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to observe them are discussed in BEC systems. Finally, we
summarize our results in Sec. VI.

II. THEORETICAL MODEL AND NONDEGENERATE
BOUND-STATE SOLITON SOLUTIONS

In the framework of the mean-field theory, the dynamics of
two-component BECs can be described well by the following
dimensionless two-component coupled nonlinear Schrédinger
equations [25]:

i1+ @i+ 20q117 + 1q21P)gq1 = 0,
i + @rxx + 2(0q11° + 1q21P)q2 = 0,

where q(x,t) and g»(x,t) represent the mean-field wave
functions of the two-component BECs [26]. The interac-
tions between atoms are attractive for the above model,
and similar discussions can be had for repulsive interactions
cases. The model can be also used to describe the evolu-
tion of light in nonlinear optical fibers [27,28]. With the
aid of the Darboux transformation (DT) [29-32], the Hirota
method [33,34], the Béicklund transformation [35], and the
Kakomtsev-Petviashvili hierarchy reduction method [36-38],
many different vector solitons have been obtained in various
nonlinear systems, such as bright-bright solitons [2,39,40],
bright-dark solitons [5], dark-dark solitons [7,8], and dark-
bright solitons [9,10,35]. We would like to look for NDB-
SSs, for which all eigenstates are bound states, in contrast
to the reported bright-dark soliton [5] and the dark-bright
soliton [9,10,35].

DT is a very powerful method for constructing soliton
solutions. Therefore, we would like to develop a DT method to
derive the NDBSSs. The twofold DT with spectral parameters
A = aj +ib; and Xy = a; + ib, generates one NDBSS. The
derivation process is given in Appendix A in detail, which
is different from the processes for generating bright-bright
solitons and bright-dark solitons [29-32]. The exact general
double-hump soliton solution for Eq. (1) can be written as
follows:
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where a;, by, and b, are real parameters, and c¢;; and ¢, are
complex parameters. The velocity of the soliton is —2a;. The
parameters by, by, |c11|, and |cyz| determine the soliton profile.
According to the expressions in Eq. (2), we see that soliton
profiles will be kept except for the translation of the position

under the transforms |cy;| — |c11]€?? and |cpn| — |exn]e??,

where § is an arbitrary real constant. These parameters non-
trivially contribute to the profile of the soliton. It is noted
that the solitons in two components admit different modes.
When b; < b,, the soliton in the ¢, component admits no
node, and the one in the g, component always has one node,
and vice versa. Since a nonlinear Schrédinger equation can be
mapped to a linear Schrodinger equation with proper quantum
wells [11,12], the nonlinear term —2|q; (x, N? — 2|qa(x, N2
in Eq. (1) can be understood as an effective quantum well,
V(x,t). If —=2|q1(x,1)|> — 2|g2(x, t)|*> does not depend on
time, the soliton states can be related with eigenproblems
in the quantum well V (x), namely, [—9> + V)lg; = unjq;.
Then the soliton solutions can be mapped to the eigenvalues
w; and the eigenstates g; in the effective quantum well.
From the node properties of the corresponding eigenstates
in quantum wells [12], we know that the eigenstate with
one node corresponds to the first-excited state in effective
quantum wells [11]. Therefore, the bound-state solitons in
two components correspond to ground state and first-excited
state in effective quantum wells respectively. A bound-state
soliton with one node is in sharp contrast to the bright soli-
ton and the dark soliton reported before. The NDBSSs are
similar to the “soliton complexes” which have been used to
describe different composition solitons [41-43]; however, it
is not convenient to distinguish nodes of solitons based on
the concept of “soliton complexes.” To emphasize the node
properties and their relations with eigenstates in quantum
wells, we discuss them from the quantum well viewpoint.
Moreover, the Manakov model can be transformed into the
parametrically driven nonlinear Schrddinger equation [42,43],
when the solutions can be transformed into stationary states of
the Manakov model. In this way, NDBSSs can be related with
the soliton complexes in Refs. [42,43]. Additionally, for the
soliton solutions which cannot be transformed into stationary
states of the Manakov model, they do not hold anymore for
the parametrically driven nonlinear Schrodinger equation. In
what follows, we discuss the profile types of the fundamental
NDBSSs.

The profiles of NDBSSs can be mainly classified as
three different types: asymmetric double-hump solitons (two
components both admit asymmetric double-hump solitons),
symmetric single-hump—double-hump solitons (one compo-
nent admits single-hump solitons and the other compo-
nent has a symmetric double-hump soliton), and symmetric
double-hump solitons (two components both admit symmetric
double-hump solitons). This classification is different from
the one given in Ref. [44], based on different aspects of soliton
profiles. The three different cases are shown in Figs. 1(al)—
1(a3); the solid blue line and the dashed red line corresponds
to the g; component and the g, component, respectively.
Figure. 1(al) depicts the intensity profiles of asymmetric
double-hump solitons in both components. The solitons in
the g; component and the g, component correspond to the
first-excited state and the ground state, respectively, in an
effective quantum double-well potential. Particularly, we find
that the asymmetric double-hump soliton solution, Eq. (2),
can be reduced to a symmetric form by choosing the pa-
rameters c¢j; = ¢y = \/5/3, by, = 2by, and 6§ = 0. For this
case, we rewrite the solutions as g; = \/§b1 sech[b; (x +
2a;t)] tanh[b; (x + 2a;t)]e st @—bDi=7/21 and g, = /3b,
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FIG. 1. Three different density profiles for double-hump solitons in two-component coupled systems: (al) asymmetric double-hump
solitons in both components, (a2) symmetric single-hump—double-hump solitons, and (a3) approximate symmetric double-hump solitons in
both components. solid blue line and the dashed red line correspond to the ¢; component and the ¢, component, respectively. It is seen that
solitons in ¢, and ¢» components correspond to first-excited state and ground state, respectively, in the effective double-well potential. The
parameters are as follows: (al) ¢c;; =cr =1,a,=0,b; =1,b, =1.1,and § = —2.8; (a2) c;; = ¢ = «/5/3, a; =0,by =1, by =2by, and
§=0;and (a3)c;; = cp =1,a; =0,by =2,b, =2.001,and § = —4.1.

sech?[b; (x + 2ay1)]e laxt@—4bDi+7/2] - The amplitudes of
the ¢; and g, components are ~/3b; /2 and ~/3b, respectively.
One can see that a symmetric double-hump bright soliton
presents in the ¢; component, which corresponds to the first-
excited bound state, while a single-hump ground bound-state
soliton emerges in the g, component. This type of soliton can
be seen as a symmetric single-hump—double-hump soliton. As
an example, we show it in Fig. 1(a2). Additionally, when b,
and b, are very close to each other, Eq. (2) will show nearly
symmetrical double-hump bright solitons in both components.
Typical intensity profiles are shown in Fig. 1(a3). The two
humps distribute symmetrically in each component for this
case. Remarkably, it is clear that a bright soliton with one node
(the first-excited bound-state soliton) emerges in just one of
the components for all three cases.

The soliton solutions of the above Manakov model have
been studied widely. However, bright solitons with nodes
are absent in most of the previously published studies on
vector solitons [29-32]. Therefore, we would like to dis-
cuss why there are NDBSSs in the coupled systems. Based
on the derivation method for NDBSSs, we note that these
bound-state solitons are generated from two solitons with zero
relative velocity and some special parameters. The analysis
indicates that the choice of special parameters corresponds
to the incoherent interactions between solitons in different
components. The incoherent interaction corresponds to the
nonlinear interaction between incoherent solitons, for which
the relative phase of solitons does not affect the interaction
pattern. It is different from the coherent interaction of two
solitons in the same component for which the relative phase of
them affects the interaction pattern. The double-hump soliton
is related to two incoherent solitons, for which each bright
soliton emerges in just one certain component (they are phase
separated), in contrast to the well-known bright-bright soliton.
Therefore, we investigate the interaction of two incoherent
solitons with different velocities, to investigate the role of
relative velocity in forming the NDBSSs. This can be done
exactly by changing the spectral parameters A; = a; + ib;
and A, = ay + ib, in the solution Eq. (AS5). We change the
velocity of the soliton (v; = —2a;) in each component, and
other parameters are fixed as in Fig. 1(al). The relevant dy-

namical processes of incoherent interactions between solitons
are depicted in Fig. 2, and the relative velocities of solitons
(v, — v;) in two components correspond to 0.08, 0.004, and
0.0004 from top to bottom, respectively (see captions for
detailed parameter settings). The characters of incoherent
interactions between solitons are shown clearly in Fig. 2(a).
The incoherent interaction mainly includes two cases: in-
coherent collision and incoherent superposition. Incoherent
superposition can be approached from incoherent collision
by decreasing the relative velocity. One can see that the
relative velocity between solitons is smaller, and the nonlinear
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FIG. 2. The incoherent interactions between solitons in different
components with different relative velocities (2a;—2a,). From top to
bottom, the parameters are as follows: (al) and (a2) a; = —a, =
0.02, (bl) and (b2) a; = —a, = 0.001, and (cl) and (c2) a; =
—ap = 0.0001. The left panels show the density distributions of the
g1 component; the right panels show the density distributions of the
q»> component. The evolution dynamics suggest that nondegenerate
bound-state solitons are induced by incoherent superpositions of
bright solitons in different components. The other parameters are
cn=cpn=1,b =1, b,=1.1, and § = —2.8 [the same as those
in Fig. 1(al)].
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incoherent interaction between solitons in different compo-
nents is becoming stronger. When the relative velocity of
solitons decreases to zero, the nonlinear incoherent interac-
tion will become an incoherent superposition of them, which
induces the profile of the bright soliton in one of component
changes to be a double-hump soliton with one node (first-
excited bound eigenstate) and the profile of the bright soliton
in the other component becomes a double-hump soliton with
no node (ground bound state), such as solitons in Fig. 1(al).
These dynamical processes indicate that NDBSSs are induced
by the incoherent superposition between solitons in different
components.

It should be mentioned that similar multihump solitons
have been observed for a long time in dispersive nonlinear
medium [45-47]. Stationary multihump solitons have also
been obtained in Kerr-like media [48]. Recently, many dif-
ferent static nondegenerate solitons were derived from eigen-
states in some certain quantum wells [11]. However, bright
solitons with nodes are symbiotic with dark solitons; that is,
the bound state and the free state always coexist in the coupled
systems. Moreover, these solutions are stationary and it is
inconvenient to discuss their collision properties analytically.
Very recently, nondegenerate solitons in the Manakov system
were reported by the Hirota’s bilinear method [44]. In this
paper, we develop the DT method to derive NDBSSs, which
enables us to discuss the underlying mechanism for these
bound-state solitons. Furthermore, we develop the DT method
to investigate the collision processes between the NDBSSs
analytically.

III. COLLISION BETWEEN DIFFERENT
NONDEGENERATED SOLITONS

First, we investigate the collision between one NDBSS and
one degenerate bright soliton, by performing the threefold
DT with spectral parameters A; = a; + iby, Ap = a; + iby,
and A3 = a; + ib3 (see Appendix A for the solution process).
More complicated interactions between solitons can be inves-
tigated by performing the N-fold DT in Appendix A, Eq. (A8).
For this case, typical densities are depicted in the Figs. 3(al)
and 3(a2) corresponding to the g¢; component and the g, com-
ponent, respectively. It is seen that the interference patterns
between an asymmetric double-hump soliton and a single-
hump soliton appear in both components. One first-excited-
state soliton interferes with a ground-state soliton in the g
component, while two ground-state solitons collide with each
other in the g, component. Detailed analysis indicates that the
collisions between them are usually inelastic, and they can be
elastic under some special initial conditions.

Second, we investigate the interaction between two NDB-
SSs by performing the fourfold DT with spectral parameters
A = aj + iby, Ay = a; + iby (generates one NDBSS), A3 =
a, + ibs, and A4 = ap + ib4 (generates another NDBSS). We
exhibit the dynamical evolution of them in the right-hand pan-
els of Fig. 3, based on the two double-hump solitons solution
Eq. (A7). Figures 3(b1) and 3(b2) correspond to the ¢; com-
ponent and the ¢, component, respectively. As one can see in
Figs. 3(b1) and 3(b2), the collision of two identical symmetric
double-hump solitons (two first-excited bound-state solitons)
in the g; component and two identical single-hump solitons

ﬂ !
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F

FIG. 3. The collision dynamics between one nondegenerate
bound-state soliton and one degenerate bright soliton or one nonde-
generate bound-state soliton. (al) and (a2): The interference behavior
between an asymmetric double-hump soliton (moving to the right
direction) and a degenerate bright soliton (moving to the left direc-
tion). Related parameters are c;; = ¢jp = 0,¢11 = ¢ =c13 =3 =
l,a=—-10,a, =10,b; =1,b, = 1.1, b3 =0.8,and §; = 8§, = 0.
(bl) and (b2): The interference patterns between two nondegenerate
bound-state solitons. The parameters are ¢;; = ¢ = c13 = cu =
\/5/3,01 = 10,az = —10,b1 = 1,b2 = 2,b3 = 1,b4 = 2, and81 =
8, = 0. The top panels show the density of the first component, and
the bottom panels show the density of the second component. The
soliton profiles change too slightly to be visible after the collision at
these parameters.

(two ground bound-state solitons) in the g, component both
generate interference patterns. Moreover, we further explore
the interference properties of them by the asymptotic analysis
technique (see the detailed solution process in Appendix A).
Interestingly, we find that the interference of double-hump
solitons presents multiperiodicity. The periodic functions
are governed by the factors sin[(a; — a»)x + (a2 — a3 + b3 —
bHit] and sin[(a; — ax)x + (a3 — a3 — b3 + b3)t] and their
corresponding cosine forms. These mean that there are three
periodic oscillation behaviors in the interference process of
two double-hump bright solitons. The spatial period is D =
2r /(a; — ap) = 4w /(v; — v,), and the temporal periods are
Ty =2n/(al—ai+bi—b2) and Tr =2n/(a} — a} — b3 +
b3), in a striking contrast to interference patterns between
bright solitons reported before [49]. This comes from more
than two energy eigenvalues involved in the interference pro-
cesses. In Figs. 3(bl) and 3(b2), only the spatial interference
pattern is visible, due to the parameters settings a7 = a3,
b = b3, and b, = by, which make two temporal periods be
zero. For Figs. 3(al) and 3(a2), the parameter settings make
two temporal periods too small to be visible (see caption for
details).

It should be emphasized that the collision dynamics be-
tween bound-state solitons in Fig. 3 are indeed inelastic,
where the solitons’ profiles change too slightly to be visible
after the collision. Further analysis suggests that the collisions
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FIG. 4. The inelastic collision between two nondegenerate
bound-state solitons. Left panels: Dynamical evolution for coherent
collision of nondegenerate bound-state solitons. Right panels: Inten-
sity plots for both components before (t = —30, solid blue line) and
after (r = 30, dashed red line) the collision. It is seen that profiles of
double-hump solitons indeed change after the collision. The analysis
suggests that the collisions between these bound-state solitons are
usually inelastic, due to the incoherent interaction and the coherent
collision between them. The parameters are ¢j; = ¢y = €13 = ¢q =
1,a, =—-1/10,a, = 1/10, by = 1, b, = 1.2, b3 =2, by = 1.9, and
8 =6=0.

between bound-state solitons are usually inelastic unless the
parameters satisfy the sufficient condition Eq. (A15). Inelastic
collision refers to that the soliton’s profile changes after the
collision. A typical example for inelastic collision is shown
in Fig. 4, where two double-hump solitons collide with each
other in both components. The panels on the left show the
related density evolutions; Figs. 4(a) and 4(b) correspond
to the g; component and the g, component, respectively.
The panels on the right depict the corresponding intensity
profiles of two solitons before (r = —30, solid blue line)
and after (¢t = 30, dashed red line) the collision in both
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1.6 .

FIG. 5. Intensity profiles for triple-hump bright solitons of three-
component BECs. The triple-hump bright soliton with no node in
the g3 component is the ground bound state (dashed green line),
the triple-hump bright soliton with one node in the ¢, component
is the first-excited bound state (dotted-dashed blue line), and the
triple-hump bright soliton with two nodes in the ¢, component is the
second-excited bound state (solid red line) in the effective quantum
wells. The parametersarec; = ¢, =c3 = 1,a; =0,b; =1.99,b, =
2,b; =2.02,and § = —5.2.

solitons can be studied by performing the fivefold DT. The
interplay between two triple-hump solitons can be explored
by performing the sixfold DT. The inelastic collision of these
bound-state solitons can be also expected.

V. STABILITY OF NONDEGENERATE
BOUND-STATE SOLITONS

We discuss the stability of these bound-state solitons by
calculating the Bogoliubov-de Gennes excitation spectrum
around a stationary soliton solution. We introduce the
ansatz q = qg + €[Pe=™ + Q*e?"le~™™ where qq is a
NDBSS solution, € is a small parameter, and {X, (P, Q*)}
defines an eigenvalue-eigenvector pair. Then, substituting
this ansatz into related dynamical equations and linearizing
the equations, we arrive at O(e€) at an eigenvalue problem
for eigenvectors (P, Q*) and eigenvalues A. Note that the
latter may, in principle, be complex, i.e., A = A, +iA;,
instability corresponds to A; #0. As an example, we
consider the case of the asymmetric double-hump solitons
in both components based on the solution Eq. (2). The
corresponding eigenvalue spectrum is shown in Fig. 6, and
the parameters are the same as those in Fig. 1(a). It can
be seen that the spectrum of the double-hump solitons
consists of purely real eigenvalues, showing spectral
stability. Numerical simulations from the corresponding
initial conditions also support the stability of solitons. On
the other hand, experimental observations demonstrated
that two-component solitons can be produced based on
well-developed density and phase modulation tech-
niques [9,51,52]. Solitons’ interactions have also been
demonstrated experimentally in BEC systems [53-56].
Therefore, based on the established experimental techniques,
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FIG. 6. The excitation spectrum of nondegenerate bound-state
solitons. It is seen that nondegenerate bound-state solitons admit
spectral stability. The related parameters are same as those in
Fig. 1(a).

the presented NDBSSs have many possibilities to be observed
in multicomponent attractive BECs.

VI. CONCLUSION AND DISCUSSION

In summary, we derive and investigate double-hump and
tripe-hump bound-state solitons in multicomponent BECs.
The analysis indicates that bright solitons with nodes cor-
respond to the excited bound eigenstates in the effective
quantum wells. Particularly, we reveal that the incoherent
superposition between solitons in different components is the
generation mechanism of the bound-state solitons. Further-
more, we demonstrate that the collisions of NDBSSs are
inelastic in general cases, which are induced by incoherent
interactions and coherent collisions. More abundant bound-
state solitons are expected in multi-component coupled BECs.

In fact, these NDBSSs can be also obtained from more
general multisolitons (obtained using different methods) with
some special constraint conditions. But the constraint con-
ditions were not addressed in previous studies [34—36]. Our
incoherent superposition form can be used to determine the
constraint conditions. Moreover, NDBSSs can be mapped to
eigenstates in a quantum well, in sharp contrast to the general
multisolitons.

Note added. Recently, we noticed nondegenerate solitons
were discussed in nonlinear optical fibers by the Hirota bi-
linear method [44]. In this paper, we perform the Darboux
transformation method to derive NDBSS solutions. Moreover,
the discussions on the mechanism and the node properties
could be helpful for our understanding of NDBSSs.
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APPENDIX A: DERIVATION OF THE VECTOR
DOUBLE-HUMP BRIGHT SOLITON SOLUTIONS
OF EQ. (1)

The two-component coupled nonlinear Schrodinger equa-
tion, Eq. (1), is the compatibility condition of the linear
spectral problems [25,31]:

®, = U(x, 1;2),

(A1)
O, =V(x,t;0)D,
where
—i3h @ @
U = —qT %)» O ,
-4 0 32
ilg1]” + ilga] lquz iq2x
L L e
V=Ur+ i Aail™ i | (a)
g5, —igyq1  —ilq2|

The star denotes the complex conjugate. With the trivial
seed solutions g;[0] = 0, g2[0] = 0 and the spectral param-
eter A\ =XA; =a;+b;i (j=1,2,...,N), the vector eigen-
functions of the linear system Eq. (5) can be written as

b —26;

1j e

=0y | =|ciye” |, 6 3Ax+3xi (A3)
©3j Czjegf

where ¢;; and c¢;; are the coefficients of eigenfunctions, and
they are complex parameters. The fundamental bright solitons
can be obtained by the following Darboux transformation:

A
A— )\*
q1[11 = ¢:[0] + (AT — A)(P[1D12,
q2[11 = q2[01 + (A7 — A)(P[1])13.

.
Here, P[1] = %, where @, is a special solution at & = A;
1*1

Q1] =T[1]®,T[1] =

P[1],

(A4)

a dagger denotes the matrix transpose and complex conjugate.
(P[j])1; represents the entry of matrix P[j] in the first row
and j column. To obtain a double-hump one soliton, we need
to do the second step of the transformation. We employ &,
which is mapped to ®,[1] = T'[1]|=1, P2; one double-hump
soliton solution can be obtained with the spectral parameter
A = ay + iby:

A — A5
PR =TR]P[1],T[2]=1 — Y P[2]
q112]1 = qi[1]1 + (A3 — 22)(P[2D12, (A5)
72(2] = @211 + (A5 — A2)(P[2D13,
where P[2] = %. For this case, we choose the coeffi-

cients of the eigenfunctions @, , in Eq. (A3) in the following
way: (i) ¢; = ¢12 =0, and ¢y} and ¢y are nonzero complex
parameters, or (ii) c;; = ¢z = 0, and ¢;; and ¢}, are nonzero
complex parameters. The corresponding simplified solution

has been present in Eq. (2). Examples of the relevant intensity
profiles have been exhibited in Fig. 1.

To study the interaction between nondegenerate solitons,
one needs to do a multiple-step transition. For example, by
performing the third step of the transition, we employ ®j,
which is mapped to ®3[2] = (T[2]P3[1])]1=s,, with P3[1] =
(T'[1]93)|5=»5, and then the collision between a double-hump
soliton and a single-hump soliton can be obtained with the
spectral parameter A3 = ap + ib;3:

Ay — A%
P[3
PUSY: Bl

1131 = qi[2] + (A5 — A3)(P[3D12,
¢2[31 = @221 + (A% — A3)(P[3D)13,

where P[3] = %‘Eﬂ;. For this case, we choose the coeffi-
cients of the eigenfunctions @3 in Eq. (A3) in the following
way: (i) c13 and cp3 are nonzero complex parameters, or (ii)
c13 = 0 or (iii) cp3 = 0, and the coefficients of the eigenfunc-
tions @ , are the same as those in Eq. (AY). A typical example
for this case has been shown in Figs. 3(al) and 3(a2).

Naturally, by performing the fourth-step of the trans-
formation, one can investigate the interaction between two
double-hump solitons. We employ &4, which is mapped
to ®4[3] = (T [3]1Pa[2]D)r=s, = (TBIT[2]T[1]P4)|3=1,, and
then two double-hump solitons’ solutions can be obtained as
follows with the spectral parameter Ay = a, + iba:

q114] = @131 + (A — 2a)(P[4D)12,

@2[4] = q2[31+ (A — Aa)(P[4]D)13,

where P[4] = CD‘;B}%[E] For this case, the coefficients of

the vector eigenfunctions &34 are analogous to @, i.e.,
(1) ¢23 = c14 =0, and ¢y3 and cy4 are nonzero complex pa-
rameters, or (ii) ¢;3 = ¢4 = 0, and c¢»3 andcj4 are nonzero
complex parameters. One typical case has been shown in
Figs. 3(b1) and 3(b2).

In general, the N-fold Darboux matrix can be constructed
as follows:

Q3] =T3]P12, T3] =1—

(A6)

(AT)

Ty =1 — XyM,' (Al — Dy)~'X,
XN = [q)lv CDZ» ) CDN]v
Dy = diag(A], A5, ..., AY),

dD;
Mv=\% = ’
J 1<i, j<N

and the Bécklund transformation between old potential func-
tions and new ones can be written as

(A8)

det(My,1)

N] = —

@[N] =q1 + det M)

(A9)
[N]l=q + detMy2)
q2 =q det(My) )
where
My X! My X!
My, = N2 My, = n3

Xn.1 0 Xn.1 0

Here, Xy ; represents the ith row of matrix Xy.
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For the two double-hump solitons, we choose the
parameters as the following: A} = a; + byi, Ay = a; + byi,
c1 =0, and ¢;p =0, and ¢;; and ¢y, are nonzero complex
parameters, which determine the first double-hump soliton;
and Ay =ap +b3i, Ag =ap +bsi, co3=0, and ¢4 =0,
and c¢3 and cy4 are nonzero complex parameters, which
determine the second double-hump soliton. The oscillator
for the two solitons is governed by the factors sin[(a; —
az)x + (a} — a} + b — ], cos[(a1 —a)x + (a% —a+

—bhl, sin[(a1 — az)x +(a} —a5 — b3 +b7)t], and
cos[(al —a)x+ (a2 —a3 — b3 + bz)t] The velocity of the
solitons is controlled by x+2a jt=const, j=1 and 2,
respectively, i.e., the velocity of the soliton is equal to —2a;.
Assume that b; > 0 (j =1, 2,3,4) and a; > a,, and fix the
parameters of the first double -hump soliton x + 2a,¢# = const,
then x + 2axt = x + 2a1t +2(ap —ay)t. If t+ — 400, we
have x + 2a,t — —oo. Then we see that

e—ixjx—ikft 0
@3 | ci3 — | ci3
0 0
and
e—iij—iAﬁt 0
Dy || 0 -10
Coa C24

Since the order of iteration for the Darboux transformation
can be exchanged, we rewrite

A3 — A% D3] A—A
T =1-22"23273  giag( 1, 1
A =25 Dlds A — A

along the line of x — a;t = const as ¢t — oo. It follows that

0 0
Sy | Tz O ] — | O ),
C24 €24
which deduces that
A— Ay
T[2] — d1ag<l 1, )
— A

Combining the first and second Darboux matrices, we obtain

A=k A—h
T[2IT[1] — d ;
[][]—>lag< s k*)
which yields that
7291
®1[2] = TRIT [z, @1 — & = | e |,
Al
| (A0
2] = TR2IT 1]/, @2 — @S = | 0 |,
C£+]€92
where c[ﬁ”] = A iic and c[+] /\ giczz

Thus, wheh 1 — 400, the Darboux matrix tends to
Ty p| [T = XS ML) ™' (AT — D) (X5
. A=Ay A— Ay
x diag| 1, ——, , (A11)
A=A} A=A}
where
X = (ol oL, D, = diag(r}, A3),
and
L[ st i
[+ _ A—A7 Ao —AY
M2 - ] : 1+|C£42r]|ze:sae(62>
=% Aa—2%
From the [Darboux matrix Eq. (A11), we obtain that the
double-hump|soliton approaches
gl[4] = qi(x. a1, by, by, ¢} 5,
(A12)
g]l41 — qa(x, t;a1, by, by, LT, L,
as t — oo alpng the line x + 2a;t = const, where ¢; and ¢»
are given in Eqs. (2). In a similar manner, as t — —o0, we
have
gl[4] = qi(x. t:a1. by, by, ¢} 5,
-1 I-] (Al3)
‘72 [4] g q2(x, t;ala b17 sz C]] ’ 022 )a
as t — —o¢ [along the line x + 2a;¢ = const, where CET] =
J—A; M—A) d ool = Rk g
M—hs A Ol AN C22 = s Mp—h C22
Now we|donsider the asymptotic behavior of the second
soliton. Fixinlg x + 2a>t = const, as t — £o00, and we have

the asymptaqti

where

Az—h
PRy

In the g
solitons is sfi

the interactioh
condition, K
soliton.

APPENDIX|H:

The

component |N
and AL

GRS
(AN A

m

c13, an|

q
7

Ci3

o

lc

Wt =

lc

T
o

genet

2,3 afg

+1 L

Cc expressions

+
[4] g ql(-xa t;a27 b37 b4a C[13]7 C24])
N (Al4)
[4] g C]Z(xa [’aZa b3s b4a C]3 ’ 624 )
M3=Af A= [+] _ Aa=Af = [-1 _
F o T )wc]%’ G = ,\4 v )»2624’ ‘3 =

] _ M=%
4 = o

heral case, the interaction between two-hump
I inelastic. But under the special case,

]|_ ]|_

leirle™t, ey’ = ley e,
I [=1y,b36 +] [=1} ,b4sé (ALS)
| = |C13 |€ 3%, |C24 | = |C24 |e 40,

is elastic. In other words, this is the sufficient
. (A15), of elastic interaction of a two-hump

THE EXPRESSIONS OF Z, 5, x1.2, AND A,

al one triple-hump soliton solution in a three-
LSE is expressed as Eq. (4), where &2, x1.2,
written as

b))

|C | eZﬁl +(£C2 |262K39_[P2&‘?17_BAQ BT 9.9626 0 50149.9626 448.0:
. D AT/




NONDEGENERATE BOUND-STATE SOLITONS IN ...

PHYSICAL REVIEW E 100, 022212 (2019)

A=

AV

(b1 — by)*(by — b3) 22 :|
b, —b _ B
® 3)|:(1?1 + by)?(b1 + b3) lexle
bs—b
+ (b2 + b3)|:bz m bi + e Izezﬁ‘]lczlzezﬂz,

(b1 — b2)(by — b3) by + b3 o]
- 2
(by +by)(by +b3) by + b3

2522

3

(B3 = b1 = bs)

"~ (b1 + b2)2(br o |


https://doi.org/10.1103/PhysRevA.79.033630
https://doi.org/10.1103/PhysRevA.79.033630
https://doi.org/10.1103/PhysRevA.79.033630
https://doi.org/10.1103/PhysRevA.79.033630
https://doi.org/10.1103/PhysRevA.72.033620
https://doi.org/10.1103/PhysRevA.72.033620
https://doi.org/10.1103/PhysRevA.72.033620
https://doi.org/10.1103/PhysRevA.72.033620
https://doi.org/10.1016/j.physleta.2005.07.044
https://doi.org/10.1016/j.physleta.2005.07.044
https://doi.org/10.1016/j.physleta.2005.07.044
https://doi.org/10.1016/j.physleta.2005.07.044
https://doi.org/10.1103/PhysRevA.77.033612
https://doi.org/10.1103/PhysRevA.77.033612
https://doi.org/10.1103/PhysRevA.77.033612
https://doi.org/10.1103/PhysRevA.77.033612
https://doi.org/10.1103/PhysRevA.94.053617
https://doi.org/10.1103/PhysRevA.94.053617
https://doi.org/10.1103/PhysRevA.94.053617
https://doi.org/10.1103/PhysRevA.94.053617
https://doi.org/10.1103/PhysRevLett.86.2918
https://doi.org/10.1103/PhysRevLett.86.2918
https://doi.org/10.1103/PhysRevLett.86.2918
https://doi.org/10.1103/PhysRevLett.86.2918
https://doi.org/10.1103/PhysRevA.97.043621
https://doi.org/10.1103/PhysRevA.97.043621
https://doi.org/10.1103/PhysRevA.97.043621
https://doi.org/10.1103/PhysRevA.97.043621
https://doi.org/10.1038/nphys962
https://doi.org/10.1038/nphys962
https://doi.org/10.1038/nphys962
https://doi.org/10.1038/nphys962
https://doi.org/10.1103/PhysRevLett.87.010401
https://doi.org/10.1103/PhysRevLett.87.010401
https://doi.org/10.1103/PhysRevLett.87.010401
https://doi.org/10.1103/PhysRevLett.87.010401
https://doi.org/10.1088/1674-1056/28/1/010501
https://doi.org/10.1088/1674-1056/28/1/010501
https://doi.org/10.1088/1674-1056/28/1/010501
https://doi.org/10.1088/1674-1056/28/1/010501
https://doi.org/10.1103/PhysRevE.97.062201
https://doi.org/10.1103/PhysRevE.97.062201
https://doi.org/10.1103/PhysRevE.97.062201
https://doi.org/10.1103/PhysRevE.97.062201
https://doi.org/10.1103/PhysRevA.87.013614
https://doi.org/10.1103/PhysRevA.87.013614
https://doi.org/10.1103/PhysRevA.87.013614
https://doi.org/10.1103/PhysRevA.87.013614
https://doi.org/10.1103/PhysRevLett.110.264101
https://doi.org/10.1103/PhysRevLett.110.264101
https://doi.org/10.1103/PhysRevLett.110.264101
https://doi.org/10.1103/PhysRevLett.110.264101
https://doi.org/10.1103/PhysRevLett.115.253902
https://doi.org/10.1103/PhysRevLett.115.253902
https://doi.org/10.1103/PhysRevLett.115.253902
https://doi.org/10.1103/PhysRevLett.115.253902
https://doi.org/10.1103/PhysRevA.97.013629
https://doi.org/10.1103/PhysRevA.97.013629
https://doi.org/10.1103/PhysRevA.97.013629
https://doi.org/10.1103/PhysRevA.97.013629
https://doi.org/10.1103/PhysRevLett.119.050403
https://doi.org/10.1103/PhysRevLett.119.050403
https://doi.org/10.1103/PhysRevLett.119.050403
https://doi.org/10.1103/PhysRevLett.119.050403
https://doi.org/10.1103/PhysRevLett.120.135301
https://doi.org/10.1103/PhysRevLett.120.135301
https://doi.org/10.1103/PhysRevLett.120.135301
https://doi.org/10.1103/PhysRevLett.120.135301
https://doi.org/10.1038/nature16485
https://doi.org/10.1038/nature16485
https://doi.org/10.1038/nature16485
https://doi.org/10.1038/nature16485
https://doi.org/10.1126/science.aao5686
https://doi.org/10.1126/science.aao5686
https://doi.org/10.1126/science.aao5686
https://doi.org/10.1126/science.aao5686
https://doi.org/10.1103/PhysRevLett.121.173403
https://doi.org/10.1103/PhysRevLett.121.173403
https://doi.org/10.1103/PhysRevLett.121.173403
https://doi.org/10.1103/PhysRevLett.121.173403
https://doi.org/10.1088/1361-6455/aafb92
https://doi.org/10.1088/1361-6455/aafb92
https://doi.org/10.1088/1361-6455/aafb92
https://doi.org/10.1088/1361-6455/aafb92
https://doi.org/10.1103/PhysRevLett.111.100406
https://doi.org/10.1103/PhysRevLett.111.100406
https://doi.org/10.1103/PhysRevLett.111.100406
https://doi.org/10.1103/PhysRevLett.111.100406
https://doi.org/10.1364/JOSAB.29.003119
https://doi.org/10.1364/JOSAB.29.003119
https://doi.org/10.1364/JOSAB.29.003119
https://doi.org/10.1364/JOSAB.29.003119
https://doi.org/10.1016/j.revip.2016.07.002
https://doi.org/10.1016/j.revip.2016.07.002
https://doi.org/10.1016/j.revip.2016.07.002
https://doi.org/10.1016/j.revip.2016.07.002
https://doi.org/10.1103/PhysRevA.86.023827
https://doi.org/10.1103/PhysRevA.86.023827
https://doi.org/10.1103/PhysRevA.86.023827
https://doi.org/10.1103/PhysRevA.86.023827

QIN, ZHAO, AND LING

PHYSICAL REVIEW E 100, 022212 (2019)

[31] B. L. Guo, L. Ling, and Q. P. Liu, Nonlinear Schrodinger
equation: Generalized Darboux transformation and rogue wave
solutions, Phys. Rev. E 85, 026607 (2012).

[32] L. Ling, L. C. Zhao, and B. Guo, Darboux transformation
and multi-dark soliton for N-component nonlinear Schrédinger
equations, Nonlinearity 28, 3243 (2015).

[33] R. Hirota, The Direct Method in Soliton Theory (Cambridge
University, Cambridge, England, 2004).

[34] T. Kanna and M. Lakshmanan, Exact Soliton Solutions, Shape
Changing Collisions, and Partially Coherent Solitons in Cou-
pled Nonlinear Schrodinger Equations, Phys. Rev. Lett. 86,
5043 (2001).

[35] Q. H. Park and H. J. Shin, Systematic construction of multicom-
ponent optical solitons, Phys. Rev. E 61, 3093 (2000).

[36] B. F. Feng, General N-soliton solution to a vector nonlinear
Schrodinger equation, J. Phys. A 47, 355203 (2014).

[37] Y.J. Zhang and Y. Cheng, Solutions for the vector k-constrained
KP hierarchy, J. Math. Phys. 35, 5869 (1994).

[38] B. Dubrovin, T. Malanyuk, I. Krichever, and V. Makhankov,
Exact solutions of the time-dependent Schroedinger equation
with self-consistent potential, Sov. J. Part. Nucl 19, 252 (1988).

[39] L. C.Zhao and S. L. He, Matter wave solitons in coupled system
with external potentials, Phys. Lett. A 375, 3017 (2011).

[40] R. Radhakrishnan and M. Lakshmanan, Bright and dark soliton
solutions to coupled nonlinear Schrédinger equations, J. Phys.
A: Math. Gen. 28, 2683 (1995).

[41] N. Akhmediev and A. Ankiewicz, Multi-soliton complexes,
Chaos 10, 600 (2000).

[42] 1. V. Barashenkov and S. R. Woodford, Complexes of stationary
domain walls in the resonantly forced Ginsburg-Landau equa-
tion, Phys. Rev. E 71, 026613 (2005).

[43] 1. V. Barashenkov and S. R. Woodford, Interactions of paramet-
rically driven dark solitons. II. Néel-Bloch interactions, Phys.
Rev. E 75, 026605 (2007).

[44] S. Stalin, R. Ramakrishnan, M. Senthilvelan, and M.
Lakshmanan, Nondegenerate Solitons in Manakov System,
Phys. Rev. Lett. 122, 043901 (2019).

[45] M. Mitchell, M. Segev, and D. N. Christodoulides, Observation
of Multihump Multimode Solitons, Phys. Rev. Lett. 80, 4657
(1998).

[46] E. A. Ostrovskaya, Y. S. Kivshar, D. V. Skryabin, and W. J.
Firth, Stability of Multihump Optical Solitons, Phys. Rev. Lett.
83,296 (1999).

[47] M. Haelterman and A. Sheppard, Bifurcation phenomena and
multiple soliton-bound states in isotropic Kerr media, Phys.
Rev. E 49, 3376 (1994).

[48] N. Akhmediev, W. Krolikowski, and A. W. Snyder, Par-
tially Coherent Solitons of Variable Shape, Phys. Rev. Lett.
81, 4632 (1998); A. Ankiewicz, W. Krolikowski, and N. N.
Akhmediev, Partially coherent solitons of variable shape in a
slow Kerr-like medium: Exact solutions, Phys. Rev. E 59, 6079
(1999).

[49] L. C. Zhao, L. Ling, Z. Y. Yang, and J. Liu, Properties of the
temporal-spatial interference pattern during soliton interaction,
Nonlinear Dyn. 83, 659 (2016).

[50] T. M. Berano, V. Gokroo, M. A. Khamehchi, J. D.
Abroise, D. J. Frantzeskakis, P. Engles, and P. G.
Kevrekidis, Three-Component Soliton States in Spinor
F = 1 Bose-Einstein Condensate, Phys. Rev. Lett. 120, 063202
(2018).

[51] C. Hamner, J. J. Chang, and P. Engels, Generation of Dark-
Bright Soliton Trains in Superfluid-Superfluid Counterflow,
Phys. Rev. Lett. 106, 065302 (2011).

[52] M. A. Hoefer, J. J. Chang, C. Hamner, and P. Engels,
Dark-dark solitons and modulational instability in miscible
two-component Bose-Einstein condensates, Phys. Rev. A 84,
041605(R) (2011).

[53] T. P. Billam, S. L. Cornish, and S. A. Gardiner, Realizing bright-
matter-wave-soliton collisions with controlled relative phase,
Phys. Rev. A 83, 041602(R) (2011).

[54] A. L. Marchant, T. P. Billam, T. P. Wiles, M. M. H. Yu,
S. A. Gardiner, and S. L. Cornish, Controlled formation and
reflection of a bright solitary matter-wave, Nat. Commun. 4,
1865 (2013).

[55] P. Medley, M. A. Minar, N. C. Cizek, D. Berryrieser, and M. A.
Kasevich, Evaporative Production of Bright Atomic Solitons,
Phys. Rev. Lett. 112, 060401 (2014).

[56] J. H. V. Nguyen, P. Dyke, D. Luo, B. A. Malomed, and R. G.
Hulet, Collisions of matter-wave solitons, Nat. Phys. 10, 918
(2014).

022212-10


https://doi.org/10.1103/PhysRevE.85.026607
https://doi.org/10.1103/PhysRevE.85.026607
https://doi.org/10.1103/PhysRevE.85.026607
https://doi.org/10.1103/PhysRevE.85.026607
https://doi.org/10.1088/0951-7715/28/9/3243
https://doi.org/10.1088/0951-7715/28/9/3243
https://doi.org/10.1088/0951-7715/28/9/3243
https://doi.org/10.1088/0951-7715/28/9/3243
https://doi.org/10.1103/PhysRevLett.86.5043
https://doi.org/10.1103/PhysRevLett.86.5043
https://doi.org/10.1103/PhysRevLett.86.5043
https://doi.org/10.1103/PhysRevLett.86.5043
https://doi.org/10.1103/PhysRevE.61.3093
https://doi.org/10.1103/PhysRevE.61.3093
https://doi.org/10.1103/PhysRevE.61.3093
https://doi.org/10.1103/PhysRevE.61.3093
https://doi.org/10.1088/1751-8113/47/35/355203
https://doi.org/10.1088/1751-8113/47/35/355203
https://doi.org/10.1088/1751-8113/47/35/355203
https://doi.org/10.1088/1751-8113/47/35/355203
https://doi.org/10.1063/1.530716
https://doi.org/10.1063/1.530716
https://doi.org/10.1063/1.530716
https://doi.org/10.1063/1.530716
https://doi.org/10.1016/j.physleta.2011.06.034
https://doi.org/10.1016/j.physleta.2011.06.034
https://doi.org/10.1016/j.physleta.2011.06.034
https://doi.org/10.1016/j.physleta.2011.06.034
https://doi.org/10.1088/0305-4470/28/9/025
https://doi.org/10.1088/0305-4470/28/9/025
https://doi.org/10.1088/0305-4470/28/9/025
https://doi.org/10.1088/0305-4470/28/9/025
https://doi.org/10.1063/1.1286263
https://doi.org/10.1063/1.1286263
https://doi.org/10.1063/1.1286263
https://doi.org/10.1063/1.1286263
https://doi.org/10.1103/PhysRevE.71.026613
https://doi.org/10.1103/PhysRevE.71.026613
https://doi.org/10.1103/PhysRevE.71.026613
https://doi.org/10.1103/PhysRevE.71.026613
https://doi.org/10.1103/PhysRevE.75.026605
https://doi.org/10.1103/PhysRevE.75.026605
https://doi.org/10.1103/PhysRevE.75.026605
https://doi.org/10.1103/PhysRevE.75.026605
https://doi.org/10.1103/PhysRevLett.122.043901
https://doi.org/10.1103/PhysRevLett.122.043901
https://doi.org/10.1103/PhysRevLett.122.043901
https://doi.org/10.1103/PhysRevLett.122.043901
https://doi.org/10.1103/PhysRevLett.80.4657
https://doi.org/10.1103/PhysRevLett.80.4657
https://doi.org/10.1103/PhysRevLett.80.4657
https://doi.org/10.1103/PhysRevLett.80.4657
https://doi.org/10.1103/PhysRevLett.83.296
https://doi.org/10.1103/PhysRevLett.83.296
https://doi.org/10.1103/PhysRevLett.83.296
https://doi.org/10.1103/PhysRevLett.83.296
https://doi.org/10.1103/PhysRevE.49.3376
https://doi.org/10.1103/PhysRevE.49.3376
https://doi.org/10.1103/PhysRevE.49.3376
https://doi.org/10.1103/PhysRevE.49.3376
https://doi.org/10.1103/PhysRevLett.81.4632
https://doi.org/10.1103/PhysRevLett.81.4632
https://doi.org/10.1103/PhysRevLett.81.4632
https://doi.org/10.1103/PhysRevLett.81.4632
https://doi.org/10.1103/PhysRevE.59.6079
https://doi.org/10.1103/PhysRevE.59.6079
https://doi.org/10.1103/PhysRevE.59.6079
https://doi.org/10.1103/PhysRevE.59.6079
https://doi.org/10.1007/s11071-015-2354-0
https://doi.org/10.1007/s11071-015-2354-0
https://doi.org/10.1007/s11071-015-2354-0
https://doi.org/10.1007/s11071-015-2354-0
https://doi.org/10.1103/PhysRevLett.120.063202
https://doi.org/10.1103/PhysRevLett.120.063202
https://doi.org/10.1103/PhysRevLett.120.063202
https://doi.org/10.1103/PhysRevLett.120.063202
https://doi.org/10.1103/PhysRevLett.106.065302
https://doi.org/10.1103/PhysRevLett.106.065302
https://doi.org/10.1103/PhysRevLett.106.065302
https://doi.org/10.1103/PhysRevLett.106.065302
https://doi.org/10.1103/PhysRevA.84.041605
https://doi.org/10.1103/PhysRevA.84.041605
https://doi.org/10.1103/PhysRevA.84.041605
https://doi.org/10.1103/PhysRevA.84.041605
https://doi.org/10.1103/PhysRevA.83.041602
https://doi.org/10.1103/PhysRevA.83.041602
https://doi.org/10.1103/PhysRevA.83.041602
https://doi.org/10.1103/PhysRevA.83.041602
https://doi.org/10.1038/ncomms2893
https://doi.org/10.1038/ncomms2893
https://doi.org/10.1038/ncomms2893
https://doi.org/10.1038/ncomms2893
https://doi.org/10.1103/PhysRevLett.112.060401
https://doi.org/10.1103/PhysRevLett.112.060401
https://doi.org/10.1103/PhysRevLett.112.060401
https://doi.org/10.1103/PhysRevLett.112.060401
https://doi.org/10.1038/nphys3135
https://doi.org/10.1038/nphys3135
https://doi.org/10.1038/nphys3135
https://doi.org/10.1038/nphys3135

