), naturally, lying on A. Conversely, Let ξ be a complete trajectory of 

through (x, σ) ∈ A lying on A, then η = PXξ is the σ -driven complete trajectory through x
lying on A since

η(t + s,ω) = �(t,ϑsω, θsσ, η(s,ω)),ω ∈ �, t ≥ 0, s ∈ R.

3. Main results

3.1. Morse decomposition of uniform random attractor

Let A ∈DX and A = {Aσ }σ∈
 be the uniform attractor and DX-cocycle attractor of � respec-
tively, and A ∈ DX the DX-random attractor of 
. Assume that the random compact invariant 
sets family {Mi}ni=1 is a Morse decomposition of A with PXMi ∩ PXMj = ∅, i 
= j . Herein we 
denote

M =
n⋃

i=1

Mi ,M =
n⋃

i=1

Mi,

where

Mi := {x ∈ A; (x, σ ) ∈Mi for some σ ∈ 
}. (1)

To cover the shortage of non-invariance of uniform random attractor, the concept of lifted-
invariance is introduced as follows:

Definition 3.1. Let � be a jointly continuous NRDS in both 
 and X. We say that a random 
variable x is lifted if there exists a σ ∈ 
 and a σ -driven complete trajectory η through x. Let

A := {x; x is lifted random variable},

then A is called lifted-invariant random set if all complete trajectories through random variables 
in A under � remain in A. Moreover, if there exists a neighborhood U of A such that A is 
the maximal lifted-invariant random set in U , i.e. if there is a lifted random variable x ∈ U , the 
σ -driven complete trajectory η through x remains in U , then x ∈ A, we call A isolated lifted-
invariant set.

Lemma 2.2 shows that A is a lifted-invariant random set.
30
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Lemma 3.1. Assume that {Mi}ni=1 is a Morse decomposition of the DX-random attractor A. 
Then Mi, i = 1, · · · , n given in (1) are nonempty, mutually disjoint and isolated lifted-invariant 
random sets.

Proof. First of all, the statement that {Mi}ni=1 is a nonempty mutually disjoint sets family can be 
easily checked since Mi ∈DX is nonempty and PXMi ∩ PXMi = ∅ for any i 
= j as supposed.

By means of the definition of Mi , for any given x ∈ Mi , there is a σ ∈ 
 such that (x, σ) ∈Mi . 
Then according to the invariance of Mi under 
, there exists a unique complete trajectory ξ of 

 through (x, σ) which remains in Mi . Consequently, the mapping η(t, ·) = PXξ(t, ·) is the 
σ -driven complete trajectory of � through x and remains in Mi . Hence Mi is lifted-invariant 
random set.

Last but not least, it is known that Mi is an isolated invariant set from Subsection 2.2. Then 
one can find a neighborhood of Mi denoting by Ui such that Mi is the biggest invariant set in 
Ui . Then set

Ui = {x ∈ X : (x, σ ) ∈Ui , for some σ ∈ 
}

is a neighborhood of Mi . Since for any x ∈ Ui , σ ∈ 
 such that (x, σ) ∈ Ui , the complete 
trajectory ξ(t, ·) = (η(t, ·), θtσ ) through (x(·), σ) remains in Mi , for any t ∈ R, that is, the σ -
driven complete trajectory η is in Mi all the time. Thus we can conclude that Mi is an isolated 
lifted-invariant random set. �

Now, we introduce the Morse decomposition of the uniform random attractor for NRDS �, 
which is an extension from deterministic Morse decomposition of uniform attractor to random 
case, see [4, Definition 3.26].

Definition 3.2. Let � be a jointly continuous NRDS in both 
 and X, A the uniform random 
attractor of � and {Mi}ni=1 a mutually disjoint isolated lifted-invariant random subsets family of 
A. We call {Mi}ni=1 a Morse decomposition of A if for any given random variable x ∈ A, σ ∈ 


such that (x, σ) ∈A, the σ -driven complete trajectory η of � through x satisfies that:

(i) there is a sequence {tn}n∈Z such that for any ε > 0,

lim
tn→±∞P {dX(η(tn,ω),M(ϑtnω)) > ε} = 0;

(ii) if (x, σ) ∈ Mi for some 1 ≤ i ≤ n, then η(t, ·) remains in Mi ; if �ξ ⊂ Mi and �∗
ξ ⊂ Mj , 

for 1 ≤ i, j ≤ n, there is a sequence {tn}n∈Z such that for any ε > 0,

lim
tn→∞P {dX(η(tn,ω),Mi(ϑtnω)) > ε} = 0,

and

lim
tn→−∞P {dX(η(tn,ω),Mj (ϑtnω)) > ε} = 0,

with 1 ≤ i ≤ j ≤ n.
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Theorem 3.1. Let {Mi}ni=1 be a Morse decomposition of the random attractor A of 




X. Lin and C. Zeng Journal of Differential Equations 293 (2021) 23–47
with 1 ≤ i < j ≤ n. Hence we summarize that {Mi}ni=1 is a Morse decomposition of A according 
to Definition 3.2. �
Remark 3.1. As all known that convergence in probability is weaker than pathwise convergence, 
the case of [18]. When we adopt pathwise convergence to define pullback local attractor and 
repeller of the associated random attractor of skew product semiflow, we always expect to study 
the pathwise dynamics. However, it may happen that the time on � is different from the time 
on 
 in general cases. Precisely, assume that (x, σ) ∈ A ∈ DX is pullback attracted by B ∈ DX
under 
, then we have

lim
t→∞dX((
(t,ϑ−tω)(x(ϑ−tω), σ )),B(ω)) = 0, ω ∈ �,

where only ω-fiber is pulled back to ϑ−tω. This formulate does not indicate pathwise behavior
of the σ -driven complete orbit through x, but it implies the attraction in probability. Hence, it 
allows us to define the local attractor and repeller in the sense of probability, rather than pathwise 
convergence.

We do find, however, that the pathwise convergence holds for some special situations. In this 
respect, an example will be provided in Section 4, where the Morse set M1 is pullback attracting, 
similar to the cases in [15–18,5].

3.2. Lyapunov function on uniform random attractor

Definition 3.3. Assume that A, A are the uniform random attractor of � and pullback attractor of 

 respectively, and {Mi}ni=1 is a Morse decomposition of A given by the Morse decomposition 
{Mi}ni=1 of A. A function V : � × 
 × X → [0, +∞) is called a Lyapunov function of � on A
if

(1) Given any variable x ∈A, σ ∈ 
 such that (x, σ) ∈A, the map

t �→ V (ϑtω, θtσ,�(t,ω,σ, x(ω))), t ≥ 0

is non-increasing.
(2) For any (x, σ) ∈Mi , V (ϑtω, θtσ, �(t, ϑtω, θtσ, x(ω))) is constant, i = 1, · · · , n.
(3) If V (ϑtω, θtσ, �(t, ω, σ, x(ω))) = const, t ≥ 0, ω ∈ �, then x ∈ M and (x, σ) ∈ M.

Theorem 3.2. Assume that A, A are the uniform random attractor of � and pullback attractor 
of 
 respectively, and {Mi}ni=1 is a Morse decomposition of A given by the Morse decomposition 
{Mi}ni=1 of A. Then � has a Lyapunov function of on A.

Proof. We separate this proof into three steps:

Step 1. For any (x, σ) ∈ A, denote τi(ω, σ, x(ω)) by the minimal positive time of (x(ω), σ)

entering into the forward invariant neighborhood Ui(ω) of Ai (ω) under 
, that is

τi(ω,σ, x(ω)) = inf{t ∈ R+ : 
(t,ω,σ, x(ω)) ∈ Ui (ϑtω)}. (2)

Hence it enjoys three basic properties:
33
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(i) if (x, σ) ∈ Ai , then τi(ω, σ, x(ω)) = 0 with probability one;
(ii) if (x, σ) ∈ A∗

i , then τi(ω, σ, x(ω)) = ∞ with probability one;
(iii) if (x, σ) ∈ A \ (Ai ∪A∗

i ), then 0 < τi(ω, σ, x(ω)) < ∞ with probability one.
In addition, τi is a measurable non-increasing function, which will be proved in Lemma 3.2
for non-interruption reading.

Step 2. We further define the function Fi : (�, 
, X) →R+ by

Fi
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Fi(ϑtω, θtσ,�(t,ω, θ, x(ω))) = · · · = Fn(ϑtω, θtσ,�(t,ω, θ, x(ω))) = 0,

and

F1(ϑtω, θtσ,�(t,ω, θ, x(ω))) =· · ·= Fi−1(ϑtω, θtσ,�(t,ω, θ, x(ω))) = 1.

Hence we further obtain

V (ϑtω, θtσ,�(t,ω, θ, x(ω))) =
n∑

i=1

Fi(ϑtω, θtσ,�(t,ω, θ, x(ω))) = i − 1,

• If there is a constant c such that

V (ϑtω, θtσ,�(t,ω,σ, x(ω))) = c, t ≥ 0,

then (x, σ) ∈ M.
Indeed, if (x, σ) /∈A \M, then one could find the minimal i ∈ {1, · · · , n} such that (x, σ) /∈
Ai−1 ∪A∗

i−1. Hence

Fi−1(ϑtω, θtσ,�(t,ω,σ, x(ω))) < Fi−1(ω,σ, x(ω))

with probability one, which implies that V (ϑtω, θtσ, �(t, ω, σ, x(ω))) is a decreasing 
function with respect to t > 0. That is a contradiction with our assumption. Hence 
(x, σ) ∈ M.

In conclusion, V is a Lyapunov function on A of �. �
Lemma 3.2. Provided with τi given in (2), it is a measurable non-increasing mapping along 
orbits of �.

Proof. First, we consider the measurability of τi . Observe that Ui is a random open set, the 
mapping ω �→ dX((x, σ), Uc

i(ω)) is measurable for any (x, σ) ∈ X. Note that the mapping 
(x, σ) �→ dX((x, σ), Uc

i(ω)) is continuous, then (ω, σ, x) �→ dX((σ, x), Uc
i(ω)) is F⊗B(
) ⊗

B(X)-measurable, see [8, Lemma III.14]. Hence for any t ≥ 0, the mapping

(ω,σ, x) �→ dX((�(t,ω,σ, x), θtσ ),Uc
i(ϑtω))

is F ⊗B(
) ⊗B(X)-measurable. As a result, for any given a > 0 the set

{ω : τi(ω,σ, x) > a} =
⋂

0≤t≤a

{ω : dX((�(t,ω,σ, x), θtσ ),Uc
i(ϑtω))=0} (4)

=
⋂

t∈Q,0≤t≤a

{ω : dX((�(t,ω,σ, x), θtσ ),Uc
i(ϑtω))=0}

is measurable, where the last equality follows from the forward invariance of Ui under 
. This 
completes the proof of the measurability of τi(ω, σ, x).
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It remains to show τi is non-increasing. By the definition of τi , for any t > 0, (x, σ) /∈ Ai ∪A∗
i , 

one has the inequality

τi(ϑtω, θtσ,�(t,ω,σ, x(ω))) (5)

= inf{s ∈R+, (�(t + s,ω,σ, x(ω)), θt+sσ ) ∈ Ui (ϑt+sω)}

=
{

0, t ≥ τi(ω,σ, x(ω))

τi(ω,σ, x(ω)) − t, t < τi(ω,σ, x(ω))

< τi(ω,σ, x(ω)).

Then 0 ≤τi(ϑtω, θtσ, �(t, ω, σ, x(ω))) < ∞. If (x, σ) ∈ Ai ∪A∗
i , then

τi(ϑtω, θtσ,�(t,ω,σ, x(ω))) = τi(ω,σ, x(ω))

with probability one. Thus τi(ϑtω, θtσ, �(t, ω, σ, x(ω))) ≤ τi(ω, σ, x(ω)) with probability one, 
meaning that τi(ω, σ, x(ω)) is not increasing under t ∈R+. �
3.3. Stability of Morse decompositions

In this subsection, we focus on the approximation of Morse decomposition for an NRDS with 
a small random disturbance. Herein when the random disturbance vanishes, the system becomes 
a deterministic non-autonomous dynamical system.

Let � be a non-autonomous dynamical system on X with a driving system {θt }t∈R defined 
on a compact metric space 
, and �μ (0 < μ � 1) be a disturbed NRDS on the metric dynam-
ical system (�, F , P , {ϑt }t∈R), where μ represents the intensity of random disturbance. Denote 
{
(t) : t ∈ R+} and {
μ(t, ω) : t ∈ R+, ω ∈ �} by the skew product semiflow of �μ and �
respectively. Assume that the following conditions hold:

(A1) B is an arbitrary bounded subset of X,

lim
μ→0

sup
σ∈


dX(ϕμ(t,ϑ−tω, θ−t σ, x),ϕ(t, θ−t σ, x)) = 0, x ∈ B, t ∈ R+.

(A2) 
, 
μ have global attractor A and pullback random attractor Aμ ∈ DX respectively. More-
over,

lim
μ→0

dX(Aμ(ω),A) = 0,ω ∈ �.

Note that the speed of convergence is independent with both t and x ∈ B in (A1). As a result of
(A2), � and �μ possess uniform attractor A and uniform random attractor Aμ respectively.

Lemma 3.3. Under these two assumptions (A1) and (A2), the following three statements hold:

(1) For any given proper determinate bounded set B ⊂ X,

lim dX(
μ(t,ϑ−tω,χ),
(t,χ)) = 0, χ ∈ B, t ∈R+.

μ→0
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(2) For any ω ∈ �, it holds

lim
μ→0

dX(Aμ(ω),A) = 0.

Proof. (1) Given any bounded subset B ⊂ X, let B = PXB. Then it is a bounded subset of X. 
Choosing an element χ = (x, σ) ∈ B arbitrarily, we can obtain from (A1) that

dX(
μ(t,ϑ−tω,χ),
(t,χ)) = dX(ϕμ(t,ϑ−tω, σ, x),ϕ(t, σ )x)

≤ sup
σ∈


dX(ϕμ(t,ϑ−tω, θ−t σ, x),ϕ(t, θ−t σ, x)),

where the last term converges to 0 as ω ∈ �, μ → 0.
(2) Based on the result of (A2), we complete this proof with contradiction. Assume there is 

an ε0 > 0, x ∈ Aμ such that

dX(x(ω),A) > ε0.

Note that there exists a σ ∈ 
 such that (x, σ) ∈Aμ, then

dX((x(ω), σ ),A) ≥ dX((x(ω), σ ),A× 
) = dX(x(ω),A) > ε0.

That is a contradiction with (A2). So Aμ(ω) converges to A as μ → 0. �
Lemma 3.4. [16, Lemma 3.1] Assume U(ω) is a random open set and an invariant compact 
random set A(ω) ⊂ U(ω) satisfies that �U(ω) = A(ω), then the open set

Ũ (ω) := int
⋃
t≥0

�(t,ϑ−tω),U(ϑ−tω)

is a forward invariant random set with the same properties as U(ω),

Theorem 3.3. Assume that A1 ⊂ A is a local attractor of 
 in the global attractor A. Then the 
disturbed random dynamical system 
μ possesses a local attractor Aμ

1 ⊂ Aμ converging to A1
as μ → 0.

Proof. On the one hand, by the definition of local attractor, there exists an ε1 > 0 such that for 
any 0 ≤ ε ≤ ε1 such that A1 attracts Oε1(A1). Then one can find a T = T (ε) > 0 such that for 
any t ≥ T ,

dX(
(t,∪σ∈
{σ } ×Oε1(PσA1)),A1) ≤ ε

4
.

On the other hand, Lemma 3.3 (1) shows that there exists a μ1(ω) > 0 such that for μ ∈
[0, μ1(ω))

dX(
μ(t,ϑ−tω,χ),
(t,χ)) ≤ ε

4
,
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for any χ ∈ ∪σ∈
{σ } ×Oε1(PσA1), t ≥ 0. Hence for t ≥ T , μ ∈ [0, μ1(ω)), we have

dX(
μ(t,ϑ−tω,χ),A1)

≤ dX(
μ(t,ϑ−tω,χ),
(t,χ)) + dX(
(t,∪σ∈
{σ } ×Oε1(PσA1)),A1)

≤ ε

4
+ ε

4

= ε

2
,

that is

⋃
σ∈


{σ } × �μ(t,ϑ−tω, θ−t σ,Oε1(Pθ−t σA1))

=
⋃
σ∈



μ(t,ϑ−tω, θ−t σ ×Oε1(Pθ−t σA1))

= 
μ(t,ϑ−tω,
⋃
σ∈


{θ−t σ } ×Oε1(Pθ−t σA1))

= 
μ(t,ϑ−tω,
⋃

σ ′∈


{σ ′} ×Oε1(Pσ ′A1))

⊂ O ε
2
(A1). (6)

Herein, the property θt
 = 
, t ∈ R is taken into account in the last term.
In view of (6), we define a random set Aμ

1 given by

Aμ
1 (ω) := ∪σ∈
{σ } ×

⋂
s≥0

⋃
t≥s

�μ(t,ϑ−tω, θ−t σ,Oε1(Pθ−t σA1)), (7)

in which ∪σ∈
{σ } × Oε1(PσA1) ∈ DX is pullback attracted by Aμ under 
μ since Aμ is the 
DX-pullback attractor of 
μ. It is obvious that Aμ

1 is random compact and invariant subset 
of Aμ. Additionally, for any χ = (σ, x) ∈ Aμ

1 (ω), there exist a sequence {tm}m∈Z+ → ∞ as 
m → ∞ and {xm}m∈Z+ ⊂ Oε1(Pθ−tmσA1) such that

x = lim
m→∞�μ(tm,ϑ−tmω, θ−tmσ, xm).

On the base of the triangle inequality, denoting χm = (xm, θ−tmσ ), one has

dX(χ,A1) = lim
m→∞dX(
μ(tm,ϑ−tmω,χm),A1)

≤ lim
m→∞dX(
μ(tm,ϑ−tmω,χm),
(tm,χm))

+ lim
m→∞dX(
(tm,χm),A1).

Therefore, one further obtains that
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dX(Aμ
1 (ω),A1) = sup

χ∈Aμ
1 (ω)

dX(χ,A1)

≤ sup
χ∈Aμ

1 (ω)

lim
m→∞dX(
μ(tm,ϑ−tmω,χm),
(tm,χm))

+ sup
χ∈Aμ

1 (ω)

lim
m→∞dX(
(tm,χm),A1)

≤ sup
χ∈Aμ

1 (ω)

lim
m→∞dX(
μ(tm,ϑ−tmω,χm),
(tm,χm)) + ε

4

≤ sup
ξ∈Oε (A1)

dX(
μ(t,ϑ−tω, ξ),
(t, ξ)) + ε

4

≤ ε

2

when μ ∈ [0, μ1(ω)), where the third inequality comes from

dX(
(tm,χm),A1) ≤ dX

(



(
tm,

⋃
σ ′∈


{σ ′} ×Oε1(Pσ ′A1)

)
,A1

)

≤ dX(
(tm,Oε1(A1),A1)

≤ ε

4

for tm > T (ε). Hence by the arbitrariness of ε > 0, one has Aμ
1 (ω) converges to A1 as μ → 0.

In view of Lemma 3.4, we define

Uμ
1 (ω) := ∪σ∈
{σ } × int

⋃
t≥0

�μ(t,ϑ−tω, θ−t σ,Oε1(Pθ−t σA1)), ω ∈ �. (8)

One can easily check that Uμ
1 is a forward invariant neighborhood of Aμ

1 by the form of Uμ
1 . 

Furthermore, The omega limit set of it is given by

�Uμ
1 (ω)

= ∪σ∈
{σ } ×
⋂
T ≥0

⋃
s≥T

�μ(s,ϑ−sω, θ−sσ,Pθ−sσU
μ
1 (ϑ−sω))

= ∪σ∈
{σ } ×
⋂
T ≥0

⋃
s≥T

�μ(s,ϑ−sω, θ−sσ,
⋃
t≥0

�μ(t,ϑ−t−sω), θ−t−sσ,Pθ−t−sσA1)

= ∪σ∈
{σ } ×
⋂
T ≥0

⋃
s+t≥T

�μ(s + t, ϑ−s−tω, θ−t−sσ,Pθ−t−sσA1)

= Aμ
1 (ω). (9)

Hence Aμ is a local attractor of 
μ in Aμ with forward invariant neighborhood Uμ. �
1 1
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Lemma 3.5. Suppose that (A1, A∗
1) is a local attractor-repeller pair 



X. Lin and C. Zeng Journal of Differential Equations 293 (2021) 23–47
for large t ≥ 0. That is for any fixed t large enough, there exists a ξ ∈ Oε(A1) ⊂ Oε1(A1) such 
that


μ(t,ϑ−tω,χ) = ξ.

By Lemma 3.3, for any ε > 0 (independent with t), one has

dX(
μ(t,ϑ−tω,χ),
(t,χ)) ≤ ε,ω ∈ �.

Then

dX(ξ,
(t,χ) ≤ dX(ξ,
μ(t,ϑ−tω,χ)) + dX(
μ(t,ϑ−tω,χ),
(t,χ))

≤ ε.

Note that t is fixed but ε is arbitrary, hence one must have ξ = 
(t, χ). That is a contradiction 
with B(A1) is invariant under 
 since ξ ∈ B(A1), while χ ∈ A2 \ B(A1). Thus χ can not be 
attracted by Aμ

1 . Then we complete this proof. �
Theorem 3.4. Let M = {Mi}ni=1 be a Morse decomposition of A induced by attractor-repeller 
pairs (Ai , A∗

i ), where

∅ = A0 � A1 � · · · � An = A.

Then the random disturbed global attractor Aμ possesses a Morse decomposition Mμ =
{Mμ

i }ni=1 with

lim
μ→0

dX(Mμ
i (ω),Mi ) = 0,ω ∈ �, i = 1, · · · , n.

Additionally, denoting Mi = PXMi , i = 1, · · · , n, and

M
μ
i = {x is a X-random variable : (σ, x) ∈ Mi for some σ ∈ 
},

it holds that

lim
μ→0

d(M
μ
i (ω),Mi) = 0, i = 1, · · · , n.

Proof. For each Aμ
i , let Aμ,∗

i = Aμ \B(Aμ
i ), Mμ

i = Aμ
i ∩Aμ,∗

i−1, i = 1, · · · , n. By Definition 2.5, 
it holds that Mμ = {

Mμ
i

}n

i=1 is a Morse decomposition of Aμ. Theorem 3.1 further proves that 
Mμ = {Mμ

i }ni=1 is a Morse decomposition of Aμ. So it remains to prove the approximation of 
M

μ
i .
Denote ε0 = min{ε1, · · · , εn}, μ0(ω) = min{μ1(ω), μ2(ω), · · · , μn(ω)}, in which εi, μi(ω), 

i = 2, · · · , n are defined similarly to ε1 and μ1(ω) in Theorem 3.3. For any 0 < ε < ε0, denote 
Vi = Oε(Ai ) \Oε(A∗ ). One can easily check that Vi is a bounded subset of B(Ai−1) and then 
i−1
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is a subset of B(Aμ
i−1) for small enough μ because of Lemma 3.5. Considering μ < μ0(ω), one 

has

Mμ
i (ω) = Aμ

i (ω) \ B(Aμ
i−1)(ω) ⊂ Oε(Ai ) \ B(Ai−1),ω ∈ �.

Since Vi = Oε(Ai ) \Oε(A∗
i−1) ⊂ B(Ai−1), one can further have

Oε(Ai ) \ B(Ai−1) ⊂ Oε(Ai ) \ (Oε(Ai ) \Oε(A
∗
i−1))

= Oε(Ai ) ∩Oε(A
∗
i−1)

⊂ Oε(Ai ∩A∗
i−1)

= Oε(Mi ),

that is Mμ
i (ω) ⊂ Oε(Mi ), ω ∈ �. Thus

lim
μ→0

dX(Mμ
i (ω),Mi ) = 0, i = 1, · · · , n.

Last but not least, since limμ→0 dX(Mμ
i (ω), Mi ) = 0, for any x ∈ M

μ
i , there is a σ ∈ 
 such 

that (x, σ) ∈Mμ
i . Then it can be deduced that

dX(x(ω),Mi) = dX((x(ω), σ ),Mi × 
) ≤ dX((x(ω), σ ),Mi )

≤ dX(Mμ
i (ω),Mi ),

which converges to 0 as μ → 0. Hence we complete this proof. �
4. An example

Consider a non-autonomous stochastic system of Stratonovich type

{
dU(t) = (

U(t) − g(t)U3(t)
)
dt + ςU(t) ◦ dW(t),

U(t0) = U0,
(12)

where t ∈ R+, U0 ∈ R, ς > 0 and W(t) is a standard one-dimensional Wiener process. Support 
that g(t) is periodic function on t ∈ [0, 2π] and there exist 0 < g0 ≤ g1 < ∞ such that g(t) ∈
[g0, g1]. For example, one can take g(t) = 2 + cos(t).

To our purpose, we first construct a metric dynamical system following the standard proce-
dure. In fact, let us denote � = C0(R, R) by the collection of continuous mappings from R to R
with value zero at zero equipped with the compact-open topology, F the Borel-σ -algebra of �, 
P the Wiener measure and ϑtω(·) = ω(t + ·) − ω(t) the Wiener shift. In this situation, it was 
shown in [2, Appendix A.3] that P is ergodic and invariant for ϑt and thus the metric dynamical 
system (�, F , P , {ϑt }t∈R) is ergodic. Let us also identify W(·, ω) and ω(·). Besides, we shall 
use the cohomology method based on the stationary Ornstein-Uhlenbeck process.

We next pause to present some nice properties of the mentioned process.

Lemma 4.1. [6, Lemma 4.1]
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(1) There exists a {ϑt }t∈R-invariant set �̃ ⊂ � of full measure with sublinear growth:

lim
t→±∞

|ω(t)|
|t | = 0 ∀ω ∈ �̃.

(2) For ω ∈ �̃ the random variable

z(ω) = −
0∫

−∞
eτω(τ)dτ

exists and generates a unique stationary solution

z(ϑtω) = −
0∫

−∞
eτϑtω(τ)dτ = −

0∫
−∞

eτω(τ + t)dτ + ω(t)

solving

dz = −zdt + dω.

Moreover, the mapping t �→ z(ϑtω) is continuous.
(3) On �̃, it holds

lim
t→±∞

|z(ϑtω)|
|t | = 0 and lim

t→±∞
1

t

t∫
0

z(ϑτω)dτ = 0.

Now we are ready to focus on (12) and perform the change of variable

V (t) = U(t)e−ςz(ϑtω)

resulting in the following random system

{
dV (t)

dt
= (1 + ςz(ϑtω))V (t) − g(t)e2ςz(ϑtω)V 3(t),

V (t0) = V0
(13)

with V0 = U0e
−ςz(ϑt0 ω).

Let us denote the hull of g as


 := {g(t0 + ·), t0 ∈ [0,2π]},

define θt : 
 → 
 by

θtp(·) = p(t + ·) for all p ∈ 
, t ∈R.
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p(s)e2s+2ςz(ϑsω)−2ς
∫

Then 
 is a compact metric space due to the periodicity of g. Since (13) is Bernoulli differential 
equation, it can be solved analytically using an integrating factor. Thus by the solution to (13), 
one can define an NRDS φ as

φ(t,ω,p,V0) = V (t + t0, t0, ϑ−t0ω,p,V0)

on R+ × � × 
 ×R with

1

φ2(t,ω,p,V0)
= 1

V 2
0

e−2t−2ς
∫ t

0 z(ϑτ ω)dτ

+ 2

t∫
0

p(s)e−2(t−s)+2ςz(ϑsω)−2ς
∫ t
s z(ϑτ ω)dτ ds, t ≥ 0.

Replacing ω and p by ϑ−tω and θ−tp, respectively, it yields

1

φ2(t, ϑ−tω, θ−tp,V0)
= 1

V 2
0

e−2t−2ς
∫ 0
−t z(ϑτ ω)dτ

+ 2

0∫
−t

p(s)e2s+2ςz(ϑsω)−2ς
∫ 0
s z(ϑτ ω)dτ ds.

By Lemma 4.1, we get

lim
t→+∞

1

φ2(t, ϑ−tω, θ−tp,V0)
= 2

0∫
−∞

p(s)e2s+2ςz(ϑsω)−2ς
∫ 0
s z(ϑτ ω)dτ ds.

To construct a conjugated NRDS for (12), we define the homeomorphism T : � ×R → R by

T (ω,x) = e−ςz(ω)x

whose inverse is given by

T −1(ω, x) = eςz(ω)x.

Then it follows from [6, Lemma 2.2] that the mapping

ϕ(t,ω,p,U0) = U(t + t0, t0, ϑ−t0ω,g,U0) = T −1(ϑtω,φ(t,ω,p,T (ω,U0))),

t ∈ R+ defines an NRDS for the original equation (12). Denote by

1

ξ00j
/F3 1 T5 206.418 180(equation)Tj
/F1 1 Tf
3.4473 0 TD
0 Tc
( )Tj
/F16h3386.70∫

−∞

0
sz(ϑ

τω)dτ

ds.
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Note that ±ξ(ϑtω, θtp) are stable stationary solutions of (12) since

1

ϕ2(t,ω,p, ξ(ω,p))
= 1

ξ2(ϑtω, θtp)
,

and 0 is an unstable stationary solution of (12). Hence the non-autonomous random set A =
{Ap}p∈P given by

Ap(ω) = {−ξ(ω,p),0, ξ(ω,p)}

is the cocycle attractor of system (12). As a consequence, the pullback attractor of the associated 
skew product semiflow of ϕ is given by

A(ω) =
⋃
p∈P

{p} × {−ξ(ω,p),0, ξ(ω,p)}

with

A∗
0(ω) = A(ω),A∗

1(ω) =
⋃
p∈P

{p} × {0},A∗
2(ω) = ∅,

A0(ω) = ∅,A1(ω) =
⋃
p∈P

{p} × {−ξ(ω,p), ξ(ω,p)},A2(ω) = A(ω),

as the corresponding family of local repeller and local attractors. Herein, the forward invariant 
neighborhood of A1 is given by

U1(ω) =
⋃
p∈P

{p} × [−ξ(ω,p), ξ(ω,p)] \ {0}.

So, we get

M1(ω) =
⋃
p∈P

{p} × {−ξ(ω,p), ξ(ω,p)},M2(ω) =
⋃
p∈P

{p} × {0}

as a Morse decomposition of the associated skew product semiflow. Furthermore, the uniform 
random attractor for (12) is given by

A(ω) =
⋃
p∈


Ap(ω) =
⋃

t0∈[0,2π]
{−ξ(ω, θt0g),0, ξ(ω, θt0g)}.

Thus we get

M1(ω) =
⋃

t0∈[0,2π]

{−ξ(ω, θt0g), ξ(ω, θt0g)
}
,M2(ω) = {0},ω ∈ �

as the desired Morse decomposition.
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5. Discussion

We conclude this paper by discussing several existing and possible issues about the Morse 
decomposition in random setting. Notice that the Morse decomposition of uniform random at-
tractors in flow case under the convergence in probability is straightforward and can be obtained 
by simply rereading the paper carefully and combining the results of [10]. In this respect, an 
alternative definition corresponding to Definition 3.2 is given as follows.

Definition 5.1. Let � be a jointly continuous NRDS in both 
 and X, A the uniform random 
attractor of � and {Mi}ni=1 a mutually disjoint isolated lifted-invariant random subsets family of 
A. We call {Mi}ni=1 a Morse decomposition of A if for any given random variable x ∈ A and 
σ ∈ 
 with (x, σ) ∈A, the σ -driven complete trajectory η of � through x satisfies that:

(i) for any ε > 0, limt→±∞ P {dX(η(t, ϑtω), M(ϑtω)) > ε} = 0;
(ii) if (x, σ) ∈ Mi for some 1 ≤ i ≤ n, then η(t, ·) remains in Mi ; if for some 1 ≤ i, j ≤ n, (x, σ)

satisfies that

lim
t→∞P {dX(ξ(t,ω),Mi (ϑtω)) > ε} = 0,

and

lim
t→−∞P {dX(ξ(t,ω),Mj (ϑtω)) > ε} = 0,

for any ε > 0, then

lim
t→∞P {dX(η(t,ω),Mi(ϑtω)) > ε} = 0,

and

lim
t→−∞P {dX(η(t,ω),Mj (ϑtω)) > ε} = 0,

with 1 ≤ i ≤ j ≤ n.

Theorem 5.1. Let {Mi}ni=1 be a Morse decomposition of the random attractor A of skew product 
flow 
 in probability. Then {Mi}ni=1 given in (1) is a Morse decomposition of the uniform random 
attractor A.

Proof. We can proceed it by an analogous argument to the proof of Theorem 3.1, so we omit it 
here. �

We now collect the related results on the Morse decomposition in random setting and distin-
guish them in eight situations, listed in Table 1.

Besides, the two cases of uniform random attractor in pathwise are still open since there is a 
major obstacle discussed in Remark 3.1. As for the case of random attractors for semiflows in 
probability, it is less obvious and merits further investigation to extend the results of [10] from 
the random flow case to the random semiflow case.
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Table 1
Summary of Morse decomposition in random setting.

Convergence type
Random attractor Uniform random attractor

Flow Semiflow Flow Semiflow

Pathwise [18, Theorem 5.1] [17, Theorem 4.1] Open Open
Probability [10, Theorem 5.2] Open Theorem 5.1 Theorem 3.1

Acknowledgments

This paper is partially supported by the National Natural Science Foundation of China (No. 
11871225), Guangdong Basic and Applied Basic Research Foundation (No. 2019A1515011350), 
and Chinese Scholarship Council (No. 201906155023). We sincerely thank the anonymous 
referee for his/her careful reading the manuscript and a number of excellent criticisms and sug-
gestions.

References

[1] E.R. Aragao-Costa, T. Caraballo, A.N. Carvalho, J.A. Langa, Non-autonomous Morse decomposition and Lyapunov 
functions for gradient-like processes, Trans. Am. Math. Soc. 365 (10) (2013) 5277–5312.

[2] L. Arnold, Random Dynamical Systems, Springer, 1998.
[3] M.C. Bortolan, T. Caraballo, A.N. Carvalho, J.A. Langa, Skew product semiflows and Morse decomposition, J. 

Differ. Equ. 255 (8) (2013) 2436–2462.
[4] M.C. Bortolan, A.N. Carvalho, J.A. Langa, Structure of attractors for skew product semiflows, J. Differ. Equ. 257 (2) 

(2014) 490–522.
[5] T. Caraballo, J.C. Jara, J.A. Langa, Z. Liu, Morse decomposition of attractors for non-autonomous dynamical sys-

tems, Adv. Nonlinear Stud. 13 (2) (2013) 309–329.
[6] T. Caraballo, P.E. Kloeden, B. Schmalfuss, Exponentially stable stationary solutions for stochastic evolution equa-

tions and their perturbation, Appl. Math. Optim. 50 (3) (2004) 183–207.
[7] T. Caraballo, J.A. Langa, Z. Liu, Gradient infinite-dimensional random dynamical systems, SIAM J. Appl. Dyn. 

Syst. 11 (4) (2012) 1817–1847.
[8] C. Castaing, M. Valadier, Convex Analysis and Measurable Multifunctions, Springer, 1977.
[9] C. Conley, Isolated Invariant Sets and the Morse Index, Amer. Math. Soc., 1978.

[10] H. Crauel, L.H. Duc, S. Siegmund, Towards a Morse theory for random dynamical systems, Stoch. Dyn. 4 (3) (2004) 
277–296.

[11] H. Cui, M. Freitas, J.A. Langa, On random cocycle attractors with autonomous attraction universes, Discrete Contin. 
Dyn. Syst., Ser. B 22 (9) (2017) 3379–3407.

[12] H. Cui, J.A. Langa, Uniform attractors for non-autonomous random dynamical systems, J. Differ. Equ. 263 (2) 
(2017) 1225–1268.

[13] X. Ju, A. Qi, J. Wang, Strong Morse-Lyapunov functions for Morse decompositions of attractors of random dynam-
ical systems, Stoch. Dyn. 18 (1) (2018) 1850012.

[14] P.E. Kloeden, M. Rasmussen, Nonautonomous Dynamical Systems, Amer. Math. Soc., 2011.
[15] Z. Liu, The random case of Conley’s theorem, Nonlinearity 19 (2) (2006) 277–291.
[16] Z. Liu, The random case of Conley’s theorem: II. The complete Lyapunov function, Nonlinearity 20 (4) (2007) 

1017–1030.
[17] Z. Liu, The random case of Conley’s theorem: III. Random semiflow case and Morse decomposition, Nonlinearity 

20 (12) (2007) 2773–2791.
[18] Z. Liu, S. Ji, M. Su, Attractor-repeller pair, Morse decomposition and Lyapunov function for random dynamical 

systems, Stoch. Dyn. 8 (4) (2008) 625–641.
[19] B. Wang, Sufficient and necessary criteria for existence of pullback attractors for non-compact random dynamical 

systems, J. Differ. Equ. 253 (5) (2012) 1544–1583.
[20] B. Wang, Random attractors for non-autonomous stochastic  

http://refhub.elsevier.com/S0022-0396(21)00310-7/bibCF8F0B6408376703F7258C918B9CB938s1
http://refhub.elsevier.com/S0022-0396(21)00310-7/bibCF8F0B6408376703F7258C918B9CB938s1
http://refhub.elsevier.com/S0022-0396(21)00310-7/bib2F2D0076777053F4B0AE1C746CA27FFDs1
http://refhub.elsevier.com/S0022-0396(21)00310-7/bibA595BDE5D8A41CF90B4B7B132214B7A3s1
http://refhub.elsevier.com/S0022-0396(21)00310-7/bibA595BDE5D8A41CF90B4B7B132214B7A3s1
http://refhub.elsevier.com/S0022-0396(21)00310-7/bib226A32C9F4027B7DCCEA53522A224EB3s1
http://refhub.elsevier.com/S0022-0396(21)00310-7/bib226A32C9F4027B7DCCEA53522A224EB3s1
http://refhub.elsevier.com/S0022-0396(21)00310-7/bibB6C9083CFBFEDA126142D86796E7354As1
http://refhub.elsevier.com/S0022-0396(21)00310-7/bibB6C9083CFBFEDA126142D86796E7354As1
http://refhub.elsevier.com/S0022-0396(21)00310-7/bibB02B8C041185AE396E3B025AC234AD28s1
http://refhub.elsevier.com/S0022-0396(21)00310-7/bibB02B8C041185AE396E3B025AC234AD28s1
http://refhub.elsevier.com/S0022-0396(21)00310-7/bib561CCE1EEE50B1CA53B51FDF8B34E7B7s1
http://refhub.elsevier.com/S0022-0396(21)00310-7/bib561CCE1EEE50B1CA53B51FDF8B34E7B7s1
http://refhub.elsevier.com/S0022-0396(21)00310-7/bib4A864F82095CC4B84464C357EEA383D0s1
http://refhub.elsevier.com/S0022-0396(21)00310-7/bib22408028D1826DDA16018E1C5BDC2E6Es1
http://refhub.elsevier.com/S0022-0396(21)00310-7/bibA557D96B7D035DABC5B9A22BD7567300s1
http://refhub.elsevier.com/S0022-0396(21)00310-7/bibA557D96B7D035DABC5B9A22BD7567300s1
http://refhub.elsevier.com/S0022-0396(21)00310-7/bibDB4A91CA5BDE039BD512D1325109E0F3s1
http://refhub.elsevier.com/S0022-0396(21)00310-7/bibDB4A91CA5BDE039BD512D1325109E0F3s1
http://refhub.elsevier.com/S0022-0396(21)00310-7/bibBAEDD6A01837EACD7F952D68D55AD146s1
http://refhub.elsevier.com/S0022-0396(21)00310-7/bibBAEDD6A01837EACD7F952D68D55AD146s1
http://refhub.elsevier.com/S0022-0396(21)00310-7/bib08728AEAD76CC882B4DD7691B339D7A0s1
http://refhub.elsevier.com/S0022-0396(21)00310-7/bib08728AEAD76CC882B4DD7691B339D7A0s1
http://refhub.elsevier.com/S0022-0396(21)00310-7/bibFE898E3872E45D1FC1479253A892966Bs1
http://refhub.elsevier.com/S0022-0396(21)00310-7/bib8A179D8C72ED641487621EF4FD2729BCs1
http://refhub.elsevier.com/S0022-0396(21)00310-7/bib43F90AB859E043F05071580BF6A1B3A0s1
http://refhub.elsevier.com/S0022-0396(21)00310-7/bib43F90AB859E043F05071580BF6A1B3A0s1
http://refhub.elsevier.com/S0022-0396(21)00310-7/bib4E241066ECC3221C11E37FB3D30ACD8Bs1
http://refhub.elsevier.com/S0022-0396(21)00310-7/bib4E241066ECC3221C11E37FB3D30ACD8Bs1
http://refhub.elsevier.com/S0022-0396(21)00310-7/bib7648EB13CED70195767DE9A1D7E3B374s1
http://refhub.elsevier.com/S0022-0396(21)00310-7/bib7648EB13CED70195767DE9A1D7E3B374s1
http://refhub.elsevier.com/S0022-0396(21)00310-7/bib981561B4A9EFE3307AA7FB629281014Bs1
http://refhub.elsevier.com/S0022-0396(21)00310-7/bib981561B4A9EFE3307AA7FB629281014Bs1
http://refhub.elsevier.com/S0022-0396(21)00310-7/bibDCE58E5E5C06FC5C8A662DEA7B0B6938s1
http://refhub.elsevier.com/S0022-0396(21)00310-7/bibDCE58E5E5C06FC5C8A662DEA7B0B6938s1

	Morse decompositions of uniform random attractors
	1 Introduction
	2 Preliminaries
	2.1 Morse decomposition for random semiflow
	2.2 NRDS and uniform random attractors

	3 Main results
	3.1 Morse decomposition of uniform random attractor
	3.2 Lyapunov function on uniform random attractor
	3.3 Stability of Morse decompositions

	4 An example
	5 Discussion
	Acknowledgments
	References


