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Abstract. In this paper we study the existence of Lipschitz invariant stable
and unstable foliations for a class of stochastic partial differential equations
with non-dense domain. We would like to emphasize that the linear part nei-
ther generates a C0 semigroup nor satisfies the Hille-Yosida condition. Using
the theory of integrated semigroup and Lyapunov-Perron method, we establish
the main result to trace the long-term behavior of such an equation and apply

it to a stochastic parabolic equation.

1. Introduction

In this paper we study the invariant foliations for the following stochastic evo-
lution equations in a separable Banach space H
(1.1) du(t) = (Au(t) + F (u(t)))dt + u(t) ◦ dW (t),

where A is non-densely defined, the nonlinear operator F : D(A) → H is a globally
Lipschitz with the Lipschitz constant L and F (0) = 0, W is a two-sided real-
valued Wiener process on a probability space, and the last term is interpreted as
Stratonovich stochastic differential. Since our particular interest in this paper is to
study the invariant foliations for stochastic partial differential equations (SPDEs),
one needs to define a random dynamical system (RDS) or cocycle via the solution
operator of the considered equation. However, the existence of such an RDS is
unknown in general for a nonlinear diffusion function because the exceptional sets
may depend on the integrand [9]. To avoid this dependence, one can study their
associated dynamical behavior by the sample-wise (or pathwise) approach. One
possible way is to define stochastic pathwise integrals by using fractional derivatives
when the paths of driving noise are sufficient regular, such as fractional Brownian
motion with exponent larger than 1/2. Along this line, the pathwise dynamics such
as unstable manifold and random attractors have been established for a class of
SPDEs with a nontrivial Hölder continuous driving function [10,11]. However, this
approach does not cover the white noise case. So we limit ourselves to the linear
multiplicative noise making it possible to apply the cohomology method.
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Note that the operator A is not densely defined in its domain the Cauchy prob-
lem of (1.1) is ill-posed since the well-known Hille-Yosida theory for C0-semigroups
breaks down. In the absence of noise, Da Prato and Lunardi [6] studied the exis-
tence and uniqueness of solutions to such non-homogeneous Cauchy problem in a
deterministic setting by an integrated semigroup approach. Usually, this kind of
abstract evolution equation is reformulated from the problem with the nonlinear or
nonlocal boundary conditions by enlarging the state space. In this respect, Thieme
[27, 28] established the well-posedness of non-autonomous and semilinear Cauchy
problems under a priori Hille-Yosida type estimate for the resolvent of non-densely
defined operators. Without the requirement of such an estimate, Magal and Ruan
[16–18] improved the above results and applied the obtained center manifold the-
orem to study Hopf bifurcation of age-structured models. Recently, Neamţu [22]
extended the mentioned theory of integrated semigroups to the ill-posed stochas-
tic evolution equations (1.1) and established the existence of random stable and
unstable manifolds based on the Lyapunov-Perron method.

Results regarding invariant manifolds in the framework of random dynamical
systems (RDSs) can be looked up in the work of Ruelle [23], Wanner [29], Schmal-
fuss [24], Mohammed and Scheutzow [20], Duan et al. [7, 8], Mohammed et al.
[21], Lian and Lu [13], Caraballo et al. [3], Chen et al. [5], Shen and Lu [25].
Also, there has been an extensive literature on the stable and unstable foliations
under the RDSs framework. In this respect, Liu and Qian [14] established the as-
sociated results for finite-dimensional RDS, while Lian and Lu [13] focused on the
infinite-dimensional case. The local theory of invariant foliations for SPDEs was
obtained by Lu and Schmalfuß [15]. For a normally hyperbolic random invariant
manifold, Li et al. [12] proved the existence of invariant foliations of the associ-
ated stable and unstable manifolds. By using the Wong-Zakai approximation, Shen
et al. [26] proved that the invariant manifolds and stable foliations of the Wong-
Zakai approximations converge to the invariant manifolds and stable foliations of
the Stratonovich stochastic evolution equation, respectively.

We remark that the mild solution cannot be defined by standard arguments
subject to a non-densely defined linear part. The philosophy in [16–18, 27, 28] is
to introduce the integrated solution by the so-called evolution family, which is the
generalization of a C0-semigroup to two time-parameters. Just for this reason, the
standard variation of constants formula is not available, and it involves the resolvent
operator to connect D(A) and H. In this situation, the Gronwall-type lemma fails
to deduce the estimates of the solutions because the Young’s convolution inequality
cannot be applied. To show the existence of invariant foliations, we will assume one
more condition that the integrated semigroup has a bounded semi-variation (speci-
fied later). More precisely, the stable or unstable foliation is given by the graph of a
measurable and Lipschitz function. Indeed, we discern the relationship between in-
variant foliations and invariant manifolds by their intersection point. Additionally,
we would like to stress that we impose the pseudo-exponential dichotomy condition
on the part of A, not A itself.

The remainder of this paper is organized in the following way. In Section 2,
after fixing the notation and recalling some necessary results, we reformulate the
equation of study. In Section 3, we prove the existence of invariant foliations.
Finally, we present an illustrative example in Section 4.
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2. Preliminaries

2.1. Random dynamical systems. In this subsection, we collect several basic
concepts regarding random dynamics from [2]. Let (Ω,F ,P) be a probability space
and H be a separable Banach space with the norm ‖ · ‖ throughout the paper. We
denote by B(R), B(R+) and B(H) the collections of Borel sets on R, R+ and H,
respectively.

Definition 2.1. The quadruple (Ω,F ,P, {θt}t∈R) is called a metric dynamical sys-
tem if

(i) the mapping θ : R× Ω → Ω is (B(R) ⊗F ,F)-measurable;
(ii) θ0 = idΩ, the identity on Ω, and θt+s = θt ◦ θs, for any s, t ∈ R;
(iii) θtP = P for all t ∈ R.

Remark 2.2. The standard procedure to construct a metric dynamical system is
taking Ω = C0(R,R) the collection of continuous mappings from R to R with value
zero at zero equipped with the compact-open topology, F the Borel-σ-algebra of
Ω, P the Wiener measure and θtω(·) = ω(t + ·) − ω(t) the Wiener shift. In this
situation, it was shown in [2] that P is ergodic and invariant for θt and the metric
dynamical system (Ω,F ,P, {θt}t∈R) is ergodic.

Definition 2.3. A mapping ϕ(t, ω, x) : R+ × Ω ×H → H is said to be a random
dynamical system (RDS) over (Ω,F ,P, {θt}t∈R) provided that

(i) ϕ is (B(R+) ⊗ F ⊗ B(H),B(H))-measurable;
(ii) the mapping ϕ(t, ω) := ϕ(t, ω, ·) : H → H forms a cocycle over θt:

ϕ(0, ω) = idH, ∀ω ∈ Ω,

ϕ(t + s, ω) = ϕ(t, θsω) ◦ ϕ(s, ω), t, s ∈ R
+ and ∀ω ∈ Ω.

2.2. Integrated semigroup. To handle the ill-posed Cauchy problem, Arendt [1]
introduced the concept of integrated semigroup and established the spectral theory
of non-densely defined operators. We next collect relevant definitions and results,
which are extracted from the works [1, 18, 22].

As above (H, ‖ · ‖) is a separable Banach space and let A : D(A) ⊂ H → H be

a closed linear operator having non-empty resolvent set ρ(A) 	= 0 with D(A) 	= H.

We further let D(A) = H0 and define the part of A in H0 as follows

A0x
.
= Ax for all x ∈ D(A0)

.
= {y ∈ D(A) : Ay ∈ H0} .

Definition 2.4. A family of bounded linear operators {S(t)}t≥0 on H is called an
integrated semigroup if

(i) S(0) = 0;
(ii) the map t 
→ S(t)x is continuous on [0,∞) for each x ∈ H;
(iii) it yields

S(t)S(s) =

∫ t

0

(S(τ + s) − S(τ ))dτ, for all t, s ≥ 0.

It is easy to check the property S(t)S(s) = S(s)S(t) for all t, s ≥ 0 since

S(t)S(s) =

(∫ t+s

0

−
∫ t

0

−
∫ s

0

)
S(τ )dτ.
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Throughout this paper, we require the Hille-Yosida condition on H0, namely, there
exist two constants ωA ∈ R and M ≥ 1, such that (ωA,∞) ⊂ ρ(A) and

(2.1)
∥∥(λI − A)−k

∥∥
L(H0)

≤ M

(λ − ωA)k
for all λ > ωA and all k ≥ 1.

Also, the resolvent function of A satisfies

(2.2) lim
λ→∞

(λI − A)−1x = 0, for all x ∈ H.

As discussed in [22], conditions (2.1) and (2.2) are enough to ensure that A generates
an integrated semigroup S(t) on H and its part A0 generates an analytic semigroup
T (t) on H0. Additionally, we impose that T (t) is compact. Also, these conditions
imply a crucial result on the connection between the spectra of A and A0:

(2.3) σ(A) = σ(A0),

which was proved in [18, Lemma 2.1].
Note that the Hille-Yosida condition is limited to H0; one cannot directly work

with projections acting on the entire space H to deduce the associated invariant
manifolds. We next recall a result stated in [18, Proposition 3.5] to extend the
projections from H0 to H.

Lemma 2.5. Let P0 : H0 → H0 be a bounded linear projection, such that

P0(λI − A0)−1 = (λI − A0)−1P0 for λ > ωA

and
P0H0 ⊂ D(A0) with A0|P0H0

bounded.

Then there exists a unique bounded projection P : H → H satisfying

(i) P |H0
= P0;

(ii) P (H) ⊂ H0;
(iii) P (λI − A)−1 = (λI − A)−1P for all λ > ωA.

To estimate the solution, we also need Definition 2.6.

Definition 2.6. An integrated semigroup (S(t))t≥0 has a bounded semi-variation
on [0, t] if

V ∞(S, 0, t) = sup

{∣∣∣∣∣
n∑

i=1

(S(ti) − S(ti−1)) xi

∣∣∣∣∣
}

< ∞,

where the supremum is taken over all partitions 0 = t0 < · · · < tn = t and all
xi ∈ H with ‖xi‖ = 1 for i ∈ {1, . . . , n}.

2.3. Conjugated random evolutionary equations. Since our results rely on
the usual cohomology method, we recall here the definition of the Ornstein-
Uhlenbeck process and its important properties. In fact, such process solves

(2.4) dz = −zdt + dω,

and following [7, Lemma 2.1] we have that

Lemma 2.7.

(1) There exists a (θt)t∈R-invariant set Ω̃ ∈ B(C0(R,R)) of full measure with
sublinear growth:

lim
t→±∞

|ω(t)|
|t| = 0, ∀ω ∈ Ω̃.
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(2) For ω ∈ Ω̃ the random variable

z(ω) = −
∫ 0

−∞
eτω(τ )dτ

exists and generates a unique stationary solution of (2.4) given by

Ω̃ × R � (ω, t) 
→ z(θtω) = −
∫ 0

−∞
eτθtω(τ )dτ = −

∫ 0

−∞
eτω(τ + t)dτ + ω(t).

Moreover, the mapping t 
→ z(θtω) is continuous.

(3) On Ω̃, it holds

lim
t→±∞

|z(θtω)|
|t| = 0 and lim

t→±∞

1

t

∫ t

0

z(θτω)dτ = 0.

From now on, we will work with (Ω̃, F̃ ,P, (θt)t∈R), where F̃ is the trace algebra

of Ω̃. For simplicity, we still use the old notations. We next introduce the transform

(2.5) Φ(x, ω) = xe−z(ω)

and its inverse transform

(2.6) Φ−1(x, ω) = xez(ω)

for x ∈ H0 and ω ∈ Ω. Following [15, Lemma 3.2], these transformations set up a
bridge between (2.7) and (2.8), defined in next subsection.

2.4. Equations of study. We first reformulate (1.1) in the following

(2.7) du(t) = (Au(t) + F (u(t)))dt + u(t) ◦ dω(t)

on a separable Banach space (H, ‖ · ‖). Herein A is a non-densely defined op-
erator satisfying (2.1) and (2.2) and therefore generates an integrated semigroup
(SA(t))t≥0. Its part A0 is a generator of a compact analytic semigroup (T (t))t≥0 in
H0. Also, ω(t) is the canonical version of one dimensional standard Wiener process,
F : H0 → H is a globally Lipschitz continuous nonlinear function with the Lipschitz
constant L and F (0) = 0, and the initial value u(0) ∈ H0.

By performing the transformation ν = e−z(θtω)u(t, ω, x), (2.7) reduces to

(2.8) ν̇(t) = Aν(t) + z(θtω)ν(t) + e−z(θtω)F
(

ez(θtω)ν(t)
)

,

where z(θtω) is defined in (2.4). For simplifying notational, we denote G(ω, ν) =
e−z(ω)F (ez(ω)ν) and collect the imposed conditions in the following:

(H1) (SA(t))t≥0 is an integrated semigroup satisfying (2.1) and (2.2), and it has
a bounded semi-variation V ∞(SA, 0, t) on [0, t].

(H2) A0 satisfies a pseudo-exponential dichotomy with exponents α > β and
bound K ≥ 1. Namely, there exists a bounded projection P s

0 ∈ L(H0) such
that
(i) P s

0 T (t) = T (t)P s
0 for all t ≥ 0;

(ii) Pu
0 = idH0

−P s
0 is a finite-rank projection, and therefore (T (t)|Pu

0
)t≥0

can be extended to a C0-group;
(iii) the following estimates are valid:

‖T (t)P s
0 x‖ ≤ Keβt ‖P s

0 x‖ , ∀ t ≥ 0 and x ∈ H0,(2.9)

‖T (t)Pu
0 x‖ ≤ Keαt ‖Pu

0 x‖ , ∀ t ≤ 0 and x ∈ H0;(2.10)

Licensed to South China University of Technology. Prepared on Wed Mar  2 19:15:00 EST 2022 for download from IP 222.16.34.63.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
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(H3) F : H0 → H is globally Lipschitz continuous, i.e.

‖F (u1) − F (u2)‖ ≤ L‖u1 − u2‖, ∀u1, u2 ∈ H0,

where L is the Lipschitz constant and F (0) = 0.

By (H2), one can split H0 into a direct sum of closed invariant subspaces

H0 = Hu
0 ⊕Hs

0,

where Hu
0 = Pu

0 H0 and Hs
0 = P s

0H0. Then by Lemma 2.5, the operator Pu : H → H
represents the unique extension of Pu

0 from H0 to H. Thus we set Pu = idH − P s,
Hs = P sH, Hu = PuH and analogously Au = A|Hu , As = A|Hs , Au

0 = A|Hu
0
,

As
0 = A|Hs

0
respectively. Consequently, we have the following splitting:

H = Hu ⊕Hs.

Moreover, Ai
0 is the part of Ai in Hi

0 = D(Ai) for i = s, u. It was shown in
[18, Lemma 3.6] that Hu

0 = Hu and Hs
0 = Hs ∩ H0. In addition, we denote the

C0-semigroup TAs
0

generated by As
0 and the C0-group eA

u
0 generated by Au

0 . Let
ε > 0 fixed, we introduce a crucial constant

(2.11) C(ε, ζ) =
2ε max{1, e−ζτε}

1 − e(ωA−ζ)τε

for every τε > 0 with MV ∞(SA, 0, τε) < ε and ζ > ωA.
To finish this section, we extract some results from [22] regarding the integrated

solution and invariant manifolds, whose definitions and detailed proofs can be found
in [22].

Lemma 2.8. The following assertions are valid:

(i) Assume (H1) and (H3) hold; equation (2.8) possesses a unique global in-
tegrated solution on H0 given by

ν(t, ω, x) =T (t)e
∫ t
0
z(θτω)dτx + lim

λ→∞

∫ t

0

T (t − r)e
∫ t
r
z(θτω)dτ

× λ(λI − A)−1G(θrω, ν(r, ω, x))dr.

(2.12)

Moreover, this solution operator in (2.12) generates an RDS ϕ : R+ × Ω ×
H0 → H0.

(ii) Assume (H1)–(H3) hold and for someu
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3. Existence of Lipschitz invariant foliations

In this section, we will establish the existence of Lipschitz invariant foliations
for (2.7) by the Lyapunov-Perron method. To this aim, we first show the existence
of Lipschitz invariant foliations for (2.8) and then apply the inverse transformation
Φ−1 to get a stable foliation for (2.7).

Note that (H0, ‖ · ‖) is also a Banach space; denote by ν(t, ω, x) the solution
to (2.8) in H0 with initial data ν(0, ω, x) = x. For each γ ∈ (β, α), we define
respectively the Banach spaces

C+
γ (R+;H0) =

{
φ ∈ C([0, +∞),H0)| sup

t∈[0,+∞)

e−γt−
∫ t
0
z(θτω)dτ‖φ(t)‖ < +∞

}

equipped with the norm

‖φ‖+γ = sup
t∈[0,+∞)

e−γt−
∫ t
0
z(θτω)dτ‖φ(t)‖

and

C−
γ (R−;H0) =

{
φ ∈ C((−∞, 0],H0)| sup

t∈(−∞,0]

e−γt−
∫ t
0
z(θτω)dτ‖φ(t)‖ < +∞

}

equipped with the norm

‖φ‖−γ = sup
t∈(−∞,0]

e−γt−
∫ t
0
z(θτω)dτ‖φ(t)‖.

Then we define the sets

Wss(x, ω) =
{

x̃ ∈ H0| ν(t, ω, x̃) − ν(t, ω, x) ∈ C+
γ (R+;H0)

}
,

Wuu(x, ω) =
{

x̃ ∈ H0| ν(t, ω, x̃) − ν(t, ω, x) ∈ C−
γ (R−;H0)

}
.

We call Wss(x, ω) and Wuu(x, ω) the stable and unstable leaves of x ∈ H0 for (2.7),
respectively. For notational simplify, we pause to set

(SA � Gx(ν))(t) = lim
λ→∞

∫ t

0

T (t − r)e
∫ t
r
z(θτω)dτλ(λI − A)−1G(θrω, ν(r, ω, x))dr,

and its estimate follows from [17, Proposition 2.14] that

(3.1) ‖(SA � Gx(ν))(t)‖ ≤ C(β, γ) sup
r∈[0,t]

eγ(t−r)+
∫ t
r
z(θτω)dτ ‖G(θrω, ν(r, ω, x))‖ .

In the sequel, we show that Wss(x, ω) is invariant and is given by the graph of
a Lipschitz function.

Theorem 3.1. Assume (H1)–(H3) hold. If the gap condition

(3.2) KL

(
C(β, γ)‖P s‖L(H) +

‖Pu‖L(H)

α − γ

)
< 1,

is satisfied, then there exists a Lipschitz invariant stable foliation for (2.8) whose
leaf is given by

Wss(x, ω) = {η + ls(ω, η, x)|η ∈ Hs
0} ,

where x ∈ H0 and ls(ω, η, x) is measurable in (ω, η, x) and Lipschitz continuous in
η with

Lip ls(ω, ·, x) ≤
K2L‖P s‖L(H)‖Pu‖L(H)

(α − γ)
[
1 − KL

(
C(β, γ)‖P s‖L(H) +

‖Pu‖L(H)

α−γ

)] .
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Moreover, if

(3.3) (K + 1)KL

(
C(β, γ)‖P s‖L(H) +

‖Pu‖L(H)

α − γ

)
< 1,

then Wss(x, ω) ∩ Mu(ω) contains a unique point. Furthermore, Ŵss(x, ω) =
Φ−1(Wss(x, ω), ω) is a leaf of invariant stable foliation for the RDS generated by
(2.7).

Proof. The proof consists of six steps based on the Lyapunov-Perron method.

Step 1. We first claim that x̃ ∈ Wss(x, ω) if and only if there exists a function
ψ(·) ∈ C+

γ (R+;H0) with the initial value ψ(0) = x̃ − x satisfying

ψ(t) =TAs
0
(t)e

∫ t
0
z(θτω)dτη + P s

0 (SA � ΔGη
x(ν, ψ))(t)

+

∫ t

+∞
eA

u
0 (t−r)+

∫
t
r
z(θτω)dτPuΔG(θrω, ν(r, ω, x), ψ(r))dr,

(3.4)

where η = P s
0 (x̃ − x) and

ΔG(θrω, ν(r, ω, x), ψ(r)) =G(θrω, ν(r, ω, x) + ψ(r)) − G(θrω, ν(r, ω, x)),

(SA � ΔGη
x(ν, ψ))(t) =(SA � Gx(ν + ψ))(t) − (SA � Gx(ν))(t).

To prove this claim, we take x̃ ∈ Wss(x, ω). Let ψ(
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To that end, we denote the right hand side of equation (3.4) by Js(ψ, ω, η, x):

Js(ψ, ω, η, x) =TAs
0
(t)e

∫ t
0
z(θτω)dτη + P s

0 (SA � ΔGη
x(ν, ψ))(t)

−
∫ +∞

t

eA
u
0 (t−r)+

∫ t
r
z(θτω)dτPuΔG(θrω, ν(r, ω, x), ψ(r))dr.

Note that

e−γt−
∫ t
0
z(θτω)dτ‖Js(ψ, ω, η, x)‖

≤ K‖η‖ + C(β, γ)‖P s‖L(H) sup
r∈[0,t]

e−γr−
∫ t
0
z(θτω)dτ+

∫ t
r
z(θτω)dτ

× ‖ΔG(θrω, ν(r, ω, x), ψ(r))‖ + K‖Pu‖L(H)

∫ +∞

t

e−γt−
∫ t
0
z(θτω)dτ

× eα(t−r)+
∫ t
r
z(θτω)dτ‖ΔG(θrω, ν(r, ω, x), ψ(r))‖dr

≤ K‖η‖ + LC(β, γ)‖P s‖L(H)‖ψ‖+γ + KL‖Pu‖L(H)

∫ +∞

t

e(α−γ)(t−r)dr‖ψ‖+γ

≤ K‖η‖ + KL

(
C(β, γ)‖P s‖L(H) +

‖Pu‖L(H)

α − γ

)
‖ψ‖+γ ,

which implies that the operator Js(·, ω, η, x) maps C+
γ (R+;H0) into itself. For

ψ, ψ̃ ∈ C+
γ (R+;H0), similar calculation gives that

‖Js(ψ, ω, η, x)−Js(ψ̃, ω, η, x)‖+γ ≤ KL

(
C(β, γ)‖P s‖L(H) +

‖Pu‖L(H)

α − γ

)
‖ψ− ψ̃‖+γ .

Thus Js(·, ω, η, x) is a uniform contraction with respect to the parameters (ω, η, x).
By the uniform contraction mapping principle, Js(·, ω, η, x) has a unique fixed point

ψ∗(·, ω, η, x). Set J̃s : C+
γ (R+;H) → C+

γ (R+;H0) as

J̃s(ψ∗)(t) =P s
0 (SA � ΔGη

x(ν, ψ∗))(t)

+

∫ t

+∞
eA

u
0 (t−r)+

∫
t
r
z(θτω)dτPuΔG(θrω, ν(r, ω, x), ψ∗(r))dr.

Following the previous computation and the gap condition, we know that the map-
ping (I − J̃) is invertible and the inverse (I − J̃)−1 is Lipschitz continuous. Thus
it leads to a Lipschitz continuity of the solutions in η. Namely, for any η1, η2 ∈ Hs

0,
it holds

(3.5) ‖ψ∗(t, ω, η1, x) − ψ∗(t, ω, η2, x)‖+γ ≤ K

1 − L‖J̃‖
‖η1 − η2‖.

Besides, ψ∗(0, ω, η, x
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To this aim, we define the mapping ls : Ω ×Hs
0 ×H0 → Hu

0 as

ls(ω, η, x) = Pu
0 x + Pu

0 ψ∗(0, ω, η − P s
0 x, x),

where η ∈ Hs
0. Thus ls(ω, η, x) is measurable in (ω, η, x). By the fact that x̃ ∈

Wss(x, ω) if and only if ψ∗(·) ∈ C+
γ (R+;H0) and satisfies (3.4), we have that x̃ ∈

Wss(x, ω) if and only if there exists η ∈ Hs
0 such that

x̃ = x + η + Puψ∗(0, ω, η, x).

Letting ys = P s
0 x + η, we get that

x + η + Puψ∗(0, ω, η, x) = Pux + ys + Puψ∗(0, ω, ys − P s
0 x, x).

Replacing ys by η in the above expression, we obtain

x̃ = Pux + η + Puψ∗(0, ω, η − P s
0 x, x) = η + ls(ω, η, x),

which indicates the required result (3.6). We next turn to check the Lipschitz
continuity. In fact, by using (3.5), we have for η1, η2 ∈ Hs

0,

‖ls(ω, η1, x) − ls(ω, η2, x)‖

≤
K2L‖P s‖L(H)‖Pu‖L(H)

(α − γ)
[
1 − KL

(
C(β, γ)‖P s‖L(H) +

‖Pu‖L(H)

α−γ

)]‖η1 − η2‖.

Step 4. We also claim that Wss(x, ω) ∩Mu(ω) contains a unique point.
In fact, if x̃ ∈ Wss(x, ω) ∩Mu(ω), there exist ξ ∈ Hu

0 and η ∈ Hs
0 such that

x̃ = ξ + hu(ω, ξ) = η + ls(ω, η, x),

which implies

(3.7) ξ = ls(ω, η, x) and η = hu(ω, ξ).

By using the Lipschitz continuity of hu and ls and condition (3.3), we have that
Lip hu(ω, ·) · Lip ls(ω, ·, x) < 1; then equation

η = hu(ω, ls(ω, η, x))

has a unique solution and thus Wss(x, ω) has a unique intersection point with
Mu(ω). Moreover, it follows from the definition of Wss(x, ω) that

lim sup
t→∞

log ‖ν(t, ω, x̃) − ν(t, ω, x)‖ ≤ − 2

C(β, γ)‖P s‖L(H) +
‖Pu‖L(H)

α−γ

.

Using the same argument in [15, Theorem 4.2] and (3.7), we have

graph ls(ω, ·, x) = graph ls(ω, ·, ξ(x) + hu(ω, ξ(x)))

and graph ls(ω, ·, x1) = graph ls(ω, ·, x2) if graph ls(ω, ·, x1) ∩ graph ls(ω, ·, x2) 	=
∅. Hence,

H0 = ∪ξ∈Hu
0
graph ls(ω, ·, ξ + hu(ω, ξ))

is a Lipschitz foliation.

Step 5. We prove the invariance of Wss(x, ω). In other words, we will show that
the time τ -map ν(τ, ω, ·) maps Wss(x, ω) into the leaf Wss(ν(τ, ω, x), θτω).

To see this, for any x̃∈Wss(x, ω), we have that ν(·, ω, x̃)−ν(·, ω, x)∈C+
γ (R+;H0),

which indicates that ν(· + τ, ω, x̃) − ν(· + τ, ω, x) ∈ C+
γ (R+;H0) for τ ∈ R. Thus

Licensed to South China University of Technology. Prepared on Wed Mar  2 19:15:00 EST 2022 for download from IP 222.16.34.63.
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by the cocycle property ν(t + τ, ω, z) = ν(t, θτω, ν(τ, ω, z)) for any z ∈ H0, we have
that

ν(τ, ω, x̃) ∈ Wss(ν(τ, ω, x), θτω).

Step 6. We finally show that Ŵss(x, ω) = Φ−1(Wss(x, ω), ω) is a leaf of invariant
foliation for the RDS generated by (2.7).

By using the relationship between u and ν, we have

u(t, ω, Ŵss(x, ω)) = Φ−1(ν(t, ω, Φ(Ŵss(x, ω), ω)), θtω)

= Φ−1(ν(t, ω,Wss(x, ω)), θtω)

⊂ Φ−1(Wss(ν(t, ω, x), θtω), θtω)

⊂ Ŵss(ν(t, ω, x), θtω).

Note that for any xi ∈ Ŵss(x, ω), there exist yi ∈ Wss(x, ω) such that xi = ez(ω)yi
for i = 1, 2. Then u(t, ω, x1)−u(t, ω, x2) = ez(ω)(ν(t, ω, y1)−ν(t, ω, y2)). Note that
t 
→ z(ω) has a sublinear growth rate; see Lemma 2.5. Thus the transform Φ−1

does not change the exponential convergence of solutions starting at the same leaf.
We further conclude that Ŵss(x, ω) is a Lipschitz stable leaf of invariant foliations
for equation (2.7). Also, it is given by

Ŵss(x, ω) =
{

Φ−1(η + ls(ω, η, x), ω)|η ∈ Hs
0

}
=

{
ez(ω)(η + ls(ω, η, x))|η ∈ Hs

0

}
=

{
η + ez(ω)ls(ω, e−z(ω)η, x)|η ∈ Hs

0

}
.

Then we complete the proof. �

Analogously, one can show the existence of random unstable foliation.

Theorem 3.2. Under the assumptions of Theorem 3.1, there exists a Lipschitz
invariant unstable foliation for (2.8) whose leaf is given by

Wuu(x, ω) = {η + lu(ω, η, x)|η ∈ Hu
0} ,

where x ∈ H0 and lu(ω, η, x) is measurable in (ω, η, x) and Lipschitz continuous

in η. Moreover, Wuu(x, ω) ∩ Ms(ω) contains a unique point and Ŵuu(x, ω) =
Φ−1(Wuu(x, ω), ω) is a leaf of invariant unstable foliation for the RDS generated
by (2.7).

Proof. We only need a few modification of the proofs to Theorem 3.1. Under the
function space C−

γ (R−;H0), the most significant difference is the integral equation
(3.4). In this case, one defines it as

ψ(t) =eA
u
0 (t)e

∫ t
0
z(θτω)dτη +

∫ t

0

eA
u
0 (t−r)+

∫ t
r
z(θτω)dτPuΔG(θrω, ν(r, ω, x), ψ(r))dr

+ lim
λ→∞

∫ t

−∞
TAs

0
(t − r)e

∫ t
r
z(θτω)dτλ(λI − A)−1ΔG(θrω, ν(r, ω, x), ψ(r))dr.

We can prove the required results by following similar computation as the proofs
presented in Theorem 3.1. �

Licensed to South China University of Technology. Prepared on Wed Mar  2 19:15:00 EST 2022 for download from IP 222.16.34.63.
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4. Illustrative example

Consider the following stochastic Stratonovich parabolic partial equation

(4.1)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂u(t, x)

∂t
=

(
∂2u(t, x)

∂x2
+ δu(t, x) + f(u(t, x))

)
dt + u(t, x) ◦ dW (t),

− ∂u(t, 0)

∂x
= g0(u(t, ·)),

∂u(t, 1)

∂x
= g1(u(t, ·)),

u(0, ·) = u0 ∈ L2(0, 1),

where t > 0, x ∈ (0, 1), δ > 0, f : L2(0, 1) → L2(0, 1) and g0, g1 : L2(0, 1) →
R are arbitrary nonlinear functions, which are assumed to be globally Lipschitz
continuous. Herein, L2(0, 1) is the usual L2-space on the interval (0, 1). In order
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generator of T(A+δI)0(t) which is a compact analytic semigroup of bounded linear
operators on H0. In other words, the assumption (H1) is satisfied. To ensure the
pseudo-exponential dichotomy condition for (A + δI)0, we impose the additional
assumption that δ 	= πk for all k ∈ N. In this situation, the spectrum of (A + δI)0
does not contain any purely imaginary eigenvalue and 0. Denote the largest neg-
ative eigenvalue and the smallest positive eigenvalue of (A + δI)0 by λ+ and λ−,
respectively. Then we take α = λ+ − ε∗ and β = λ− + ε∗ for some small ε∗ > 0
to clarify the spectrum gap. Thus the assumption (H2) is established. Also, we
require that f(0) = g0(0) = g1(0) = 0 to guarantee (H3).

Hence, the results obtained in Theorems 3.1 and 3.2 are applicable in this case
and justify the existence of Lipschitz stable/unstable foliations for (4.1).
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